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Quantum Mechanics I

Quantum Mechanics

Momentum(Representation:
De1inition(and(Application;

Linear(Potentials(and(Dual(Space
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The Story so Far…
Momentum Rep
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Any$problem$with$piecewise$constant$potential:
Subdivide$space$into$regions$where$W(x)$is$constant
(so$W(x)$crosses$the$E*level$discontinuously)

Solve$the$Schrödinger$equation$in$each$region
…using$boundary$conditions$for$(ultimate)$normalizability

Match$the$solutions$between$regions
using$that$$!!(x) = 0$$and$$!!"(x) = 0.

Include$also$# $(x – a)>type$singularities
using$that$$!!(a) = 0$$but$now$$!!"(a) = 2M # !(a)/ħ.

All$of$this$presupposes$the$choice
of$the$coordinate$representation:

No$reason$not$to$use$some$other$observable$instead$of$Q&.
Y(~r, t) := h~r |Y(t)i Q a |~r i = xa |~r i
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So,$use$P#$instead,$for$the$momentum$representation

Just$as$with$the$coordinate$representation,
p&$may$well$be$a$continuously$varying$eigenvalue
orthonormality$requires$that

Relation$to$the$coordinate$representation:

Solve$this$differential$equation,$treating$p&$as$a$parameter:

transforms$coordinate$↔$momentum$representation

h | i
Y(~p, t) := h~p |Y(t)i

| i | i
i P a |~p i = pa |~p i

h~p0|~p i = d(3)(~p � ~p0)
h | i

h̄

i

∂
∂x

a h~r |~pi =
D
~r
���
 ��
h̄

i

∂
∂x
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���~p
E

i~p·~r/h̄

| i | i h | i
E
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D
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���
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���~p
E
=

D
~r
���pa

���~p
EE

= pah~r |~pi

h | i
D ���

���
E

h~r |~pi = N~p e

i~p·~r/h̄ the$Fourier$transform$kernel!

Momentum Rep
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The$transform$kernel$is$normalized:

Thus:

�

h | i

d(3)(~p � ~p0)
!
= h~p0|~p i

Z

� � �

i = h~p0|1|~p i = h~p0|
Z

d3~r |~r i h~r||~p i
Z

| |
Z

N~p = 1p
(2ph̄)3

h | i
D ���

���
E

h~r |~pi = N~p e

i~p·~r/h̄

| |

h~r |~pi = 1p
(2ph̄)3

e

i~p·~r/h̄

eY(~p, t) := h~p|Y(t)i
Z
)i =

Z
d3~r h~p|~r ih~r|Y(t)i

Z
)

t)

)

Fourier$transform!

e h | i
Z

h | ih |

eY(~p, t) = 1p
(2ph̄)3

Z
d3~r e

�i~p·~r/h̄ Y(~r, t)

Y(~r, t) = 1p
(2ph̄)3

Z
d3~p e

+i~p·~r/h̄ eY(~p, t)

)

Momentum Rep
Definitions

Z

h | ih | i
Z

= N

⇤
~p0N~p

Z

d

3~r e

i(~p�~p0)·~r/h̄ = |N~p|2 (2ph̄)3d(3)(~p � ~p0)
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ip r/h̄

h | i h | | i h |
Z

| i h || i

=
Z
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3~r h~p0|~r ih~r|~pi = N

⇤
~p0N~p
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�i~p0·~r/h̄

e

i~p·~r/h̄
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Typical$operators$in$momentum$representation:
The$momentum$operator$itself:

The$coordinate$operator:

That$is,$in$the$momentum$representation,
just$as$in$the$coordinate$representation,

Z
e

P aeY(~p, t) = h~p| �P a|Y(t)i = pa eY(~p, t)
Ze h | | i

Q aeY(~p, t) = h~p|Q a|Y(t)i
Z

i e

)i =
Z

d3~r h~p|~r ih~r| �Q a|Y(t)ih | | i
Z

h | ih |

= 1p
(2ph̄)3

Z
d3~r e

�i~p·~r/h̄

xa

| {z }
Y(~r, t)| {z }| {z }

= 1p
(2ph̄)3

Z
d3~r

�
ih̄

∂
∂pa

e

�i~p·~r/h̄

�
Y(~r, t)

