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1. Piecewise Constant Potentials

Herein, we will consider some simple potentials in turn, and see to learn about some generic
behavior of quantum systems.

1.1. Constant potential

The absolutely simplest potential of all is the constant one, which we may choose to be
V(xz) = 0. The corresponding force is of course zero, so that this corresponds to a ‘free’
particle. The (time independent) Schrédinger equation becomes

h? d?
“omas e = B (-0
or
d? 9
[@‘f‘k]ibE = 07 (12)
where k = ¥2mE g the constant wave-number (square-roots are always taken with the

positive sign). The solutions of this simple 2nd order differential equation form a 2-
parameter solution set which may be written as

Y () = Cre*® 4 C_e ™ = Acos(kx)+ Bsin(kx) = Dsin(kz + ) . (1.3)

The pair of constants C is easily related to A, B and to D,d; one or the other or the
third representation may be more advantageous in specific calculations, and the Student is
required to know how to use and toggle between them all. Notice that there is no particular
boundary condition V) on this type of wavefunctions, whence the parameters D, §, E remain
constrained only by the (continuous) ortho-normalization condition:

/OO dx @b;d}E = §(E-F), (1.4)
so that - -
/ dE’/ dz w;wE =1 (1.5)

is well-defined 2.

1) By ‘boundary’, here is meant ‘infinity’: when x — Zo00; such are also called ‘asymptotic
conditions’.

2) Note that, strictly speaking, the integral (1.4) diverges for E/ = E, but does so in a ‘tame’
enough manner, so that the double integral (1.5) is finite and may be used to normalize the overall
amplitude of ¢, .
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Eq. (1.4), i.e., (1.5) is a single condition on three variables, D, d, E, whence two of
them remain free. Typically, the phase § and the energy F; the condition (1.4) is used to
fix the (overall) amplitude, D.

The physical meaning of the wave-function 9 (z) = C e**+C_e~%? is straightfor-
ward: upon multiplication with ¢! of the first part, ¢’**, we obtain e#* — gilkotwt)
where w = E/h = hk?/2m. Since e'kztwt) — gilk(z+Aa)twt+AO] §f Ny = 4w AL/k, this
plane wave travels to the right. Similarly, e="** — e~#(kz=w1) i5 5 plane wave that travels to
the left. So, ¢, () is a linear combination of two traveling waves. Indeed, the right-moving

probability current is

ikx

JR = E %m [wE,RawaR] = E %m [e @6 ] = E N (16)
and the left moving one is
JL = E %m [waLawaL] = E %’m [e @6 ] = —E N (17)

in both cases being identifiable as the velocity of the particle described by the wave-
function.

On the other hand, v, ;(z) = Acos(kz)+Bsin(kr) = Dsin(kxr + §) is a standing
wave, as the the latter two representations show. Indeed, its probability current is

Jg = o Sm [was d:L'wE’S} = - Sm [D* sin(kxz + §) desm(k:x +90)] ,
= %Sm [|D|? sin(kz + &) (—k cos(kz + 6))] , (1.8)

h
= —%|D\2k%m[sin(2kx+26)} =0.

In fact, it is easy to see that any essentially real wave-function (that is, where the function
is real up to a multiplicative complex constant) yields a vanishing probability current.

Most importantly, this solution is oscillatory, with a constant wave number k, and
momentum p = hk. Thus, the left-moving plane wave corresponds to a particle with an
infinitely well defined momentum, the spatial position of which is however spread all over:
the probability density, |1, (x)|?, oscillates but is not significantly more or significantly less
in any one region than elsewhere. Such states are typically called scattering states (which
we'll study more in Chapter 8).

Note that the wave number (‘spatial frequency’, inverse wavelength) is proportional to the
square-root of E—V ().

We have tacitly assumed that £ > V = 0. Imagine replacing £ — —F and con-
sider the effect on the wave-functions (1.3). With negative E, the wave number becomes
imaginary, k = ik with hx = \/2m/|E|, and we can write

Y_p = Dsin(ikz +9) = D[sin(8) cosh(kz) + i cos(d) sinh(kz)] . (1.9)
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Fig. 1: The constant potential.

