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. So far: quantum object (particle or wave)
O subject to (classical) agents represented by a surrounding potential
) Turn this around: the (classical) scattering target is localized

- O the quantum object: (plane) wave or a beam of particles

| Qincoming from away, interacts with the target, scatters
...and is detected away from the target

d?Q) = sin(9)de d¢

solid angle

Z
>

Ji1 = 47 Sm[¥TVY]

diff. cross-section

]s do do  do
% @Determme Js/]1 as a function of O: T = Pea - t [ dQ dzﬂ}
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. Linear momentum conservation: the target does move

- © Calculate in CM (center-of-mass)-frame
- © Compare with Lab-frame measurements

CM

- M .
( M—I—MT A

— velocity of the
CM-frame in Lab

COS(@) % ¥ in elastic collisions
speeds are unchanged

@ Must be able to translate b}t&@ the two
01 cos(01) = v’ cos(0) + V }
v1sin(6y) = ¢’ sin(9)

v
> M( +M) + 3 M (M+MT)

M (3t ) — Mr (o)




sin(6)

tan(61) =
(61) cos(0) + %

U Relating the CM-calculation to the Lab-frame measurement:

Qin particular, for the “differential cross-section”

o1(0, ¢) sin(6)do, d¢y = (8, ¢) sin(0)do d¢

o0)— otoa) (OB _ o T 2Eeos@) P
(00 =0.0) (35, ) =700 @
p=

© There is no transformation in ¢. In fact, for the most part, the target and
so the scattered wave will be ¢p-independent. To first order at least.
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1- . Scattering Phase-Shift

) Scattering is a 2-body interaction

~ o hZ —% hz = — —
H = —mv = mV2 + W(Fl—Fz)
B ._ Myn+Mptr, 2.2 2 My My
R := M +M, ¥F.=9n—=n K= M, 1M
CM-position  relative position  reduced mass
B h2 — ;-!2 . 2 hz . - .
H = 2(M1+M2)VR 2u I' W(F) [ 2u ; W(F)]l[)(r) - El[)(i‘)
motion as a whole relative dynandiCs N =
(free particle) -y ll)(i") - IPI(F) + s (F)

incident scattered

Ji = i Sm [prOV(F)] s = Sm[yE (7) Vs (7)]

(7 (7) =A™ | = A|2— ~ |A|*7 uniform plane-wave

9s(7) = AF(0,9) e FIM T = |AP|£(6,9) 22 Lo,

spherical wave 7{ d? - Js = const.
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B Scattering Phase-Shift

L Simple example: spherical potential

V@) + [R-ump@ =0 k==Y u@) = LW
)= Laen YO0 () + [F=U(r) =5 uelr) = 0

»Now: foélin very large r, ignore U(r) and the centrifugal barrier

()+k2u€()N0 for r — o0 = uy(r) ~ pEikr

@BTW the Coulomb potential cannot be ignored for large 7!

,.r

- ) Restrict to “short- range " potentials
b - P = eik? Z(2€+1)z je(kr) Py(cos (6))

= =y ys =Y (204+1) i AgRe(r) Py(cos ()
. ©satistying l

1L (xR,)] + [B-U €(€+1)}R _ @ WhereU=0,

spherical Bessel eq.
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Scattermg o= DD AR Bl )

Scattering Phase-Shift P = ok Z(2€—|—1)z jo(kr) Py(cos (9))

| L
& L As the solution of the spherical Bessel equation, \
Ry = ayje(kr) + by ny(kr) 6162 + l?gz =1

= cos(dy) ju(kr) + sin(dp) n(kr)

: _1 _ _1
a € aetector.

sin(kr— 37t +(y

AR phase-shift

Y
e

O The phase-shifts are not multiples of 71/2 and n¢(kr) is not ruled out
@ because the origin (where the n¢(kr) diverge) is excluded by the targy

'“ Equahng o
' / - eikr
i. B 1) = 0+ 0s) = 0 F0.0)
T~ 3 1 N 3 1y .
-v.;% Z (20+1)i'Py (cos (8)) {Aesm(kﬁ kzﬁﬂﬂ—ég) sm(la;ﬂ; 2%6)] _ f(0,9) 4

P‘i“&' 7
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i Scattering
. 8 sin(kr—}ml+0;)  sin(kr—}7l)

Scattering Phase-Shift ¥ (2(+1)i'Pi(cos (9) | A, 2 - S — fe,9) o
14

. Equating coefficients of e ¥ (projecting w /e ="):

Z(2€+1)i6Pg(cos (6)) [Ag exp(kr—}ml+9;) — exp(kﬁ—%né)} =0
- Y/ '
U Projecting with P/(cos(0)): A, =

o

_ Equating coefficients of e **" (projecting w /e *ikr):
F(0.) = g Tt+1)ife ™2 1] Py(cos )

) This is indeed
ye — EZ(2€—|—1)81 sin(dy) Py(cos (0)) independent of ¢
.._, e E
V) 0 Thus:  o(6,) = |£(6,¢)|
_ ; c:= | &*Qe(9,¢) = 20+1) sin“(J

s = [ #Qc.0) = F L) sRE)

