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eraction picture (a reminder)
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eraction picture (a reminder)
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. Interaction picture (a reminder)

L Separate: H=Ho+ H (¢) in ihéTt- =HY, Y=Yt
i(t—tO)HO ’

" UDefine: Uy:=e  #

T a2 () = (020 ) o (03))
| | I

ih% (oY) = (Ug " (—Hg) ¥ + Uy ( [Hs + B (1)) ¥)
||
ih% (Ug'¥) = Uy  Fh(0) ¥ = (Ug" (1) Uo) (Tg )
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iha—t\};(ﬁ;t)zﬂl(t)%(ﬁ;ﬁ) with YW(7,t) := U, 'Y (7 ),

focus on interactions H, := Uy ' H, U




Spin Dynamics

. Interaction picture (a reminder)

~ U Separate: H=Ho+ Hi(¢) in zh%—\y —HY, ¥Y=Y(71)

S ~ , . ﬁ ~ =
lhao_t'%(ﬁ' t)=H,(t) (7 t) with ¥(7t):= U, "¥(7¢t),

focus on interactions H, := Uy " Hy Uy

;'INote° if [ Ho,Hi(f)]=0, then [ Uo, Hi(t) ]=0, and H;(f) = Hi().

# . 2 Often, H1(t) is expressible as a nontrivial matrix w.r.t. some basis,

/ 5/@ .while Ho acts identically on all elements of that basis
and 1s therefore proportional to the identity matrix.

vas O Then, [ Ho, Hi(f)]=0 and Hi(t)=H(t), as noted above.

2
’4“\"

O (The diagonalizing transformation of Hi(f) cannot change H.)
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" Interaction picture (a reminder)

= So, splitting: H=Hoy+ Hi(t), we define Uy:=e  *
. and Y(7t):=U,"¥(#t) H:=U,"Hily R,:=U;'RUy

= O, s oUy'N\s~ .~ i /0R
S DR
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= —Hp (Ao_lﬁao) =+ (LAlo_l
R, _ ;14 oR R
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Interaction picture (a reminder)
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Spin Dynamics

IR
2 =1 —\1

R, _;
ot 7

[ Ho,

Zh—‘FI = HI

ot ()%

&1+(2)

© ignoring any dynamics generated by Ho,
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© focusing on the dynamics generated by Hi(%).

U Special case: H=Hi(t) with Ho=0,s0 U= 1.

) ...1s the Schrodinger picture. All dynamics 1s in the wave-function.

) ...1s the Heisenberg picture. All dynamics 1s in the observables.

"0 The interaction picture is clearly intermediate,



QE.g.:.y.=—-e/M.c, yp,=+2.79¢/M,c, but y,=-191e/M,c.
_ For the spin-Y% electron, S = %fie and H/ = Hi =% y.hBy o-..

© Eigenvalues of o: are £1, eigenvectors |[+) and |-) .
& Use matrix representation (wo = ye Bo, set to — 0):

e
= s o) = 1)

U, [¥,(£)) = e~ h' =300 @] 1, (1)) = g2t (1))

i i Ly
= @, (0)e2“0t |+) + a_(0)e 2«0t | =) = |f+(0)e2® }

a_(0) e~ 2ot

5 [initial conditions




precession

- Compute the expectation value of u = yS:

) ...component by component
< U > - %f)‘h‘(éx <0‘x> + éy<0‘y> + éz <0‘Z>)

@5—0‘]: ?_O—i 67‘—]:0‘
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o 1 [0 —i 710

@ Compute the expectation value of u=1y.S:

" U ...component by component
| (m) = %’Yh(éx<0’x> + &y{oy) + é‘2<0‘2>)

(o) = (Fi(t)] & [¥i(t))

_ [Llj_ (O) e—iwot/z a* (O) eiwot/Z} . 0 1] [ zwot/z }
o _1 0 p—lwot/2
_ [aj_ (0) e~ iwot/2 g% (0) eiwot/Z} . e (0) e—zwot/Z}
- a(0) bado/2 o X/\ﬁ,
2 Re (a%(0)a—(0) e ") — cos(wot) (W@\

