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Q'; of Identical Particles

' (Anti)Symmetrization

) Symmetrization postulate:

© Bosons (particles with integral spin) must be symmetrized

y Y Y . . .
Ye(1,...,0,...,4,...)=+¥s(1,...,5, ..., 0,...), Vij

~ © Fermions (particles with half-integral spin) must be antisymmetrized

Y:(,...00 . 0. ) =¥V o foeniien ), Vi, j

?@This (anti)symmetrization affect the full wave-function
| .' é TB,F(l,...,i,...,j,...) - ;?k(i_}l,,?],,?],) 'i(k(l,...,i,...,j,.../)

_J/
- -~

positions everything else
in “real” space positions in “internal” space

O where “k” represents (a slew of) separation variables

: : “
© The sum, in general, is not a product of two factors | 110n-sepapy},. litv”

© The sum is almost never a product of two factors Chtanglemen”
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i Lots of Identical Particles

‘ nti)Symmetrization

. Consider the case of just two particles

© Define some simplifying notation

positional (in “real” space) all else (in “internal” space)
(1,2 = L¥ARB) Y®RA)] (12 = L [x(1,2) £ x(2.1)
*' Ti(?)l,?z) = ::Ti(i_f’z,i_ﬁ) X (1 2) = E)(i(z_,l)
- Y(RR) = 5[ (1,2) + ¥ (1,2)] x(1,2) = 5 [x (1,2) + 1 (1,2)]

O Then
¥:(1,2) = 5[ ¥(7, 72) x(1,2) + ¥ (72 1) x(2 ,1>]
= s{lHra 2>+‘F 2)45 (¢ (12) + 1 (12)).
+[ (¥ 12) - ¥ (1,2)-5 (1,2>)i}

_ 21%{[13”(1 2)-x"(1,2) + ¥ (1,2)-x"(1,2) + ¥7(1,2)x (1,2) + ¥ (1,2)-x (1,2)]

+ [¥°(1,2)x7(1,2) - ‘F(1,2)-x+§1,2) -¥ (1,2 (1L2) +¥ (1,2)x (1,2)] }



i Lots of Identical Particles

‘ nti)Symmetrization

. Consider the case of just two particles

© Define some simplifying notation

positional (in “real” space) all else (in “internal” space)
L ¥:(1,2) = \%[‘F(?’l,?’z) Y(® 7)) xT(1,2) = %[X(Lz) +x(2,1)]
= Ti(?)l,?z) = ::Ti(i_f’z,i_ﬁ) X (1 2) = E)(i(z_,l)
¥ (7, 72) = 55 [¥4(1,2) + ¥ (1,2)] x(1,2) = 5 [x"(1,2) + x(1,2)]
O Then

¥;5(1,2) = %@ Y (A, ) x(1,2) + ¥ (7, 1) x(2,1) ]

= LA ¥ (122" 12) + ¥ (1,2 (1,2) + ¥ (1,2)x (1,2) +¥ (1,24 (1,2)]
+ ¥ (L240 (1,2) - ¥ (L2 (1L2) - ¥ (L) x (L) +¥ (1,2 (1,2)] )
1 fowr(1,2)-x"(1,2) + 2% (1 2)-;((1,2)}
=- H (1,2 x"(1L2) + ¥ (1,20 (1,2)]
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Q"; of Identical Particles

nti)Symmetrization

L In the case of just two particles:

O Two indistinguishable bosons

¥;:(1,2) = % Y (P,7)x(1,2) + ¥ (P, P ) x(2,1) ]

= L[¥ (1,2 (1,2) + ¥ (1,2)x (1,2)]

¥:(1,2) = 5 [ ¥ (A, 72)x(1,2) = ¥(F, F1)-x(2,1) ]

¥ (1,2)x (1,2) + ¥ (1,2)x"(1,2) ]

Si= S

w4 ©The (anti)symmetrized wave-function is a linear combination of two
&% terms, not factorizable as a simple product of two factors

:h% O In space of 3 (& more) dimensions, angular momenta can only be

@ either integral (for bosonic states) or half-integral (for fermionic states)