Note that this wave-function is no longer oscillatory, but is (almost) monotonous instead.
However, such a wave-function cannot possibly be normalized, not even in the sense of
Egs. (1.4) or (1.5); the normalization integrals

|D'|2/ dz |sinh(kz — §")|? (1.10)
and - -
|D’|2/ dE’/ dz |sinh(kz — &) (1.11)

are simply and incurably divergent for all nonzero D’.

1.2. Finite potential step

The next order of simplicity belongs to a simple ‘potential step’, where the potential is

defined to be

0, forx< g

Viz) = { (1.12)

We note that for either x < xy or for x > x(, this looks like the previous case—the po-
tential is constant, and we adopt the corresponding solutions. This is indeed the standard
approach:

0. Fix the (next) value of F to be considered.

1. Divide the domain of x into contiguous regions where the energy is bigger than the
potential: Ry = {z: E > V(z)}, or smaller than the potential: Ry = {z: E > V (z)}.

Find the general solution of the Schrédinger equation in each region.

Vo, for x> xg.

Match the solutions across the interfacing boundaries between adjacent regions.
Enforce boundary conditions ‘at infinity’.

Normalize the wave-function.

Go back to item 0.

ISR
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Before we proceed with this task-list, we derive the general requirements to be used
in step 3. To that end, consider the Schrodinger equation rewritten as

&> _ o, m

t= (z) = ?[V(aj) _ E}w , (1.13)

and think of it as determining the second derivative of the wave-function in terms of the
wave-function itself and the square of the wave number. We know that F is a constant
and that V(z) has a (finite) discontinuity; therefore, k% = 22[E—V ()] also has a (finite)
discontinuity. If 1 is continuous, [V —F]¢ is discontinuous and so is 1. However, since
this discontinuity is finite, upon integration: ¢’ = [ dx " has no discontinuity and then
neither has {»—consistent with our beginning assumption. Thus, we require:

lin% Y(xg—e) = lintl) Y(xo+e) , (1.14a)
hII(l) Y (xo—€) = liné P (zote) . (1.14b)

Alternatively, once the equation (1.14a) has been enforced, we can divide the l.h.s. of
Eq. (1.14b) by the Lh.s of (1.14a), and the right-hand side of Eq. (1.14b) by the r.h.s.
of (1.14a) to obtain:

Y'(vo—e) . Y (x0te)

lim ——0 "~/ 70T

0 Plao—e) =0 dlzgte) (1.14¢)
}E% In (¢ (zo—¢)) = 251% In (¢ (zo+e)) -

Conversely: Assume now that ¢ (z) has a (finite) discontinuity at x, as does the potential,
V(z). Then, the right-hand-side of Eq. (1.13), the product 73 [V (z)—E]t(z), would also
have a (finite)discontinuity. However, 1’(z) would have have an (infinite) discontinuity
at xg (the slope is vertical!) and then ¢ (xg), on the left-hand-side of Eq. (1.13), would
have to behave (at least) as badly as d(x—x() does—contradicting the established (finite)
discontinuity of the equation’s right-hand-side. To make this more obvious, notice that the
integral of the left-hand-side, equal to ¢’(z), would have an infinite discontinuity, whereas
the integral of the right-hand-side, £5 [V (2)—FE]4(z), would have no discontinuity at all!

This contradiction proves that i (z) cannot be discontinuous as long as V' (z) has a
discontinuity, including a finite or infinite “step” and even a J-function type behavior.
707

0. Consider first the case A: E > V.
A.1. Following the above task-list, we define Ry = [—o0, xg] and Rs = [zq, 00].
A.2. Adopting the solution of subsection 1.1, we can write:

Pr(z) = AT 4 Bie™™® by =V2mE/h ; (1.15a)
Yo(z) = Age™®2® 4 Bye™ 22 Ly = \/2m(E-V,)/h . (1.15b)
A.3 Here, we need to ensure that
$1(0) = 2(0) , $1(0) = 15(0) ; (1.16a)
A1+ By =A2+ By, tk1 Ay — k1 By = ikaAs — tka By . (1.16b)

—4—
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A .4. Both 17 and v, oscillate (with so far undetermined but constant amplitudes), and
there is no boundary condition “at infinity”.

