
Tristan Hübsch
Department of Physics and Astronomy, Howard University, Washington DC

http://physics1.howard.edu/~thubsch/

Quantum Mechanics II

H-Atom Details

Spinless (Bohr) Model—A Reminder;
Relativistic Corrections;
Magnetic Corrections

http://physics1.howard.edu/~thubsch/
http://physics1.howard.edu/~thubsch/


Q
M
II

Extra!Spinless (Bohr) Model

H-Atom

2

ih̄
∂

∂t
Y(~r, t) = H Y(~r, t), H =

h
� h̄2

2me
~r2 + V(r)

i
,

~r2(· · ·) = 1
r2

⇣
∂

∂r
r2 ∂

∂r
· · ·

⌘
� 1

r2 L2(· · · ) =

2Ym , 1 Ym , .

r · · ·
r

⇣
∂r ∂r

· · ·
⌘
�

L2Ym
` (q, f) = `(`+1) Ym

` (q, f).

Yn,`,m(~r, t) = e�iwn,`,mt Rn,`(r)Ym
` (q, f), wn,`,m :=

En,`,m
h̄

,r

1
r2

⇣
∂

∂r
r2 ∂

∂r
· · ·

⌘
⌘ 1

r

⇣
∂

2

∂r2 r · · ·
⌘

write

⇣
suggest the substitution Rn,`(r) =

un,`(r)
r , whereby the radial differential equation becomes

� h̄2

2me

d2un,`

dr2 +
h
V(r) +

h̄2

2me

`(`+1)
r2

i
un,` = En,` un,`,

Coulomb Centrifugal

The Schrödinger equation is

In spherical coordinates,
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…to expand

Also, since

we have:
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The Coulomb potential:

The solutions:

Degeneracy (for each n = 1, 2, 3,…):
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Ầ
=0

(2`+1) = 2 n2,

�
dx

h
dx

i
a0 :=

4pe0 h̄2
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Energy independent of m (eigenvalue of L3)
implies “indifference” to orientation of the L3-axis
i.e., rotational symmetry; SO(3)

But, energy is also independent of ℓ!
This implies a larger symmetry.
Laplace-Runge-Lenz vector:
…in classical physics.

Rotations vary m ∈ [–ℓ,+ℓ], while A-transformations varies ℓ ∈ [0, n–1].
Corrections will “break” this big symmetry, SO(4) for bound states.
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In quantum physics,
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A. Sommerfeld (1915) made Bohr’s model relativistic:

where n = 1, 2, 3… (size), k = 1, 2…, n (ellipticity).
Expand in  !e  and obtain:

mec2 drops out in energy differences = line spectra energies.
Corrections (!e2 ~ 1/18,769)×|En| dubbed “fine structure.”
This must be recovered by a consistent treatment of the 
Schrödinger equation, including effects that were omitted in 
the first approximation.
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Kinetic energy, relativistically:

Relativistic correction perturbation Hamiltonian terms:
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For future reference:

Clearly, there must be more to it than just

What are we missing?
Neither  E(1)[Hʹʹ ]  nor  E(2)[Hʹ ]: both are O(!e

6).
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Both e– and p+ have magnetic dipole moments

…and the mutual orbiting produces a magnetic field
Careful: e– orbits about p+ and creates a current and so a magnetic field

“Viewed” from the e– frame, it’s p+ that orbits around the e–

at a speed calculated by Lorentz-boosting, moment-by-moment
which results in ½ of the magnetic field, with which "e interacts

We thus have three magnetic interaction terms
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The three Hamiltonian perturbations are:

They all have the same powers of e, ħ and c as well as r
But the latter two are suppressed by (me/mp ≈ 1/1,836) !!
Thus:

…which is of the same order as E(1)[Hʹ ]
and so must be included—regardless of Sommerfeld’s result.

9

HSeO = �
⇣ ge(�e)

2me
h̄~Se

⌘
·
⇣

1
2

e
4pe0mer3 h̄~L

⌘
⇡ e2

4pe0

h̄2

2m2
e c2

1
r3

~L · ~Se,

2 2

⇣ ⌘ ⇣
0

HSpO =
gp e2

4pe0

h̄2

mempc2
1
r3

~L · ~Sp,

2 2 h⇣
HSeSp ⇡

gp e2

4pe0

h̄2

mempc2

h⇣
3(~Se · r̂)(~Sp · r̂)� ~Se · ~Sp

⌘ 1
r3 +

8p

3
~Se·~Sp d

3(~r )
i
,

ge ≈ 2 (= 2.002 319…)

hHSeOi =
e2

4pe0

h̄2

2m2
e c2

⌧
1
r3

~L · ~Se

��
⇠ ae h̄3

2m2
e c

· 1
a 3

0
3 =

a

4
e mec2

2
.



Q
M
II

= 2n(`+1)�n
(`+1)(`+ 1

2 )
� 3

2

= 2n`+n
`(`+ 1

2 )
� 3

2

�

Extra!Magnetic Corrections

H-Atom

To compute this, recall:

where  s(s+1) = ¾  and  j = % ± ½ 
The 1st order spin-orbital correction is therefore

and adds to the relativistic correction:
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To compute this, recall:

where  s(s+1) = ¾  and  j = % ± ½ 
The 1st order spin-orbital correction is therefore

and adds to the relativistic correction:

This recovers Sommerfeld’s 1st order term
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The “fine structure” (!e2 ≈ ⅟18,769) corrections to energy
1st order relativistic correction to KE (in Coulomb potential)
plus the “spin-orbital” magnetic interaction
calculated to the first order in perturbation theory

equal the 1st order correction from Sommerfeld’s formula
“plus” the spin-½ degeneracy
In 1915, Sommerfeld knew not of “spin” [Uhlenbeck+Goudsmit, 1925]
but relativity unites the electromagnetic field
and so “connects” the Coulomb potential with the magnetic interactions

The expansion

guarantees even p-powers, and so an even !e-power expansion
much as is Sommerfeld’s.
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× 2 for spin. But, there is more…
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