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Discrete Symmetries

T >: Charge Conjugation Extra!

| @ Charged particles interact with the EM field

2 B9y = [ (B 14+ (Wt q@) ] %)

...and are subject to the gauge transformation
o | W) =e-lax/m) | W) where q is the charge of the particle | W) .
b L But then, (W] =t/ (W]=e i)y /he (P | Obs

€ry
©So, W) and (W| interact with the EM field are Ho,. 0les
like particles with opposite electric charges

*= » What must the elgenvalues Of CDe? \oviiiiiiieiiieininnnnadonen, +1
OWhy? ... ble €21y =€) =C0rly)) = y(C|y>) e\ o ?vhlyl?w'
@What must the electric charges of the eigenstates be? ......... 0

, We'll be back.



) First of all,

A
+ -1y

& Can (& wi

/. .
&) Just as wit

O Reflect two of the coordinates................ equivalent to a
(through the third coordinate’s axis line)

, 1 O Reflect all three of the coordinates ..........

. IN: Space Inversion

space is 3-dimensional.

O Reflect only one of the coordinates ......... (planar, familiar)
(through the other two coordinate’s plane)

retlection

180° rotation

(through the origin of the coordinate system)
=& O Furthermore, inversion = reflection + 180° rotation

ceenenne (coordinate)‘ inversion

=5 )What are t

o

* Built from
! L)

1) reflect through mutually non-orthogonal planes
G, IP=1 & ll|lw)=wlw) = ===l
ne eigenstates? I

coordinate eigenstates: ) |7) = 7|7)

= |=#F) H%("F>::|—F>)=:E%(‘f)
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" Discrete Symmetries
e : Space Inversion

@ Actually, there’s a small matter of legalese:

@ We could have chosen: ﬁ2 L ﬁ |F> = ¢'¥/2 |—77> |7?>i = %ew/z( |F> - - |_’P>)

- © Linear operators: O V1) 4+l W))=c1 O(1 W) )+ c2 O(1 W )).
~ © Antilinear operators: AV +lW)))=ciA(IW) )+ ch A(1W)).

. ©That is: linear operators commute with constants
) antilinear operators don’t; they conjugate them in passing.

g ovons Q.- -0, MPA--P. G- -G,

(“true,” “real,” “polar”) vectors

ﬁ_lj\aﬁ = —|—ja 1HI = +H ALin/e\ar!
axial (pseudo-)vector true scalar Y11 = ¢
A ~’—

*m% @Th@n [ [Qn, P11 = T YAIT = T il

no sum on a S-1A 1 -1 o1 ~ || ~
w% = [I7'QIL I PII| = [(+Qa), (—Ps))
A

%b
>t




' N: Space Reflections

0So, =1 0@ =|-7) |7), = (7))

H:H—l :HT HZ@WJ:COHQ; _eszOHz:

. OlInstead, map (0, ¢) = (n-0, p+n) : :
iy 1Y/ (0.9) = V" (n—6,¢+m) /) b=ne
. o dmt | : ﬁ
U, 2 I —im @+ : Z
{(1—u )2 Qe (U _1) } x € f rgaﬂection
- = - (=1)Re—ma : " the
P; (—u),(_fui):ncfjl(%zb(—u)— cos(m—6) (x, ¥)-plane
T m) = (1) [6m FOWA
[0 lm) = (1 fem) FCRA
5 180° rotation about th@ z-axis



i | Discrete Symmetries

. : Space Reflections

- However, H b1, mn) ® |ba, ma) = (—l)gﬁe2 [y, m1) @ [€2, M)

g - and |gl, gg,j, m) = Z Cglfnz; o 2o wl? m1> X ‘62, m2>

mi1-+mo=m

ﬁ |£1,€2,j, m> - (_1)€1+£2 |€1;€2,j> m> 7,4 (_1)3' ‘5175273} m>
:{@Why? cos | b1=45| = j < | b+ 4o
¥ 1 r&@ Electric dipole moment Z qx Q k

di= (wld @) = (9T T 1mw> W|(~d )W)
Sl ) = By |v) (DT W) = H W) ) = By |¥)
m‘ 0 =c|W)  |d= (\I”ld W) = —|e/? (‘I’|d W) =—d =0

ﬂ not degenerate! if H is scalar and |¥) is not degenerate!
¥ 6
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[(+Qa) (—P,)]

’1'" S 4 2 . . . .
| .*'@It follows that | T %%T = —i  time-reversal is antiunitary!

@Followmg Ballentine, let time-reversal act only from left.

1/ ,_{.!- Complex conjugation is antilinear; depends on the basis on
1/ Wl : which it acts. (Ex.: if two bases differ only by phases.)

(1)) = Tzi"z |\P )) = —zi’lT \\If )) = zh%f\\lf(t’))
— H ﬁ(a|\p>+ﬁT\\p>) :E@(a\w>+@f|w>)
7 unphysical 'Whyp




inDiscrete Symmetries 5. 5-n.s

I: Time Reversal and Angular Momentum

" Consider a a spin-“2 system. Want: S, = = She, TS, T '=-S,
- .KHOW K 1ﬁxK — O ; K ﬁyK = _ﬁy K 1ﬁZK — O,
& condplex ¢dnj. real imaginary real

L) Since T = K=K ~1 write T=YK Y = KT is linear.
& Now, Y maps: Y-15,Y=-5, and Y-15,Y =-5,, but Y-15,Y = +5,.
e eRemember reflection across the y-axis = e o/ = Roty (1) !

AN

._" OThus, T = = e~ ™S5u/h | Tn turn, T2 = e 2m5u/h = g=2imJy/h
I;ﬁ/é' since e 2"Lu/" = ] Therefore T° 3, m) = (=1)*|j, m)

\-'-1"-

/4% | Kramer’s Theorem: Time-reversal may be linearly dependent
B TI0) =c|¥) T?|¥) = Te|¥)= T |¥) = c*c|¥) = (~1)%* | V)

:-_yt:% O)...only if jy is integral, and then |cl=1. AR _ B

hj o\ For fermions, time-reversal produces a degenerate state.

'
r’?% 8



Discrete Symmetries

| 1' A Summary & General Facts

. Charge conjugation equivalent to Hermitian conjugation

In relativistic physics w/fermions, Hermitian — Dirac conjugation
Q Is not complex conjugation! (C: particles into antiparticles w/opp. ch.)

e Space inversion = reflection through a point (coord. origin)
- O Reflection through any straight line = 180° rotation about that line

".r'

b

,:'

O Space inversion = reflection through any plane + 180° rotation in it

~©Time-reversal is antilinear

» Squares to (-1)%, notto 1
| !;r ; < O Spin-dependent action

(8) =-S5 & (5)"=5;, j#i

W @Recall “spin” = “directional response to rotations”

o |7, m) means that the system intrinsically response to rotations
. &Y A “representation of the Spin(3) = SU(2) angular mom. algebra”
Et‘ 2 Particles (except scalars) do have a sense of direction to them.
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Now, go forth and
calculate!!
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