A.5 The normalization/orthonormality condition (1.11) becomes

/OO dE'{/OOo dw " b p + /OO da w;E,zpw} _ (1.17)

—00 — 0

Thus, we remain with three equations: two in Eq. (1.16b) and one in Eq. (1.17) (upon
solving the integrals). These let us determine any three of the four constants Ay, By, As, Bs,
thus leaving one of these and the energy, E as free parameters of the solution. In partic-
ular, having remained undetermined, the energy E can take on any one of continuously
many values for E > V. Also, note that the probability density |1|?> does not diminish
significantly outside any particular range of x. The solution for some particular value of
F is sketched in the left part of the figure below.

Fig. 2: The potential step.

Note that the probability current for the right-moving component of the wave-function
evaluates to hki/m for x < 0 and hks/m for z > 0; these indeed are the speeds of the
corresponding particle incoming from the left.

0. Consider next the case B: 0 < E < V.

B.1. Following the above task-list, we keep Ry = [—00,x¢] and Ry = [z, 0] from the
previous part.

B.2. Adapting the solution of subsection 1.1, we can write:
Y1(z) = Ae’h® 4 Be~ike k =vV2mE/h (1.18a)
Yo(x) = Ce™* + De™ " | k =+2m(Vo—E)/h . (1.18b)

—5—
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B.3 Again, we need to ensure that

P1(0) = 1p2(0) , $1(0) = 95(0) 5 (1.19a)
A+B =C+D, kA —ikB = rC — kD . (1.190)

B.4. Now 9, oscillates (with so far undetermined but constant amplitude), and there is
no boundary condition for x — —oo. However, 15 is almost-monotonous and it is easy to
see that the C'e”" term diverges as x — oo, which would prevent normalization. Thus, in
view of this requirement, we must set C' = 0.

B.5 The normalization/orthonormality condition (1.11) becomes

[e%¢] 0 oo
/ dE’{/ dx wi"E,wl’E +/ dx w;"E,zp%E} = 1. (1.20)
e oo 0

Thus, we remain with three equations: two in Eq. (1.195) and one in Eq. (1.20) (upon
solving the integrals). These let us determine any three of the three constants A, B, D,
thus leaving none of these free. The energy however does remain as a free parameter of
the solution. In particular, having remained undetermined, the energy E can take on any
one of continuously many values for 0 < F < V. Note again that the probability density
|4|? does not diminish significantly outside any particular range of < 0. The solution
for some particular value of E is sketched in the right part of the figure above.

Note that the probability current for the right-moving component of the wave-function
evaluates to hk/m for z < 0 but vanishes for z > 0. These indeed are the speeds of the
corresponding particle incoming from the left: the particle isn’t really allowed to travel
inside the barrier, although the wave-function there is non-zero.

The last logical possibility, £ < 0 is excluded as the solution would turn out to
be non-normalizable just as in subsection 1.1. In summary, the (energy) spectrum is as
follows:

E>V,, E is continuous, ¢ (z) is oscillatory for all z;
0< E<Vy, FEiscontinuous, ¥(x) oscillatory for x < 0;
E <0, forbidden, since 1 (x) would not be normalizable.

1.3. Infinite discontinuities

By contrast, were the discontinuity in V' (and so in k?) infinite, it would not have
been possible to derive that 1)’ should be continuous. Indeed, if we take the Vj — oo limit,
when also K — 00, we obtain that:

A. There is no analogue of the case A of the finite potential step: all (finite) energies E
must be smaller than V; = oc.

B. Case B is the only allowed one. The wave-function for > 0 becomes 93(z) — 0, and
so we obtain that lim._.q 1 (—¢) = 0. This now becomes the new boundary condition.

— 00—

—6—
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An interesting special case of potentials with infinite discontinuities is the case when
the potential is V(z) = Ad(z). Now we can actually integrate the Schrédinger equation
between —e and +e:

0 :—% _idx%—i—)\/_ldx 6(:6)1/)—E/_66dx¢, (1.21a)
I g - v (0] Ao - B[P+~ F(-a] . (121

where F(x) &f [* dy ¥ (y). Now, if ¥(z) is continuous at x = 0, so is F(z). Then, taking
the € — 0 limit, the terms in the right-most square bracket cancel, and we remain with

i [(+) ~ (-] =0, L [w/(e) — v/(—0)] = 22
e—0 e—0 h

which are the boundary conditions for matching across a d-function potential. That is, the

wave-functions must be continuous, but the first derivative has a discontinuity proportional

to the product of A (a.k.a. ‘opacity’) and the value of the wave-function at 0; the wave-

function has a ‘breaking point’.