@% © So, calculating 0(6,¢) and ¢ reduces to calculating 6.
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ase-Shift Examples wf (r) + [R=U(r) = uy(r) = 0

0 A spherically limited potential
~ (U(r) for r<a
W(F)_{ 0 for r>a
. The inside solution Re(r)=u¢(r)/r must be regular at r=0,
__ 0 50 ur)~rt, we must have b>1
@ ~0 uy(r)+ | 6(‘@;{1): wy(r) ~ 0

_ N ¢+1 regular
b—2 N\ b—2
b(b—1)r"" = —L(l+1)r"“~0 b= { y sinoular

§
4 j ~ ©Aslong as > U(r) < for r ~ 0, one solution is regular, one singular

| @ Turns out, if r* U(r) ~ c for r ~ 0, both solut1ons are smgular @ r~0.,

(in)
o [dln (ruy” (r ))} and match this to the logarithmic
4 dr r—a derivative computed from the outside

© Matching u,(r) itself will match the amplitudes & the normalization
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ase-Shift Examples

tan oy =

(20+1)

[0+ 1)

wy (r) + [K2=U(r) g(gr;rl)}ug(r) =0

. The outside solution is Re(r) = cos(6¢) je(kr) — sin(6¢) n(kr)

rdIn (R (7)) }

L dr r—a

oo o) =m0 @) 1
cos(dy) je(z) — sin(dp) mp(z) 1z—ka 4

o> ft © This is the equation that determines the phase-shifts, o,

k o (ka) —7%%iy(ka)
kn' '

ere. The inside solution =

jo(z) = 24" i MO 25 oy 2
s=0 :

s!(25+20+1)!

z K 1

(09)
(=1 (=1)5(s—£0)! 25 .  (26—1)!!
ng(Z) = O] Z s1(25—20)! T W~ 0+1
s=0

P (kﬂ)2€+1 ka < 1 Lowest-£ terms contribute most.
10



. ¢
ase-Shift Examples tandy & — s (ka2 ke < 1

. For very low energies, ka«1,
¢ =42 Y (20+1) sin?(d¢) = 4 Y (26+1) 20
= 2 £ S ¢) — 1

g K2 "/ 1+tan?(6y)
,
¢
~ ‘i—” E(2€+1) tan®(dy) = 4,;—7; (2€+1)( [(2%;;)1!)!]2(]‘“)2“1)
/ ¢
— 471a? 114 %(ka)‘L 4(1)5 (ka)® saa)
A rapid convergence
o 4 x the geometric cross-section

_' ’ L For very high energies,
WAk

LS 0 (k L sin(ka—{4m /2
f% . tan(dy) = ]E(ka) ~ k“1 ( ) = — tan (ka—(7%)

o= )2 ng(ka) — 1 C0s(ka—{€7/2)  pust sum over all £
@S O Summation (Sakuri, 1982) produces ¢ = 27 a?
; . ©...still 2x the geometric cross-section

W
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ase-Shift Examples uf (r) + [R=U(r) = uy(r) = 0

L Consider a finite-strength spherical potential barrier
© U(r)=Vo>0 for 0<r<a (inside), U(r)=0 outside.
Ko = Y20 = V2ME 0. /K72~

| h
- ©@Focus on =0
Asinh(sr) .
u™ (y { , u® (r) = sin(kr + &
(?<r£a) A/ Sll‘l(%?") ¢ rZa( ) ( O)

© Equating at r=a the outside and the inside logarithmic derivative

ka cot(ka + 5y) = wacoth(xa) E < Vy &= tan" (£ tanh(a)) —ka

[

~ ka cot(ka + dy) = Hacot(xa) E>Vy & =tan (L tan(sda))—ka
5 OHowever, for low energies, ka < 1 k< Ky = Ky

tan(dy) ~ (ka)*™' <1 ka+d) <1 cot(ka+dy) ~ -

ka-+dg
ka Koa N tanh(Koﬂ)
ka-+dy e tanh(Koa) = 50 ~ ka( Koa 12) tanh(Kpa) 2
0o =~ 47a” ( Ta ~1)
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uf (r) + [R=U(r) =G uy(r) = 0

druf(r) = up(a-+e) — up(r—e) = Suo(a)
lim {aué(a—l—e) au6(r—e)} Y

e—0 Ug (61) uO(a)

A sin(kr) for r< a
uo(r) = { "
NG sin(kr+dJg) for r> a
# ©...for which the boundary condition is just like a
i particle in
L k| cot(ka+dg) — cot(ka)| = A a hard box
Z& O and produces: -
do = tam ™’ ( an(ka) — ka Enm nz;tagl
i 14 ) fan ka)
Z=~=. ©while continuity yields: ' ka v ~
= 2 Resonances!
tan”(ka) + 1 :
A= > tan(ka) D tan(kn ) ~ (
tan” (ka) + (1 + A=7—) PO
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Now, go forth and
calculate!!
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