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(2)

The Hartree-Fock Method
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The story so far…
N-fermion systems represented as

The basis of 1-particle states

…may be transformed by a unitary transformation

|YiF = ĉ†
aĉ†

b · · · ĉ†
g · · · |0iF = |ab · · · g · · · iFi · · · · · · | i | · · · · · · i

= � |ba · · · g · · · i = � |gb · · · a · · · i

{ˆca, ˆcb} = 0 = {ˆc

†

a, ˆc

†

b} {ˆca, ˆc

†

b} = da,b1

antisymmetric
by construction

|aiF := ˆc

†

a |0iF may well include the effect of external fields
· · · · · · i � | · · · · · ·

H-F��! |fai := Ua
b |bi effect of external fields

as well as antisymmetrization
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For a unitary transformation

Correspondingly,

…and calculate precisely to 1st order in !:

Notice:

· · · i

|aiF
H-F��! |fai := Ua

b |bi| i |

U† = U�1

��! | i | i | i ��! | i | i

Ua
b = [e ihhh]a

b = da
b + iha

b + . . . [ha
b]† = [ha

b]

†

ˆc

†

a ! ˆc

†

a + iha
b

ˆc

†

b + . . .

�!

|YiF ! |YiF + |dYiF +O
�

hhh2

�

⇣ ⌘

| i ! | i | i

|dYi :=
⇣

|YiF

⌘

ˆc

†!ihhh·ˆc†

� �

†

= i Â
“a2Y”

ha
b

ˆc

†

b ˆca |YiF =i = i Â
b

Â
“a2Y”

|Yiba
⇣ ⌘

ha
b

ˆc

†

b ˆca |YiF
| {z }

no summation

iF
}

⌘ 0 if “a 62 Y” : then ˆca |YiF ⌘ 0

move from ! to "
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Operators in the “1-particle basis”
“Additive 1-particle operators”

“Additive 2-particle (pair-)operators”

| {z }

bR(1) = Â
i

bR(~ri) =

}

) = Â
a,b

ha|bR(1)|bi ˆc

†

a ˆcb = Â
a,b

Ra,b ˆc

†

a ˆcb

pair-wise interaction

b b

bR(2) = 1

2

Â
i 6=j

bR(~ri,~rj) =

Z Z

single-particle position b

) = Â
a,b,g,d

Rab,gd ˆc

†

a ˆc

†

b ˆcg ˆcd
b b

Rab,gd :=
Z

d

3~r
1

Z

d

3~r
2

ha|~r
1

ihb|~r
2

ibR(~r
1

,~r
2

)h~r
1

|gih~r
2

|di
Z Z

Z Z

b

:=
Z

d

3~r
1

Z

d

3~r
2

y⇤
a(~r1

)y⇤
b(~r2

)bR(~r
1

,~r
2

)yg(~r
1

)yd(~r2

)



Q
M
II

The Hartree-Fock Method

Lots of Identical Particles (2)

5

Calculate the energy, by varying the states

Useful:

Up to pair-wise interactions

Then

b

|dYi = i Â
“a2Y”

ha
b

ˆc

†

b ˆca |YiF = i Â
b

Â
“a2Y”

|Yiba

hˆc

†

a ˆcaiY = 1 & hˆca ˆc

†

aiY = 0 if “a 2 Y”

hˆc

†

b ˆcbiY = 0 & hˆcb ˆc

†

biY = 1 if “b 62 Y”
b

bH = Â
a,b

Ta,b ˆc

†

a ˆcb +
1

2

Â
a,b,g,d

Vab,gd ˆc

†

a ˆc

†

b ˆcg ˆcd

0

!

= hY| bH|dYi
ba

=
ba

= Tab + Â
“g2Y”

(Vag,bg � Vag,gb)

| {z }

“a 2 Y 63 b”
2

| {z }

:= VH-F
a,b

effectively a
1-particle operator
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Define the Hartree-Fock (approximation to the) Hamiltonian

Find its eigenvalues, i.e.,  diagonalize it

The full energy is

while

so

0

!

= hY| bH|dYi
ba

= Tab + Â
“g2Y”

(Vag,bg � Vag,gb)

| {z }

| {z }

bHH-F
a,b := Ta,b + VH-F

a,b = Ta,b + Â
“g2Y”

(Vag,bg � Vag,gb)
b

ea : HH-F |eai = ea |eai HH-F ! diag(e
1

, e
2

, · · · )

E = hY| bH|Yi = Â
“a 2 Y”

Ta,a + 1

2

Â
“a, b 2 Y”

(Vab,ab � Vab,ba)

⇣

b

ea = ha| bHH-F|ai = Ta,a +
⇣

VH-F
a,a := Â

“g 2 Y”
(Vag,ag � Vag,ga)

⌘

⇣ ⌘

b

E = Â
“a 2 Y”

⇣

ea � 1

2

VH-F
a,a

⌘

Pretty neat!!
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Back, in the coordinate representation…

…with spin-independent pair-wise interaction
bV(~r

1

�~r
2

) = V(~r
1

�~r
2

) ds,s0

b

hdY| bH|Yi !

= 0

h | b | i

ea ya s(~r) =
h

� h̄2

2M
~r2

+ W(~r) + V(~r; y)
i

ya s(~r)� Â
b

Vb a s(~r; y)yb s(~r)

Z

h i

V(~r; y) := Â
b s0

Z

d

3~r0
�

�yb s0(~r0)
�

�

2V(~r�~r0) Vb a s(~r; y) :=
Z

d

3~r0 y⇤
b s(~r

0)V(~r�~r0)ya s(~r0)

nonlinear integro-differential equation

direct term

exchange term

2

⇣ ⌘

ya(~r) := h~r|ai = h~r|a, si = ya,s(~r)
Z h

h | i h | i

E = Â
a

Z
d3~r y⇤

a(~r)
h
� h̄2

2M
~r2

+ W(~r)
i
ya(~r)

+ 1
2 Â

ab

ZZ
d3~r1d3~r2 y⇤

a(~r1)y
⇤
b(~r2) bV(~r1�~r2)ya(~r1)yb(~r2)

� 1
2 Â

ab

ZZ
d3~r1d3~r2 y⇤

a(~r1)y
⇤
b(~r2) bV(~r1�~r2)yb(~r1)ya(~r2)
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Now, go forth and

calculate!!
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