¥(0) (1.22)

Now, if A > 0, only E > 0 levels are allowed (for £ < 0, no solution is normalizable).
Furthermore, the solutions to the left and to the right of the J-function are oscillatory with
some finite and constant amplitudes. Thus there are no boundary conditions ‘at infinity’.

On the other hand, when A < 0, both negative and positive values of E are allowed.
For E > 0, the solutions look very similar to the ones in the A > 0 case (except now
the discontinuity in ¢’ has the opposite sign). For E' < 0, however, a novel characteristic
appears! We proceed following the above task-list and find:

Y_(x) =Ce™ | x <0, (1.23a)
Yi(z) = De " | x >0, (1.23b)

where we set D = 0 in 1_ since e™"* diverges for z — —oo, and similarly we set C' = 0 in
14 because e diverges as x — oo. The boundary conditions (1.22) imply that C = D,
and that Kk = mA/h%. Since k = \/2m(—E)/h, we obtain that E = —%mAz/hQ. The
wave-function of this state monotonically decays to both positive and negative infinity,
and the probability density is non-negligible only around x = 0: this state is localized!
Since this localization is bound by the location of the potential, such states are also called
bound states. Below is a sketch of the wave-functions for a scattering and the bound state
in this case.

In summary, the (energy) spectrum is as follows:

E>0, E is continuous, ¢ (z) is oscillatory for all z;

E= —%m)\z / h?, a single value, separated from the continuous region, £ > 0,
Y (x) is exponentially decaying for z — +oc0.

In particular, notice the appearance of the nonvanishing energy gap, between the lowest
lying energy value, F = —%m)\Q / 72 and the continuous region, E > 0.

—7—
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Fig. 3: The delta-function potential.

1.4. Finite potential two-step

Consider now an iteration of the finite potential step: stepping back-and-forth. There
are of course two possibilities, depicted in the figure below. In both cases, there are two
possibilities for the value of E: either E > max (V(z)), or min (V(z)) < E < max (V(z)).
For the potential barrier (left part of the above figure), both types of states are oscillatory
on both sides of the potential, have no boundary condition * at infinity’, and represent
scattering states (continuous energy values).

Fig. 4: The potential barrier (left), and well (right).

For the potential well (right part of the above figure), the states with £ > 0 are oscil-
latory throughout, no boundary conditions ‘at infinity’, and continuous values of energy.

—8—



Case Studies Paradigms

However, the states with Vj < E < 0 are monotonous for |z| > a, and so must decay for
xr — £oo—which imposes two additional boundary conditions. Together with matching
the wave-function and its derivative at +a, these are six boundary conditions; in addition,
there is of course also the normalization condition. These are imposed on the solution
which has two constants in the region R; = [—o0, —a, two for Ry = [—a, +a], and two for
R3 = [+a,+00], and the energy level, E. This spells seven conditions on seven constants,
whence all seven are determined. Thus, energy will again only be able to take some select
values.

Let us work this out concretely. We write the solutions in the form:

P = Ae™ r < —a, (1.24a)
Yo = Bsin(kz +9) , lz| <a, (1.24a)
Y3 =Ce™ ™, r >+a, (1.24a)

with k %/ 2m|E|/h and k et 2m(E — Vy)/h. The purpose for choosing these particular
forms of the solution will become apparent as soon as we apply the boundary conditions.

