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Recall the momentum representation…

Transforming between the coordinate and momentum 
representation

Normalization

…but periodicity in real space

…implies discrete linear momenta and
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Gaston Floquet (1883)
Every 1st order ordinary differential system
with a periodic system matrix

has solutions of the form

We need this result, but for spatially periodic potentials

Then

are all solutions
…which cannot be independent
Thus:
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Felix Bloch (1928) (45 years after Floquet)

This implies

This defines the two periodic solutions
On the other hand

is a 2nd order, ordinary linear differential equation
…that has two linearly independent solutions
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Consider then the Wronskian

…and its derivative

The Wronskian is thus a constant
On the other hand,
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Thus, solutions of the Schrödinger equation with a periodic 
potential

are periodic up to a phase

…where N is the (very large!) number of lattice sites
…and we imposed the (Born-von Karman) periodicity (n = 0) " (n = N)
…and K is practically a continuous variable

For a 3D, rectangular lattice of sizes (ax, ay, az)

� h̄2

2M y

00(x) + V(x)y(x) = Ey(x) V(x+a) = V(x)

�

y(x) = eiKxu(x) u(x+a) = u(x)

y(~r+~a) = ei~K·~a
y(~r)

± ± ± �

y(~r) = ei~K·~r u(~r) ~K = 2p

� nx
Nxax

,

ny
Nyay

,

nz
Nzaz

�

reciprocal lattice
Bloch’s theorem
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Apply the matching conditions

Rearrange
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Expand the determinant and set to zero

This excludes some values of energy

In particular
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The allowed energies thus form bands

…as do the “forbidden” gaps between them
In every band, there are N(⋙1) states, virtually a continuum
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Remember: K is practically continuous!



Q
M
II Crystals

Energy varies within the bands,
skipping the gaps
Linear momentum
varies continuously
Regions where
both E and k are
continuous are
(Léon) Brillouin
zones (in momentum
space!)
E(k) has both

discontinuities
inflections
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In a simple superposition

The “amplitude modulation” train-wave travels with

Require

Kronig-Penney Model
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In a simple superposition

The “amplitude modulation” train-wave travels with
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The “amplitude modulation” train-wave travels with
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In response to external (electrostatic force), the electrons in the 
Kronig-Penney model accelerate

Kronig-Penney Model
a

c

b

E
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The group velocity vanishes
at the edges of the Brillouin
zones (E(k) discontinuities)

negative “mass”!
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Expanding E(k) near an edge of a band/gap

…so

Collective behavior is radically different from that of a
simple free particle
The qualitative results: E-bands, gaps, discontinuous E(k), 
Brillouin zones, nonlinear M* & vg are general features

Kronig-Penney Model
a

c

b

E

V0

A1, B1 C1, D1A0, B0 C0, D0 A2, B2 C2, D2

0 2aa+bb–a

c c

14

| {z }

E(k) ⇡ E
e

+
⇣

∂E
∂k

⌘

k
e

(k�k
e

) +
1

2

⇣
∂

2E
∂k2

⌘

k
e

(k�k
e

)2 + . . .

⇣ ⌘ ⇣ ⌘

⇡ E
e

+ h̄
�
vg
��

e

�
(k�k

e

) +
h̄2

2 M⇤(k
e

)
(k�k

e

)2 + . . .

� �� �

⇡ E
e

+
M⇤(k

e

)
2

�
vg(ke

)
�

2

+ . . .

(M⇤vg)
��
k

e

⇡ h̄(k�k
e

)
and M* is negative when k < ke
at the top of a band, just below a gap
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