(
1) 12 Re(a* (0)a_(0) e o) — 1ok cos(wpt),
2 Sm(a% (0)a—(0) e o) — —Iyhsin(wt),

2
B, () = %’yh a (O)|2—]a_(0)|2) —» 0. | misalignment
N . = precession
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/// @The precession frequency, wo = y|B|, 1s independent of u,
4»‘&*-@ .and imndependent of the 1nitial state (except when u Il B).
@ The precession of u is detectable, but hard.

o~ ‘ *fé‘%- 8

|Hp, (vhe,e")] =0
: . Sbin precession [(%0—])/ (%O—k)} - igjkg(%aﬁ)
& Consider the same, in the Heisenberg picture
~ (the interaction picture with Ho— H, Hi — 0)
& OThen, j . .
- = £ [Ho— wB,u] = §[Ho— pB’, jy@"
r ] v .
= =B [(1vhep), (17he)[&" = —in*hB"[(30y), (30"
P
= —i*hBl (iep, " (1))@ = " (1yhey)(yBg) &,



~  Varying the B-field enables energy transfer & state transition
-~ UUse B(t) = By|(&y cos(wt) + & sin(wt) ) + By &,
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“==% U, implements a

o g rotation about the =|(wo+w)Sz + ¥B1Sy
Ty 2, co-rotating co-rotating Hamiltonian
%} with the B-field. gH
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| Spin Dynamics

. Spin resonance

ih— = [(wWo+w)S; + W Sx|®, @:=U_'¥
constant

* For a spin-% system, this co-rotating, constant Schrodinger equation
AART 2 7 [

ih CPJF = (wotw) ) D Not hard.

d_ w1 ((,UO +w) D_ Really. -

‘& But, there is an easier, way—owing to Cayley-Hamilton’s theorem.

Secular equation: det[M —A1] =0 (expanded as a polynomial 1n £).

= @For spin-j systems, use (2j+ 1) x (2j+ 1) matrices,

. the secular equation 1s of (2j + 1)’th order. , ,
Consider spin-'4.

AR . 10
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M Spl n Dy nam I CS B(t) = By (&« cacg(wt) + &, sin(wt)) + By &,
N

i = [(wotw)Sz + w1 5:] @

ihaiiitb - [%hﬂag] mixed term
° ' ixed terms
& with (ot o)) 4 cancel
wWoTw )o w10
Oq = ’ E; ! =, (0’9)2 =1, Q=./(wp+w)*+ w12
SO
g0 _ cos (1) + iU sin(1 Q) iYL sin(10¢)

: | i sin( 1) cos (1) — iU sin(1 Q)

—iwt /2

¥ () :a@ 1] _ ota /2 cos(10) + i sm@m)T/le |

wt/ty 0 A ity sin(30¢) <« ] Ieiwt/2‘

‘ initial state ‘ ‘ phases | 11 _—
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\ Spin Dynamics
it W(H) = Q0[] = omisrensa R0 1 s

~ Spin resonance

The spin-flip probability i1s the magnitude-squared of the lower
term: 2

Prob(S; = —}| + §) = o sin(3)

) The peak value becomes maximal when @ = — wao,

2
w wW——wy
eak Prob = 1 4
pe (wo+w)? + C‘)12
+H Prob ———% sin?(Lewyt)

/9413@ By switching the rotating B-field, the spin-flip probability throbs at
/ll’g'; half the co-rotating frequency.
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By turning the rotating B-field off after a suitable time 7, the spin-
2= flip probability can be tuned to will.
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Now, go forth and
calculate!!

Tristan Hiibsch

Department of Physics and Astronomy, Howard University, Washington DC
hitp://physicsl.howard.edu/~thubsch/



http://physics1.howard.edu/~thubsch/
http://physics1.howard.edu/~thubsch/