Indeed, let us focus on the logarithmic condition (1.14c):

Ake™"®  D[~kcos(—ka + )]

= Qg =— 1.2
Ae—ra Dsin(—ka +4) ‘ ¢ (1.25a)
D]—k cos(ka + 0)] Cl—re™ "]
Dsin(ka + 9) Ce—ra 7 r=ta (1.25)
Lo, and behold! These expressions simplify tremendously into:
k = —kcot(—ka+9) , Qxr=-a (1.26a)
kcot(ka+6) =k . Qzx=+4a (1.26b)

Noting that cot(—z) = — cot(z) and recalling that cot(x) is periodic with period 7, so that
the inverse function is defined only up to the addition of an arbitrary integral multiple of
7, this can be rewritten:

cot ! (%) =ka—90+mnm, (1.27a)
cot ! (%) =ka+ 0+ nom (1.27b)

the sum and the difference of which, respectively, yield:

k
cot ™! (;) = ka + 1(ni1+no)m | § = 1(n—ng)m , (1.28)
or, since cot(z + &F) = — tan(z) for odd N but cot(z + £Z) = cot(z) for even N:
k tan(ka) for (n1+n2) even,
k| —cot(ka) = m for (n1+mn2) odd. (1.29)

—0—
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Notice that these involve only the energy—mnot one of the other constants appear:

ETEVO - :I:[tan( 2m(E—V) %)rl . (1.30)

Clearly, this is a transcendental equation for E, and cannot be solved explicitly or in closed
form. However, it can be solved graphically, by plotting the r.h.s. and the 1.h.s. against F,

and finding the values of F for which the graphs cross. Numerically, one can employ the
halving method, the Newton-Raphson method, or any other method for finding the roots

of the functions fi(F) Lt B VO F [tan( 2m(E-Vp) %)]il

Without any calculation, it should be clear that the lowest value of E should be fairly
close to Vy. Thus, one may expect to be able to estimate the ground state energy by

expanding the tangent function treating E%()VO as a small variable. To lowest nonzero

order, the result from the ‘tan’ branch of (1.29) is E = A% /2ma?, which is inconsistent as it
is independent of V. To lowest nonzero order, the result from the ‘cot’ branch of (1.29) is

E=Vy+ %) + %\/ o 4 16m2 >. This at least has the correct behavior in the classical
(h — 0) limit: it becomes E = Vy. Otherwise, the shift from this value is obtained as a

power series in h, and is therefore expected to be near Vj.

Also without calculation, this model corresponds to there being no forces (equaling
the negative gradient of the potential) at x # +a (the potential there being constant), and
the forces at x = 4+a being ‘restorative’, i.e., pushing the particle back into the well. The
magnitude of these restorative forces at the boundary is proportional to the depth, V.

In summary, the (energy) spectrum is as follows (recall, Vy < 0):

E>0, E is continuous, 1 (x) is oscillatory for all x;

Vo < E<0, F isdiscrete, the values determined by Eq. (1.30),
Y (z) oscillatory for |z| < a but decays exponentially for x — +oo;

E<VW, forbidden, since ¢ (z) would not be normalizable.

—0—

Now consider the infinite potential well, where we take the limit of Vj — —oo. It
would appear that the ground state energy also goes to —oo, which hardly makes sense! In
addition, the infinite potential well should physically correspond to no force inside the well
(the potential there being constant), with infinitely strong restorative forces (the depth of
the potential being infinite) at the boundary. Thus, the wave-function outside the potential
well should be identically zero. Yet, the above calculations show a continuum of scattering
states with F > 0) which extend outside the well!

Both of these problems are remedied by formally shifting the Hamiltonian by +|Vj|
before taking the Vy — —oo limit. That is, we consider H' = H + |Vo| as the correct
Hamiltonian, so that the new potential becomes

V(z) = {—HVO| for |z| > a,

1.31
0 for |z| < a. (1.31)

,10,
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The above results for the wave-functions and the condition determining the energy are
corrected in that now 0 < E < |Vy|:

k=v2mE/h , k=2m(W| - E)/h, (1.32)
and Eq. (1.30) becomes

E a

Now the Vj — —oo limit can be taken safely. Physically, the potential outside |z| < a
becomes infinitely big and prohibits the wave-functions there (the real exponentials decay
infinitely past as z becomes less than —a or more than +a). Mathematically, the Lh.s. of
Eq. (1.33) vanishes in the V) — oo limit, and we remain with the condition

tan( 2mE9) —0, Vomel =17, (1.34)
h h 2

and so

n2m2h?

