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Quantum Mechanics 1 8th Oct. 03.

1st Midterm Exam Solutions T. Hiibsch

DISCLAIMER: This solution set presents more detail than was required of the Student, and is
meant as an additional resource for learning. Please do study not just the solutions as presented,
but try also to understand the rationale behind the approach.

1. Given the two state vectors, |ui) = % [ 1 ], and |ug) = [(1)},

a. prove that they form a complete basis for 2-dimensional vectors.
Solution

For them to form a (complete) basis for 2-dimensional vectors, the two |u;)’s must be
linearly independent. This we prove by showing that the requirement

2 c1 =0
ZCZ|UZ>:C—1|:1i|+CQ|:Oi|:O, = ' ,,
i=1 V2Ll 1 % +co =0,
which would hold only if both ¢; and co vanish. [=8pt]

b. Specify the (u;|, i = 1,2 and show that this basis it not orthonormal.

Solution

For the (u;| to act on the column-vectors |u;) and to produce (in general, complex)
numbers, they must be hermitian-conjugate row-vectors:

(u1] = %[171] , (ue| = [07 1] .

Non-orthogonality is proven by finding (u;|u;) # 0 for any ¢ # j. In this case:

(nfuz) = 25111 [ ] ] = 510+ 1) = &5 # 0.

Since (u;|u;) # 0 when i # j, this basis, albeit complete, is not orthogonal. [=Tpt]

c. Construct an orthonormal basis {|vy) =|u1), |ve) =7}.
Solution

We start with the |v1) =|uq1), as instructed, write |v2) = a|ui) + b|uz), and require
orthogonality:

0= (vifva) = (ual [alw) +blus)] =a+—=, = b=—2a,

Sl

and so

|U1>:%[H—ﬂa[‘l)]:%{_ﬂ, and <v2\=%[1,—1]-
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Finally, we normalize: [=15pt]

- 2= o w- (1]

lal?

!
1= <’UQ"U2> = 7
d. Construct the projection operators P; = |v;) (v;| and prove that Z?Zl P; = 1, and that
P;P; = 6;;P;, Vi, j =1,2.

Solution

Straightforwardly:

o =lon) (ol = 3 [} =2 2]

and

pa—luz) (] =4[} |-l = | _f2 2]

And, with these, indeed:
1/2 1/2 N 1/2 _1/2 _ 1 0
1/2 1/2 _1/2 1/2 0 1 ’

and, similarly, [=20pt]

e I E eV FE S i | A B I

2. An observable of the system in problem 1 is represented by F= [z _ﬂ

a. Determine all possible results of (single attempts of) measuring F.
Solution

Possible outcomes of single measurements are the eigenvalues of F. These we obtain
by solving the secular equation:

! ~ 2— 2
oLaelr - 1= |P o ceenaen - a= -9,
so the possible single measurement results are f = —2, +3. [=Tpt]
b. Determine all eigenvectors of F.
Solution .
Writing F'|f) = f|f) as [F'— f1]|f) = 0, we calculate for each of f = —2, +3: [=8pt]
[N 4 2 X 4aj—|—2y: 0 1 1
=[F+21]|-2) = —2) = — .
0=[F+20]|-2) [2 1} ly] = 2x+y:0} > P2 = 5
g -1 2|2 —x+2y=0 12
0=[F-31]|+3) = { 9 _4} |:y} y = 2$_4y:0} = [+3) = AR :
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c. Calculate the expectation value of F in the pure state v.
Solution

This expectation value equals Tr[p,, F] = (u1|F|u;), and we can calculate it directly:

sl 2] -0 )

2 1Y
or [=5pt]

d. Calculate the expectation value of F' in the impure state p= if’l + %152.
Solution

Doing the straightforward matrix algebra:

Y2 1/2}

1 1 1 1
A B 5 2 T /2 2 T /4
p:%P1+%P2:%[1/2 | T / / / /

* [—1/2 1/2} - {—1/4 1/2} ’
we have that

A

(F)p="Tr

s

Alternatively, using the linearity of Tr[ |, we have that

wff; 4]+

(F)y = Tel(11 + 382)F]) = L Tx[py F) + 3 Tx[PoF) = Lwn|Flon) + 3usl Flon) |

(i 2] [ ot (o2 2] wen

Notice that this is not a pure state, so that there exists no |¢) such that (F), would be
calculable as (¢|F|¢) for all hermitian F’s. [=10pt]
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e. Calculate the probability that the measurement of the observable F in the system in

state pure state v; would turn out to be 3.
Solution

As given in the text, and used in the homework solution, Prob(F=f|p) = Tr[pB;].
Since Py o |f) (f], and for the pure state p,, = |v1) (v1], we have that
Prob(F=f|p) = Tr [p |f) (f|] = (f1lf) . = Tx [|or) (vr] B] = (va[Bs|on)

that is,
Prob(F=f|p) = Tr [ v1) (w1 | 1) (fI] = (Flor) (vl f) = [l )]

Alternatively (as done in other texts focusing on the wave-functions), we can expand |vy) =
c_2|—2) + c4+3|+3), use the orthonormalization of the |f) to obtain that (+3|v1) = c43 is

—3—
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the probability amplitude, and deduce that Prob(F=f|p) = |cs|? = | (f|v1) ‘2
with the above, more direct calculation.

, in agreement

For our case at hand, [=10pt]

2
~ R 2 2 2 9
Prob(P=315,) = |t [+3° = |J511.1)-35 | 2] | =[] = 5

f. Calculate the probability that the measurement of the observable F in the system in

impure state with p = %151 + %132 would turn out to be 3.
Solution

Using above results, we have that Prob(F=f|p) = (f|p|f) now is:

prob(P=3lp) = 4211 | V2 | [F] =

We could have also calculated this using the linearity of Tr| |:

Prob(F=f|p) = Tr[(§P1 + §P2)Ps] = § Tr[B1Py] + § Tr[PoFf]

= [l A + (vl 1)
Thus, Prob(F=3]p) = 1|(v1|+3)[* + 3|(va|+3)|* = 1| 1ZLA|* 4+ 3| L2112 = 3, [=20pt]

3. Consider a particle under the influence of the potential: W (z) = Wy forx < 0, W(x) =0
for 0 < z < a, and W(x) = +oo for a < z, with Wy, a > 0.

o a. Sketch potential and determine the allowed values of the total energy.
olution

For sketch, see figure below; allowed values are £ > min (W(a:)) =0. [=5pt]

AW (z)

Above Wy, energy is continuous.

Between 0 and W,
energy is discrete.

b. State/specify all boundary conditions for stationary states with 0 < E < Wj.

Solution

Besides the mathcing condition at x = 0:
lin% P(—e€) = lin% Y(+€), and lir% P (—e) = lin% P (+e€)

—4—
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we also have that ¢)(a) =0 and lim,_, ., ¥ (x) = 0. [=10pt]
c. Sketch the wave-function of a stationary state with 0 < F < Wj.
Solution

A wave-function is sketched in the figure on the previous page. Note that it satisfies
the boundary conditions spelled out in the previous part. Furthermore, it identically
vanishes in the region x>a, where W(z) = 4o00. Finally, note that it is oscillatory for
O<z<a, where E > W(z), but that it decays (to the left) for x < 0 where E<W (x). [=10pt]

Now let Wy — o0.

d. Sketch potential and determine the allowed values of the total energy.
Solution

The sketch is given in the figure below; again E > min (W(x)) =0. [=5pt]

Note that all (x) =0
for x < 0 and z > a.

1
. a x
1
1

o ?. State all boundary conditions and sketch the wave-function of a stationary state.

olution
This time, W (z) = 400 both when <0 and when x>a: there ¥(x) = 0. For 0<z<a,

allowed, positive values of E are always bigger than W (x), and the solution is oscillatory,

as sketched in the figure above. Thus, ¥(0) = 0 = v(a) are the only boundary conditions.[=10pt]

f. Calculate the wave-number, k, and thus the energy of all stationary states.
Solution

Writing the solution as ¢(z) = Asin(kz+d), we find that:

|

Qz=0: 1(0)=Asin(d)=0, = 06=0,
and then:

Qr=a: w(a)(S:O:Asin(k:a)LO, = ka=nw, for n=1,2,3,...

so that k = nm/a. Since k? = %—@E, we have that

2
n2m2h

B —
" 2ma?

, n=1,23,...
are all the allowed values of the energy, corresponding to the stationary states with the
wave-functions 1y, (z) = Asin (2Z2z). [=10pt]

a