⇣ Z ⌘

Z � �

= ih̄

∂
∂pa

⇣
1p

(2ph̄)3

Z
d3~r e

�i~p·~r/h̄ Y(~r, t)
⌘

⇣

t) = ih̄

∂
∂pa

eY(~p, t)

Z

Q a = ih̄

∂
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⌘

P a = h̄

i

∂
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a
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Definitions
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since$we$are$mostly$interested$in$space$distributions

Applications
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Thus,$in$the$momentum$representation

Then,$the$Hamiltonian$is

BeneLicial$when$W(Q)$is$constant$or$a$linear$function!
Consider$Lirst$W(Q) = 0 (= const.):

and$by$Fourier>transforming$back:

e e

P aeY(~p, t) = pa eY(~p, t)

⇣

Q aeY(~p, t) = ih̄

∂
∂pa

eY(~p, t)and
e

H = 1
2M

~P 2 + W(~Q ) = 1
2M

~p2 + W

�
ih̄

∂
∂pa

�

e ! e

ih̄

∂

∂t

eY(p, t) = p

2

2M

eY(p, t)
Z

e

) eY(p, t) = e

�i(p

2/2Mh̄)t eY(p, 0)

∂t

e e ) e e

Y(x, t) = 1p
2ph̄

Z
dp e

i(kx�wt) eY(p, 0) k

:= p

h̄

w = p

2

2Mh̄

Momentum Rep
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For$states$with$a$speciLic$energy,$i.e.,$stationary$states,
in$constant$potential,$momentum$is$also$constant
Then

just$as$we$had$used$(as$solutions$of$the$coord.$representation$
Schrödinger$PDE,$1st$order$in$time$&$2nd$order$in$space).

For$a$gaussian$“packet”$at$rest,

∂t

e e ) e

Y(x, t) = 1p
2ph̄

Z
dp e

i(kx�wt) eY(p, 0)

e

) k

:= p

h̄

w = p

2

2Mh̄

Z

eY(p, 0) = N d(p�p0)

e

) Y(x, t) = Np
2ph̄

e

�i(w0t�k0x)

Y(x, 0) = 1

4

p
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2

e
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q
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2
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2

e
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q Z

e
q
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q
a

2
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2

Z
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Y(x, t) = 1

4

p
2p a(t)2

e

�( x

2 a(t) )
2

a(t) = a

q
1 + ih̄t

2Ma

2

Newton’s
1 st((law!

Momentum Rep
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E$is$“merely”$the
separation$constant
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Linear Potential
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If$W(Q)$is$linear,$the$Schrödinger$equation$becomes

This$still$separates,$producing

The$Fourier$transform

cannot$be$expressed
via$simpler$functions
in$closed$form,
is$an$Airy$function.

Note:

ih̄

∂
∂t

eY(p, t) =
h

p

2
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� FQ
i
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� ih̄F
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e
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e
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The$strange$homogeneous$force$Lield$W(Q) = –FQ

Consider$translating$Q → Q + a:

It$is$equivalent$to$shifting$the$energy$E → E – Fa.
So,$if$the$potential$W(Q) = –FQ$were$to$extend$to$x → ∞,
there$would$have$to$exist$a$stationary$state$with$E = –∞
…no$lowest>energy$(a.k.a.$ground)$state
Potentials$that$allow$this$are$“unbounded$from$below.”
Typically,$such$potentials$are$valid$in$very$limited$regions
(e.g.,$the$hydrogen$atom$Coulomb$potential → – ∞$@$r = 0.)