FE, =
8ma?

(1.35)

This could also have been derived from the boundary conditions, as follows. Since the
wave-functions must vanish for z < —a and so also at z = —a, write

Y(x) = Dsin [k(z+a)] . (1.36)
Since the wave-function also has to vanish for > a and so also at x = a, we have that
k(2a) = nm, which recovers Eq. (1.35).
In summary, the (energy) spectrum is as follows (recall, Vy < 0):
E >0, F is discrete, the values determined by Eq. (1.35),
Y (x) oscillatory for |x| < a but vanishes for |z| > a;

E <0, forbidden, since ¥(z) would not be normalizable.

By the way, the replacement H — H before taking the Vi — oo limit is called
renormalization, and reflects the fact that energy is defined only up to an additive constant
(determining the choice of E = 0).

2. Continuous Potentials

In contrast with the previous section, we now assume that the potential is continuous in
the area of concern. In particular, that implies that the potential crosses the energy level
continuously—markedly unlike the cases in the previous section, whence also the matching
conditions (1.14) will no longer apply.

In two special cases, we will be able to obtain an exact complete set of solutions: the
(energy) spectrum and the corresponding Hilbert space. In full generality, however, we
will obtain an approximate solution, which however often turns out to be quite accurate.

—11-
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2.1. Linear potential

Consider the case where the potential is that of a constant force, V(x) = —Fpz, so
that F % — LV (z) = Fy = const. Now the Schrédinger equation is:
2
0(2) + oy [For + El(x) = 0. (2.1)
Upon a Fourer transform and writing (k) o \/% fj_ooj dx e~ (z), the Schrodinger
equation becomes®):
. - 2mkFy - - 2mE -~
[(=ik)*(R)] + == [0/ (k)] = =5=(k) = 0,

which is only a first order differential equation, which we solve straightforwardly:

- - E R k3
9(k) = doexp {i[ b — 5]}

and readily invert back:

oo oo~ I oo ; B r2k3
o (z) = \/%_W /_ ket = jTO_ﬂ Candle B (2)
Note that v, ,(z) = ¥ (2+a). This is a result of the continuous symmetry of the
problem (2.1): (E,z) ~ (E — Fya,x+a), for all @ € IR. That is, the problem (2.1) and
its solutions remain unchanged if we shift (F,z) — (F — Fpa, z+a), so that a translation
x — (z+a) is accompanied by an overall (global) re-zeroing of energy E — (E—Fya).
This is indeed a very simple example of a gauge-invariance, wherein the translation of
a coordinate is compensated by re-gauging an observable (resetting the value of “zero
energy” in this case).

For each fixed value of E, Eq. (2.2) provides an exact solution albeit given in integral
form. It turns out to be oscillatory for x > —E/F, (where E>V (x) = —Fyx) and exponen-
tially decaying for + < —FE/Fy. The “other” solution of the 2nd order ODE (2.1) (which
is of Sturm-Liouville type) is obtained using standard techniques. It is exponentially di-
verging for x< — E/Fy and so physically unacceptable. These two special functions (for
each E) are called the Airy functions, and are discussed in many texts on mathematical
physics.

2.2. Quadratic potential

Another case for which exact solutions are obtained with relative ease is the so-called

(linear) harmonic oscillator: V(z) = £mw?2?, where we used the classical mechanics result

to write the spring constant as mw? with w the natural frequency of the oscillator.

3) Do work out F[¢" ()] and Flz ()] for yourself, please!

—12—
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~ A2
The Hamiltonian, H = 2— + %mwz.@z leads to a 2nd order ODE for stationary states
in coordinate representation:

72
- E
() + bmea? (o) = By(e)
which can be solved directly using Frobenius’s method of series. However, we will solve
this case herein using another method, exposing its algebraic structure.
We begin by changing variables:

. def oy ot def  [mw A i o
a = —|—\/—p, and a' = ShL T oD s

and so also

T = %—Z%e(d):\/zmw( T—|—a), and p=V2hmwIm(a) = ,/m;)ﬁ(aj_&).

