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ynsequences of Periodicity

. Recall the momentum representation...
P, |p) = P, |hk) = hk, |hk) 7= hk

) Transforming between the coordinate and momentum
. representation h o

Pp(7) = (7| k) T —(F|nk) = P, (7|hk) = hk, (7| k) e (7) = C; ol
e ; ;‘*@ Normalization

@I = R = 89 () = JOEF) G = ey

..but per1od1c1ty in real space
F+ L&) = p(F):  ky = g 5F
1mp11es discrete linear momenta and

O(ky—kj,) — Ok, k' /dk(x —» Z
Ky
?‘%ﬁ 2
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onsequences of Periodicity

L Gaston Floquet (1883)

L Every 1st ord
with a period

er ordinary differential system
1c System matrix

A(t) [x(t))

_ has solutions of the form

x(t)) = ™ |&(t))

A(t+T) = A(t)

S(t+T)) = [¢(¢))

g @We need this result, but for spatially periodic potentials

hl @ Thus:

F:\.
- —

V(x+a) = V(x)

0

d(x+a)

9
T ox

*%% @ .which cannot be independent {

u1(x+a), ux(x+a)

uy (x
uz(

H(x+a) = H(x)
symmetry

u1(x+2a), up(x+2a)

o)l ~ e cal [

1P (x+a) =

Aitpi(x)

P(x) 1= Auqi(x) + Buo(x)

1=1,2
3
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onsequences of Periodicity

L Felix Bloch (1928) (45 years after Floquet)

P(x+a) := Auq(x+a) + Bup(x+a)

= (ACy1 + BCy1)uq(x) + (ACy2 + BCx)uz(x)

: = Ay(x) = A(Auy(x) + Bua(x))  (by Floquet)

" This implies
' Cin Ciz| [A| _ NG C11+Co £ /(C11—Cx2)? + 4C12Cx
Co1 Cx| |B B] ™* 2

. () + V()p(x) = Ep(x) =  ¢"(x) = [V (x)-E]p(x)
@18 a an order, ordinary linear differential equation
@ .that has two linearly independent solutions
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nsequences of Periodicity " (x) = 23 [V (x)—E]g(x)

.) Consider then the Wronskian

W(x) = ¢y (x)a(x) — 1 (x)a(x)
L) ...and its derivative

W'(x) = (¥1'2 +3p1973) — (P19 +3p1)
. = G VO —Elym) 92 — h (GEV—ETTR) =
The Wronskian is thus a constant
. @On the other hand,
. W(x+ta) = ¢y (x+a)pe(x+a) — 1 (x+a) ¢ (x+a)

= (My1(x)) (Aap2(x)) = (A (%)) (A2ya(x))
= /\1)\2W( ) = MAr=1

n— —00

&S Ail > 1 [i(x+na) 2, 00 Al <1 |¢i(x+na)l s 00
";% ©Thus [AI=1 A=t = ot et g gkg i
h‘
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onsequences of Periodicity

. Thus, solutions of the Schrédinger equation with a periodic
potential

~ " () + V() = Ep(x)  V(xta) = V(x)
L are periodic up to a phase

plrtna) = y(x)  p(x) = ulx) u(x+a) = u(x)
K=2ny- n=012 ...,(N-1)
O ...where N is the (very large!) number of lattice sites
7 O ...and we imposed the (Born-von Karman) periodicity (n=0) = (n=N)
Z .' O ...and K is practically a continuous variable

#=2  For a 3D, rectangular lattice of sizes (ay, ay, a.)

p(F+d) = K@) @) =X uF) K =2m(g, gt i)

Nxax” Nyay’ Nza;
reciprocal lattice

Bloch’s theorem
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—c—) v K—c—> —c—>
0

Ao, Bo Co, Do Ay, By £, Dy Ay, By C2, Dy
b-a 0 b a a+b 2a
ronig-Penney Model iy (x) = Ae™ 4+ Bre
. Apply the matching conditions = C1e™™ + Dye™
@ =b: A1e™ + B = e 4 Dy
ikA1e"*0 — ikBie "0 = —xCe ™ + kD!
. @ =a: Ce"+De=e""(A1+B)
o —kCre ™ + kDye" = % (ik Ay — ikBy)
t 0 Rearrange
> eikb e—ikb e—Kb eKb 1T AT )
g A ~ ! The determinant
ikekt  —jke=kb  _jemKb  jgeib B, .
iKa iKa —Ka Ka =0 O'f the System
e e e e Cq -}
o iy must vanish
| iketke  _jketKa  _geKa  yeka | | Dy |
eikb e—ikb e—Kb eKb eikb e—ikb 1 1
0 1 ke —ike k0 _yeK0 ekl |  ljkeikb ke~ ikD K K
e eiKa eiKa p—Ka elka - eiKa eiKa p—KC elkc
ikeiKa _ikeiKa _xe KA qpka ikeiKa _ikeiKa _ ke KC  gepkC