H |Y
E

(t)i =
⇥ P 2

2M

� FQ
⇤

|Y
E

(t)i = E |Y
E

(t)i
⇤ ⇥

2

⇤

| i
⇥

M

�
⇤

| i | i
⇥ P 2

2M

� F(Q+a)
⇤

|Y
E

(t)i =
⇥ P 2

2M

� FQ
⇤

|Y
E

(t)i � Fa |Y
E

(t)ii
⇥

�
⇤

|
= (E � Fa) |Y

E

(t)i

Linear Potential
Momentum Rep
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Using$the$Q → Q + a$and$E → E – Fa$rescaling,
The$Airy$functions$solve
differential$equation
$ y""(x) – x·y(x) = 0
Interpolate$between
the$oscillatory$and$the
non>oscillatory$regime
The$transition$occurs
where$x = 0,$i.e.,$in$our
case,$when$W(Q) = E

This$then$provides$an$exact-interpolation$between
the$classically$allowed$(oscillatory)$region
the$classically$forbidden$(non>oscillatory)$region
for$the$cases$where$W(Q)$crosses$the$E>level$continuously
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Linear Potential
Momentum Rep
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Pretend$that$space$is$a$big$L×L×L$box
B.C.:$&E(boundary, t) = 0$
Then$!E(boundary) = A sin(k·r) $where$k& = n& (2'/L)$and

and$expectation$values

should$coincide$in$the$L → ∞$limit

calculate$expectation$values,$then$take$the$limit.$(“0·∞”$form)
Often$a$useful$in$research$practice;$sums$done$numerically

“Box Quantization”
Momentum Rep
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5.3 Bloch’s Theorem 131

Fig. 5.2 Measured momentum distribution for the hydrogen ground state, for several
incident electron energies. [From E. Weigold, AIP Conf. Proc. No. 86 (1982), p. 4.]

5.3 Bloch’s Theorem

This theorem concerns the form of the stationary states for systems that
are spatially periodic. It is particularly useful in solid state physics and crystal-
lography. A crystal is unchanged by translation through a vector displacement
of the form

Rn = n1a1 + n2a2 + n3a3 , (5.16)

where n1, n2, and n3 are integers, and a1, a2, and a3 form the edges of a
unit cell of the crystal. Corresponding to such a translation, there is a unitary
operator, U(Rn) = exp(−ip·Rn/!), which leaves the Hamiltonian of the crys-
tal invariant:

U(Rn)HU
−1(Rn) = H . (5.17)

These unitary operators for translations commute with each other (as was
shown in Sec. 3.3), as well as withH, so according to Theorem 5, Sec. 1.3, there
must exist a complete set of common eigenvectors for all of these operators,

H|Ψ〉 = E|Ψ〉 , (5.18a)

U(Rn)|Ψ〉 = c(Rn)|Ψ〉 . (5.18b)

The composition relation of the translation operators, U(Rn)U(Rn′) =
U(Rn + Rn′), implies a similar relation for the eigenvalues, c(Rn)c(Rn′) =
c(Rn +Rn′). This equation is satisfied only by the exponential function,

12

Momentum$distribution$within$a$Hydrogen$atom

so$that

Momentum Distribution
Momentum Rep
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in$agreement$with$experiments
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Spatially$periodic$potentials$(crystals)

have$Linite$translation$symmetries

But$then,$they$all$must$have$simultaneous$eigenstates

and$the$eigenvalues$must$“concatenate”

So,$in$the$coordinate$representation,

Bloch’s Theorem
Momentum Rep

�

�h | i
�

�

W(~Q ) = W(~Q + ~
R~n) ~

R~n := n

1
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3
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3

� �
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�
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~
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⇤

U (~R~n)H U �1(~R~n) = H
~n

⇥

U (~R~n) , H
⇤
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�  

⇤

H |Yi = E |Yi U (~R~n) |Yi = c(~R~n) |Yi
⇥ ⇤

| i | i
U (~R~n0)U (~R~n) = U (~R~n+~
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| i | i
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�
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~
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)
n

0
n n n

0
�

�

c(~R~n)
�

�

2

= 1 ) ~
k 2 R3

U (~R~n)Y(~r ) := Y(~r � ~
R~n ) =) = e

�i

~
R~n·~k Y(~r )
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Now$expand$the$Bloch$wave>function$in$plane>waves

from$which

and$so

Finally,

Bloch’s Theorem
Momentum Rep

U (~R~n)Y(~r ) := Y(~r � ~
R~n ) =) = e
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~
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0
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"
"–12

Y(~r ) = Â
~q2L�1

a(~k +~q) e

i(~k+~q)·~r

)
~
k

:= ~p/h̄

wave>vector
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Now, go forth and

calculate!!


