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2 Lippmann-Schwinger Equation
O Start with H=Hy+W “Resolvents”

Uthen define  G(z) := [z—H]™! Go(z) := [z—Hp] ! zeC
o and T(z): G(z) =: Go(2) + Go(2)T(2)Go(2)
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L) Start with H=Hy+W “Resolvents”







e Lippmann-Schwinger Equation

L) Start with H=Hy+W “Resolvents”
2 Othendefine  G(z):=[z—H]' Go(z) := [z—Hp]* z€el
and T(z): G(z) =: Go(z) + Go(2)T(z)Go(2)

5 Go(2)T(2)Go(z) = G(z) — Go(z)

~ 0 From this,
T6o=6G16-1=6G"6-G"'6 =(G'-G)G

| = (@R-@m)é=-wne [fG=ne
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ormal Scattering

e Lippmann-Schwinger Equation TGy = WG

AN P T S A 4 G O

G(z) = éo + GOWGO + GoWGoW Gy + GOWGOWéOWGO +.

@ This computes the resolvent of the full Hamiltonian iteratively.

_ The T-operator is then expressed similarly:

AN AN AN T T

T(z) = WGG; "' = W[Go + GoWGo + GoWGWGo + ...1Gy !
\/




Q *Formal Scattering

2 Lippmann-Schwinger Equation

T(z) =

C(z) = 2T (2)Go()]
&) + GENEE
= Go(z) + Go(2)W(2) [Go(2) + Go(2) W(2)G(2)]
= Gol2) + Gol@)W()Go(2) + Golz) W () Golz) W(2)G ()

A 4 G O

= Go + GoWGo + GoWGoWGo + GOWGOWéOWGO +.
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W[]l ~+ GOW + GOWGQW -+ G()WG()WG()W + . ]
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W[GO . G()WG() -+ GOWGOWGO + . ]W

W +
W + WGWA
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e Lippmann-Schwinger Equation

B L So... What does this have to do with scattering?
"0 Well, consider H|[¥.") = [Hy+W] [¥S") = E ¥
rearrange: [E—ﬁo] ‘P;+>> =W ‘T;+)>

A plane wave)
S SOOI ron.

solve: Tg\+)> = ’q)a + é\O(E+) W ’\Fﬂ [E_HO] \CIDa> =0
e
incident scattter_i E" = lim(E +1i€ ) >0
...Tearrange 4R - -

[@a) = [¥a) — Go(E") W [¥#5") = [1 - Go(E") W] |¥3")
£)...and solve

[¥a") = [0 = Go(E") W] [@a) = [1+ G(E*) W] [®a)



. - - . o
izFormal Scattering )= R
_ 1+ GW]| = [1—-GW]
e Lippmann-Schwinger Equation T(z) = W+ WGW

. What does this have to do with scattering?

' Well, consider H [¥y") = [Ho+W] [¥5") = E [¥)")

rearrange: [E—ﬁo] ‘Ff)) - W \‘Ff)) e e .'; ew-a)
(

solve: ¥.") = |®a) + Go(E") W|¥S") /E—Hy] |®a) =0

v_\,_/

¥ incident scattering = 11m(E +ie )
B U ...rearrange S - -
4 [@a) = [¥4") — Go(E*) W ¥4") 51 - Go(E*) W] ['¥5")

..and solve ~ ~ ~ ~
¥a) = [1— Go(E") W] " |@yf = [+ G(E*) W] |Pa)

W¥,") = [W+ WG(E") W] [®a) = T(E") |@a)




i*Formal Scattering

e Lippmann-Schwinger Equation

. . What does this have to do with scattering?
o Well, consider H|¥.") = [Ho+W] |¥5") = E [¥5")

rearrange: |E—Hp| [F5") = W |[¥{") , (a plane wave)
solve: ¥) = |@a) + Go(EX) W [¥S)  [E—Hp] |P.) =0
—_—— N——
incident scatttering ET := llm(E—l—Z€)
rearrange o A o I

®,) = [¥a") — Go(E*) W [¥5") = [1 — Go(E*) W] [¥5")

a') =M= Go(E")W]™" |@,) = [1+G(E*) W] |®a)

,@ Now,
A (

¥o) = [W+ WG(E") W] |@a) = T(E) |@a)
«?{ poo- Pmlect (@p|T(E*)|@a) = (| WIEy

)
2Rt |APR ()
“"&_ 4 = 2 fuap (ko)




¥.) = [1+ G(E") W] |@,)

b (Qup) = 2ﬁh§|A|z (@y|T(E")|Pa)

& O so that the scattering amplitude is (up to the numerical coefficients) the
matrix element of the T-(transition)-operator.