It is easy to verify that [Z,p] = ih implies
la,a’] =1, (2.3a)
from which
aat =1+a'a, and afa=aa’—1. (2.3b, ¢)
The (canonical) commutation relations (2.3) define the Heisenberg algebra

In terms of @, a', we have that
H=lhw(a'a+aat) = hw@afa+ 1) .
This means that the Hamiltonian of the harmonic oscillator is a shift and a re-scale of

the operator N o ata: cigenvalues of H, i.e., energies are F = hw(v—i—%) where v is the
eigenvalue of N, and eigenstates of N are also eigenstates of H:

N ) =v|v) & H)=hw+i) ) .
Our goal then is to determine the allowed values of v, and the corresponding states |v).

As all observables of the harmonic oscillator can be expressed in terms of @ and a',
we start with determining how these operators act on the |v)’s. In particular, consider the
state @ |n), and determine if it is another eigenstate of N:

(2. 3c)

N(alvy) = ataalv) =" (aa’ - alv) = aatalv) —alv) .

—av|v)—alv) = (n-1)(alv))

which means that a|v) is itself an eigenstate of N, corresponding to the eigenvalue v—1,
so that in fact a|v) oc [y—1). A similar calculation proves that also a' |v) oc [v+1).

Thus, @ and a7, respectively decrease and increase v in units of 1. Since all observables
are functions of @, a', that means that the Hilbert space of the harmonic oscillator consists
of |v)’s with v changing in integral increments only. Furthermore, since £ > min (V(x)) =
0, we also know that

0<E, =hw(v+3) implies v>—

wl)—'
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Since v can change only in integral increments, we can write
v=vg+n, where —%§V0<% and n=0,1,2,3...

and where 1 is a fixed constant. (The “initial” constant vy can always be reduced to this
interval by re-scaling n by an integer. conversely, all allowed values of v can be obtained
using this parametrization.)

Now we turn to determine vo. Since N |v) = v |v), we have that:

(vo| Nlvo) = (volvolvo) = vo(volvo) = 1o ,
|

(vol atalwe) = (alvo) ) (alvo)) = |alwo) |* >0,

so that v > 0. Thus, we have just halved the set of possible values of v, from —% <y < %

to 0 < vy < 3. But, if |a|w) }2 > 0, then (a|vp)) would be a state of positive norm, and
would have to be included in the Hilbert space. This however cannot be the case, since
(a|vy)) o< [ry—1) would have to have the energy

Eyy—1 = hw((vo—1) + %) = hw(yy — %) < 0=min (V(2)) ,

since vy < i. Such states are not normalizable and must be excluded from the Hilbert

2
space.

Therefore, only the value vy = 0 remains a consistent choice. From now on, we will
write |n) in place of |v). Also, it follows that

al0) =0 (2.4)

defines the state of the lowest energy, Fy = %hw, which we will call the “ground state”
from now on.
o

Given |0), all the other states are created by iterative applications of a:

1) ocal|0) , ... so |n)oc(af)™0) .
It remains to normalize these correctly. To that end, write |n) = C,,(a)™|0) and note that
! 2 i (2 At e 2 |IC|? . 2
1= (n|n) =||n)|" = |Cn(a")™[0) |" = |Cna' (@")" "1 0) |” = s lat ln—=1) 17,
—_——— |Cn_1|
cotn—1)
Gl Cu? .
= n—1laa'|n—1) = —1|la'a 4+ 1||jn—1) ,
ICn_1|2< |aat|n—1) ICn_1|2< I Jln=1)
|Cn? |Cn? |Cnl?
= n—1||(n—1) + 1]jn—1) = n{n—1n—1
Coi (n—=1][(n=1) +1]|n—1) Coi (n—1In—1) Coi
so that (choosing the C),’s to be real):
Chn-1 1
C, = , = (C,=—.
Vi nl

—14—
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Thus, all states |n) forn = 1,2,3... are completely determined from the ground state, |0).
We note that

a'|n) = vn+1|n+1) and aln) =+n|n—1) . (2.5)
This then produces the whole Hilbert space,
H={|n),n—0,1,2,3... : (n|n) =0pn & X, In)(n|=1}.

and —since all observables, 121, can be expressed in terms of a and a'— the action of all
observables on all states, and so also all matrix elements (n’|A|n) can be determined using
this algebraic formalism.