3 .. |
FE% 4
% S



bLots of Identical Particles

change Consequences

. Considering (still) only two particles

HY (#1,7,) = E¥(#1,72) f=-209 +7
Y(7,7) = ik 71.gik 7 x(1,2) =1
Bosons Fermions
'YB (1,2) = \% [ eik’.;—q eik".?’z 4 eiz.fz eik’/.a] ¥.(1,2) = \% [ei;z.yleiz/.yz _eiE°7zeiE"71}
= _\%BMM’)-E [eik=R)F | gmitR=R)F _ ﬁe () R [ (BR)7 _ gmilh-R)7)
= \/Eei(h%/)'ﬁ COS[(E—E’)-?] 2 pi(k+K)-R sm[(k k’) 7]
© so, the probability densities (spatial probablhty distributions) are
s symmetric antisymmetric
@2 O which is an observable particle exchange effect

ﬁ% O Additional dynamics (y = 1) complicates this significantly

h{'ﬂ © ...but leaves the boson/fermion disctinction just as observable

iy 5



sy . e Hop(B)ge() = (erve) gr () pa(72)
- H = W(Fl—RB) + W(FQ—RA) + V(Fl—rz)

12 O Because of (anti)symmetrization

LY (R, ) = [0 (R)2(R) £ r (B)g2(P)]  Ex = <ll<)$j|ﬂij;> (Pilgi) =1
o (Pelps) = 2(1 £ [(alg) )
(1 (1) 2 (72) | |1 (71 )2 (72)) == (pn (1) 2 (2) | EX | b1 (7)o (71))

1+ |[(P1|¢2)]

E.—E_ =28 if [(¢1lg2)| <1 |& = ($1(1)P2(72) |V |1 (72)P2(71))
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‘Lots of Identical Particles

rticle Operators
e Remember LHO?

= (@h)” \ o at
‘T>LHO - Z Cn ’n>LHO = Z Cn ﬁ ‘O>LHO d |0>LHO =0 [a’/ aJr] =1
n=0 n=0 -

- Now generalize to 3D, i.e., three independent LHO’s

‘T>3DHO = Z Cry,np,m3 ’nlr n2, n3>3DHO
nq,Mp,1n3=0
o0 a‘l‘ nq é'l" nop a'l' ns
= Z Cn11n21n3( 1) ( |2) [ ( ?) |O’ O’ O>3DHO
n1,1o,13=0 \/1‘11 - o N3.
i IO/ 0, O>3DHO = d ‘0/ O’O>3DHO = a3 ’O, 0, O>3DHO =0

[él,éﬂ = [ap, é;r] = |ag, é.;“] =} (all other commutators vanishing)

_ ‘E “©Readily generalized to arbitrarily many LHO's

N

= ‘ 7



‘Lots of Identical Particles

rticle Operators

S Think of Al (‘ﬁ}zg) as creating (annihilating) a particle in the state j

1
— : : : Wy, Mg, 13), := —=| |1, N2, N3) + |13, 11, N2) + |Np, N3, 11
|TB>3DH0 - Z Cry,np,n3 1, 12, n3>B | )= 75l )+ )+ )
totally
symmetric

) Now consider
at al |my, mo, n3), = & \/1a+1 |ny, np+1, n3)
= \/tp+1\/m+1 [0 +1, np+1, n3)

= /1 +1/no+1 |ny+1, np+1, n3)
= /1+1 ég [n+1, 1o, n3)

, ¥ =a§a{ ni, Wy, 13) é{é;:é\;é'{
P (14t af 2 A A At
o= [0 (aal-0 [a.g]-a

"' % @ D'oh! M hd 9 d
3=\ tisigay)  Pexl=0= 35 5] 5l =4
commuting coordinates




it Lots of Identical Particles

article Operators

. Generalize this to bosonic particles

© The Hilbert space for each single particle need not be a simple “ladder”
© and may depend on various labels, integral and continuous

a8y, a,B=1",?,... |Np:=8a,8, [4a,8&}] =yl
0,0,...,0,...) : 4/0,0,...,0,...) =0 Va

" ©The Hilbert (Fock) space consists of linear combinations of
(é{)nl(a;)nz...(él)nw...