O Given the iterative computation of the T-operator, this provides an
' iterative computation for the scattering amplitude:

fa(,?(ﬂkb) = 27'Chél\A|2 <q)b‘[w_|_ WGO(E+)W

- Wé\O(E+)Wé\O(E+)W
: + WGo(E)WGo(E")YWGo(EN YW +...] |
A ...and so on.

«.> This provides an iterative solution to the Lippmann-
Schwinger equation and the scattering amplitude

© formally analogous to the stationary state perturbation expansion.

5



a) + Go(E") W [¥5")
\‘I’a >—[1+G(E+) W] |®,)

1 the out-states are neither complete nor orthogonal
o) =E, |¥y)) HI[YY) = E [¥y))

) = ([1+ G(Erie)W) (@) ) = (@] [1+ C(Eytie) W]
= (@, [11 + WG(E,—ie)]

) = (@ a\[ﬂ+WG( —ie)|[¥,”)



= |@,) + Go(E*) W [¥5")
= [1+ G(E*) W] |®,)

te nor orthogonal

+ [Ey+ie — Hol 'W]| [¥,”) )
- 2
+ (P, |W[E,—ie — Ep) YL




a T-

\,Formal Scattering

®,) + Go(E") W |F5")
and the S-Matrix I‘I’a > = [Il + G(E*) W] |®,)

. The in- and the out-states are neither complete nor orthogonal

" OGiven H[¥))=E|¥)) H|YY)=E|¥)

(457 = [957) = ([1+ G(Eatic)W] [@3) ) = (@a] [1+ C(Eatie)A]
= (@ [

1 + Wé(Ea—ZG)]

a'[¥y) = (@a|[1 + WG(Ea—ie)]|¥},")

= (@a[¥y") + (@ W[E,—ic — A ![¥y")
= (@] ( |®y) + [Ey-+ie —Fo) W[ [¥,") )

+ (@ )

)

a|W[E,—ie — Ep] ¥\

b
R A~
= (®,|DPp) + (Pal|[Ep+ie — Eo) ' W][¥,"
+ (®o|W[E,—ie — Ep] ! [¥L")




Formal Scattering .. . ... ..

e T- and the S-Matrix \‘Fa > = [Il + G(E*) W] |®,)

& L The in- and the out-states are neither complete nor orthogonal
OGiven HYY)=E¥)") H[Y))=E ¥

.l.

S
€
3
|
o
s
\/
|

([ll—l— G (Es+ie)W] |<I> >)+: (®@a| [1 + G(E,+ie)W]
(P, | ]l—I—WG a—i€)|

W (D,|W|¥
3L 2% Dy ) al 2 —b
< a ’ > ‘ b Ky a—ie—Eb

= (®,|®) = (2m)30® (k,—k})d,,  orthogonal

—

(Fa[¥L)) = (@a|®p) = (27)%09 (ka—kp)dsp  orthogonal




{oFormal Scattering . . .. ...
The T- and the S-Matrix |Ta > = []1 + G(E") W] |@a)
. To prove the */_ non-orthogonality, calculate:
— B \ P ~
(¥ |¥y) = (@a|[1 + G(E,—ie) W] [¥,")
= (@,|¥y") + (Pa|W[E,+ie — H] ¥,

+ (@a|W[E,+ie — Ep] [}
= (Pa|Pp) + (Pa|[Ep+ie — Ea]_lw: \‘I’,(;)
+ (P, |W[Es+ie — Ep) 1Y)
(@a|W[¥,") | (@l W[¥,")

)

= (@] (|@y) + [Ey-tie — Ho]"'W]| [¥y") )
)
)

= (P, |DPy, ) . | :
(®a|Pp) E,+ie — E, E;+ie — Ey
2i€ >
= (@al®w) — (5 a (PalWIYL)
0 - A
Q <CI>a|CI>b> - Zﬂlé(Ea_Eb)<q)a|W‘\Ij£)+)>
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tFormal Scattering . . ... .

The T- and the S-Matrix |Ta > = []1 +G(E") W] |®a)

w Finally,

(¥a ' [¥y ) = (271)°6%) (ka—kp) 3y, — 270i 6(Eq—Ep) (®a| T(ES ) | D)

> Define:

Sap = (¥a '[¥}y )
= (27)%6® (kg—kp)dap — 271 5(Eq—Ep) Top (E7)

=" O This S-matrix “translates” in-states into out-states:

Zi\\lj \‘PH = Z/dBkabaHj ")

b,a in

= L The 6-functions in the S-matrix insure that only states of the
~ same energy are mixed (conservation of energy)



(S )a,b

LFormal Scattering

1} 2 T- and the S-Matrix

1=f

o The S-matrix is a unitary matrix:

=L sba—zi ) (¥ 19L)
S S
S+

a|¥y, ) = (Sb,a)

®  ©...butitisnot the matrix representation of a umtary operator!