It is of paramount importance to realize that the structure of the Hilbert space, H,
—and all results within it— are completely!!! determined by the Heisenberg algebra (2.3).

—0—

Furthermore, the formalism also permits to easily solve for the wave-functions of all
|n). To that end, begin with rewriting Eq. (2.4) in the coordinate representation:

A mw 2. i ~ mw i h d
0= (alalo) = [/ 522 + Szimblio(@) = |/ Ba+ m;@]%(“‘) ,

which may be simplified:

mw mw
Uole) = —=ado() . > wo(e) = Coe B =
Normalizing,
. “+o0 [e%¢] ) T
1 i/ dz 1o (z)|* = 2\C’O|2/ dze P = |C’0|2\/j,
—00 0 5
so that
Po(z) = § ::L;:e L B2? :
and then (@)
a n
wn('x) = m ”(po(al)
Up to normalization, the polynomials
def 1 At
Hy(z) (@)™ po()

B Yo(x)vn!

are recognized to be the Hermite polynomials, obtained otherwise also through the Frobe-
nius’s method of series.

2.83. Solutions for a general potential: the WKB approximation

- We seek a solution of the Schroddinger equation in the exponential form, P(x) =
en %) By direct substitution, the Schrédinger equation becomes
[ 1 (du>2 ih d2u

W) " amge T W@ - Elfer ) = 0. (2.6)

2m
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As en®®) £ 0 this we rewrite as

2u u e
e = () -9, p=p@) ™ VEIE V@] (2.7)

This differential equation is definitely more complicated than the standard Schrodinger
equation—it is neither linear nor homogeneous. However, precisely its nonlinearity enables
us to set up and iterative solution in the form of a sequence {ug,u1,...} which hopefully
converges to the true solution. Fortunately, at least in many cases of interest, already
ui(z) will turn out to be a quite useful (approximate) solution.

We begin the iteration by neglecting the second derivative (since h is so small) and

solve 4 )
_ (QHo\" 2
o () o

which is easy: ug = &+ [ dzp(z) + Cy. Upon this, we will iteratively solve

dun+1 d2un
= =+1/1h
dx dx?

d i
“1 \/ 0 pp? = :I:\/zh——i—p +p 1i%3) (2.10)

which is solved by u; = + [dzp + % Inp. That is, we have (k def p/h)

+p?, n=0,1,2... (2.9)

Thus,

b (z) = A _gifaok@ B ifaan@ V(z)< E, (2.11)

k() k()
which is called the WKB solution. Note that for constant V(x), k is also a constant,
and upon redefining the constant and so far undetermined amplitudes to include 1/ VEk,
this becomes precisely the plane wave (exact!) solution of the previous section. Thus,
heuristically, the WKB solution is expected to be accurate for ‘slowly varying’ potentials.

Of course, where the values of the potential are bigger than the energy level E, we
substitute k — ix in/2m(V(x)—F)/h, and write the solution in the form

P1(z) = % L /l:(x) e 4r (@) : V(z) > F, (2.12)

2.4. Matching conditions for a general potential

The trouble with deriving matching conditions is that both the oscillatory (2.11), and
the monotonous solution (2.12) diverge at any classical turning point xg, where V(z() = E.
Thus, it does not make a lot of sense to compare the wave-functions and their derivatives
at the turning point. Instead, one needs a ‘patch’—a well-defined wave-function which is a
good approximation precisely at the turning point and in some small neighborhood around
it. Such a ‘patching’ wave-function is found by approximating the potential by a linear
function, V(xzo+€) ~ E+V{jz. Substituting this into the Schrédinger equation yields the

,16,
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Airy equation, and the required patching solutions are therefore the Airy functions. This
is described in some detail on p.284-289 of Ref. [1]. Full details, and a slightly different
derivation of the solutions (2.11) and (2.12), are found on p.164-170 of Ref. [2].

In any case, the matching conditions depend on whether the barrier (the region where
V(x)>F) is to the left or to the right. In the former case, with the barrier to the left, we
have [3]:

A=39C+9*D,  B=39"C+9D. (2.13)
For the barrier to the right, we have

A=9C+39*°D,  B=9C+ 30D . (2.14)
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