Vi ol gl

0,0,...,0,...)
ny,My,..., Mg, - €N

iy, n,. .. Ay, ) =

Ay 1,10, . .. My, ...) =/l |0y, n0,...,(0,—1),...) annihilation

ay [y, M, = /g +1|ny,ny,. .., (ng+1),...) creation










rticle Operators

. Now consider the fermionic analogue

0); = €[0)p < O e"0), = [1), &[1) = 10);

- .' @Then \/N

(2)°10); = ¢(¢[0);) =0 ()7 1) =2(@[1);) =€10), =0 (&)*=0

L @)10), =2"("|0) =0 @)*1), =@ 1)) =0 @) =0
§//% O Now calculate:

// ee" £e'¢)|0), = ¢e"|0), £etejoy, =¢|1), " 0= |0),

/ﬁ eet £ete] (1), =eetiy, £ete|l), =08t |0), = £ 1),

4 © So: ~— =

‘ fe,e"):=¢et+efe=1 2,8 |v), = (=1)" |v),

&1 canonical anticommutation fermion/boson parity operator

P*‘ 10
T



Q'; of Identical Particles

2article Operators

. Generalize this to multiple fermions
0 8, 4, B="1",2",... No: =88 {8, &} = dypl
> Every linear combination of two fermionic states is fermionic

0= (ad! +be})? = (e + ab(et &} + & &t) + b2 (eh?
B 0= (a2 + b&y)? = (B + ab(ey & + &281) + BE(2
W4  ©so that

o {awdgl=0={aef} {ew &} =yl
8= —0p8 o= —ChE & =J,pl -5,

o4 O Note: ¢!, and &, cannot be represented as linear combinations of
€N ordinary coordinates and derivatives with respect to such coordinates

© ...but are linear combinations of anticommuting coordinates and derivatives
with respect to such, which are then themselves anticommuting operators

% 11




f/’, |

rticle Operators

_ Generalize this to multiple fermions

é“, éI‘IB', “,IB _ 44177, “277, o N“ — elé“ {é“, é:IB-} = ~06,‘B]l

~ © with all other anticommutators vanishing

) As before,

0,0,...,0,...) : &10,0,...,0,...) =0 Va

The Hilbert (Fock) space consists of linear combinations of
Vi, V2, . Vg ... ) = (@) (@)% (el .. 10,0,...,0,...)

V1, V2, Vg, € {0, 1}

O and

A

& V1, v, Vg, = V1,10, .., (Vg—=1),...) annihilation

él V1,V vy Vgye oo ) = V1,00, ..., (Vy+1),...) creation

© This notation is too spacious: on the average, half the labels are “0”
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ots of ldentical Particles

article Operators

) Modity notati
A
ety =¢flo,0,...,0,...)=10,0,...,1,... =&y 8§
clebloy=al|p) = |up) a#p N a2
é}§ & 0) = |pa) = — |ap) = —&,810) {2, &) =0
| > laa) =0 < (81?2 =0 §§
5‘*@ The natural ground state of a multi-fermion system is
F)y= ] &lo) a=(a0) (Flae) = ¥a(7) X0 :
N
(7) = ) _(Fla)ea = (2) Yo(F)XoClao) $o(¥) =) (71(a,0))800) = Xo Y ¥a(F)(40)
- Pi(7) = ;(alrﬁf}i = (X;) k (7)7(0% ) o (7) = ;((al o )|”>@Zra 3 = XZ?;‘FZ‘ (F)ffa %)
= [ &% 9t g o = [ &F w3(7) 9o 7)
n(@) ne(7)
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bLots of Identical Particles

Particle Operators

. Owing to the Pauli exclusion principle

\\/__/ “DC<N”
“‘B<N” -/ /

- Qa creation operator for a particle that’s “already there”
acts as if it were an annihilation operator

J {1/

;@Redefme: & <f o if &) =0 “u< N
06_\62; lfé“F>:O “(X>N”
6/ &t if T IF)=0 “a<N”
YTl e, if &|F)=0 “a> N
- ©This is also convenient for computatlons
(bebl)r = (F[bbl|F) = | B! |F) |° =1
@éthp =1 if “a>N” (&e)r=1 if “a <N”
: byby, ; bybs © . blb, : —> “normal ordering”

14

hIF)=¢5 T atlo) =cfefe]---e5---10) =x&jef--- (7



Quantum Mechanics Il

Now, go forth and
calculate!!
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