- energy:

Sa,b - 5a,b — 271 (S(Ea_Eb)Ta,b(E;)

(P,
(P,

@ ...while the T-matrix is defined for all states:
Tap (E) =

T(E)|®y)

@ .since scattering states do not form a complete basis.

o ab —

W + G\()Wé\o + éOWéOWA() +

10

=) The S-matrix is only defined between states of the same

(271)38% (k,

| D)

—

~kp)ap



‘Sa,c = (S+)a,b Sb,c = Slt,a Sb,C
— [ab,a + 2711 ‘S(Eb_Ed)Tg,a] [‘Sb,c — 2711 (S(Eb_Ec)Tb,c]

— a,c + 27(i5(EC—Ea) [T:,a — Talc]

+ 477° X: 6(Ep—Ea)6(Ep—Ee) Tlf,aTb,C
b

7

§(Eb—Ea)@Ec) — 6(Ey—E,)0(Ea—E,)
A
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_ Unitarity of the S-matrix implies a condition for the T-matrix

% — (S+)a,b Sphe = Sik),a Sb,c
— [(51, a -+ 271 5(Eb—E )Tf: a] [5b c 27l'i(5(Eb—Ec)Tb,C]

= §ge + 2mi 6(E.~E )[T* Tac]

—+ 471' i (5 Eb Ec) Tf:,aTb,c

5(Ey—Ea)8(Ey—E.) = 0(Epy—Ea)d(Ea—E.)  6(E.—Ea) = 6(Ea—E,)



izFormal Scattering .- =

[ c,a Ta,C] — X; 6(Ep—E,) Tl;k,aTb,c
b

* aa ié Eb TbaTba

__%m a,a 27[ 3 Z/d3kb (Ep— ‘Tba|2

'I. 2 h2k2 212
8 A Omlfaa(6=0) wz [k, [ a20u 5("5E 18 I Ty

\

forward  _ > [Rdky [ @20 hb(ky—ka) |Toal
scattering =~ zn 3 b0 kb 32, O\Xb—Ka) | 'b,a
amplitude ( N _~
/ // 27_[ hz Zkb / d? (yp, |Tb a|
., Scattering probabtlzt*y

T e d e ol) cat. going states
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1

h%

o \Sm[fa,a(e — O)] — (27-[)3
(3 NOW,
= 0y = L 0000 (O
-inclusive b
k
= Z/dzﬂkb kz |2 thT"’a|
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% S| faa(0=0)

all-inclusive

| 1

H 2 2 |
— (271,)3 hz ;kb/d ka |Tb,a|

Op 1= Casall = ) / Oy Tan () = ) / d* Oy
b

Or = % S| fa,a (0 =

optical theorem
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i*Formal Scattering

2 T- and the S-Matrix
)
T¥.") =
T(Sb,a) - T\<T1(,_)

L) On the other hand,
@ This produces

equalities
among
scatterin

amplitudes

@For cross-sections, k.2 o

/

7. 16 = kp? o5, from the bottom line
@0 1If (Ta, Tb)=(a,b) up to 180°-rot (T-inv. int. states; e.g., no spin)

*-i‘
r:" 3

derive a few symmetry properties
¥,y Ta= T(ksa) = (—ks, Ta)

) = (Frpl¥ra) = (Fp,[¥7u)" = Stame

time-reversal is antilinear / T (Spa) = S{‘;,a

/

* \ 4 = \ k
: : Ta,Tb — T(Spa) = Sb,a.
conjugation —> | x s b*
STa,Tb- - T(S‘:.,a) = Sba
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(kv, D) T(ks, a)
(_kﬂ/ Cl)

T(ky, b)
(—ky, b)
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@ ' o
Formal Scattering
. The T- and the S-Matrix

_ L Using  S.p := (Y5 |¥L))  derive a few symmetry properties
'O Time-reversal: T |¥{") = |‘Y(T_a)> Ta= T\(Ea,a) = (—Ea/ Ta)

T(Spa) = T(¥, [¥5") = (Yl ¥5) = (YR ¥5)* = Sham

)On the other hand, time-reversal is antilinear T(Sb,a) = Sp,a

b @ This produces /

equalities % A Yo oo

a(r]nong L rare — T(Sea) = Sp,
scattering conjugation —> | x i{ " -
amplitudes STaTh = T( b, a,) = _ OSboa

’/
gl L) For cross-sections, k2 UTa:Tb/kb ob-<a, from the bottom line
ﬂ*%@ If (Ta,Tb)=(a,b) up to 180°-rot (T-inv. int. states; e.g., no spin)

%“ © (STa, 76 = Sap) = Sb,a the S-matrix is symmetric; detailed balance holds
P:'l.

and reverse (inverse) scattering has the same scattering amplitude
16
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Now, go forth and
calculate!!
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