‘exb Ie_"b f T

@



% In particular E — 0

K—c—> K—c—> >

onig-Penney Model

- Expand the determinant and set to zero

cos(Ka) = cos(kb) cosh(xc) kzzz;@ sin(kb) sinh(xc) 0<E<LV
cos(Ka) = cos(kb) cos(k'c) kZZk,’:,IZ sin(kb) sin(k'c) Vo < E

> This excludes some values of energy

| kb ~nm  sin(kb) =0 cos(kb) ~ (—1)"
cos(Ka) 22 (—1)" cosh(xc) |cosh(z)| >1 & |cos(@)| <1

7t 8 kb = \/Zé\/IE b E ! 2m’h” (standin %Waves trapped

2 Mb? in the “valleys”)

(the minimal
Kk —0 K — Ky i= \/er\l/IVo energy must be

strictly positive)
cos(kb) = 1 ¢sinkb — b
r.h.s. — cosh(xpc) + Kgb sinh(xpc) > 1
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K—c—> K—c—> >

onig-Penney Model

L The allowed energies thus form bands
cos(Ka) = cos(kb) cosh(xc) kzzzifz sin(kb) sinh(xc)

Remember: K is practically continuous!
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K—c—> " K—c—> >
0

Ao, By Co, Do Ay, By C1, D1 Ay, By Cy, D,

b-a 0 b a atb 2a

onig-Penney Model
e Energy varies within the bands,
skipping the gaps

i U Linear momentum A E=E(k) ~ 5+
varies continuously

3rd
Brillouin
zone
SN—

2nd
Brillouin
zone

&N

. Regions where
-~ both E and k are
- continuous are
(Léon) Brillouin
~ zones (in momentum
~ space!)

2 E(k) has both

_f"'t *’
.ﬂr. e @dlscontmumes

;&..

Brillouin
- one

O inflections

v &
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—c— > >

P(x) = ug(x) 09t 4y, g () @il AR 2= (w+Lw)i

. Aw
~ Zuk(x)el[(k+7)x_(w+7)t] COS (Azkx Azwt) et pi (%) & g (x)

~ 4 (x)|" cos? (5~ 55t)

L (o)

¥ @The “amplitude modulation” train-wave travels with
35 dw 1ohw 10E oE

V8 Tk Thok hok ok s
/g4 Require
7/ i—f - eSvy = 37%]; = (szg)%lz (Pzg—lz = %) =eé = Fy
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=) —c—> —c—>

. Kronig-Penney Model

UTn a simple superposition
l[J(x) _ uk(x) ei[kx—wt] n uk+Ak(x) ei[(k—l—Ak)x—(w—l—Aw)t]

~ 2uk(x)ei[(k+%)x_(w+%)t] cos (Azkx Az“’t-) et pi (%) & g (x)

) ~ () cos? (32 — 420

: L)

. 1@ The “amplitude modulation” train-wave travels with
-  dw  lohw 10E oE

~ 9k 7 ok  hok % = g

= _BvEd'k_ dk dk_d}f? B B
e6v = Sr @ [\ g (hdt - dt) =ef =k
a'vgdk

3 19E\ /1
ok At (ak%ai)(%eg) /




—c— > —c—>

. Kronig-Penney Model

. In a simple superposition
(x) = u(x) pilkx—wt] g A (%) ol (k+Ak)x—(w+Aw)t]

~ 2u (x) el 23— (@+ 5 o (5% — 528)  wey ap(x) & uge(x)

~ 4|y (x) ‘Zcos (Azkx Az‘”t)

()]

P ‘4_@ The “amplitude modulation” train-wave travels with
»  dw 10w 10E oE

~ ok h ok hok % = g
n JEdk dk dk dpy
e6vg = S di (hvg)a (hdt = dt) =e¢& =F,

J d°
- a = a6 = [waw]
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K—c—> " K—c—> >
0

Ao, By Co, Do Ay, By C1, D1 Ay, By Cy, D,

b-a 0 b a atb 2a

Kronig—Penney model accelerate

s 4

A
e@@—hz(a’zE)_l dvg M*
T \ok dt -
_ﬂ | E
M ka fn 4
Avg 0 T / 2T
| negative “mass™
-3m -2m -1

T 2T

" 4 o The group velocity vanishes
at the edges of the Brillouin
zones (E(k) discontinuities)

13



K—c—> K—c—> —c—>

. Kronig-Penney Model

& Expanding E(k) near an edge of a band / gap

E(k) ~ E. + (?)i)ke(k_ke) + %(%)ke(k—ke)z +
7’12

mEe+h(/\/)(k k) - ZM(k)(k—ke)2+

~ E, - M*éke) (vg(k))* + ...

...50

(M*og)|, and M is negative when k <k
g

at the top of a band, just below a gap

~ h(k—k,)

7/ »Collective behavior is radically different from that of a
s1mp1 e free particle

m% L The qualitative results: E-bands, gaps, discontinuous E(k),
Brillouin zones, nonlinear M* & v, are general features
h‘
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Now, go forth and
alculate!!
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