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Non-Convex Mirror-Models
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Prehistoric Prelude

Meromorphic Minuet

Laurent-Toric Fugue”

Discriminant Divertimento
Mirror Motets

"1t doesn’t matter what Lt’s called,
...Lf it has substance.”
S.-T. Yau







re-Historic Prelude

Classical Constructions

& Complete Intersections N
Ex. (x—x)’+(—y) +(—2) =Ry }
(X—=X)"+(y—y) +(2—2)" =R,

¢ Algebraic (constraint) equations

¢ ...in a well-understood “ambient” (A)

¢ Work over complex numbers
¢...& incl. “infinity” (e.g., CP"s)

For hypersurfaces: X={p(x)=0} C A
¢ “Functions”: [f(x)]y=[f(x) = f(x) +4-p(x)]4 Just like gauge

Differentials: [dx]|y=[dx ~ dx ——/T-dp(x)] A transformatiqns
Homogeneity: CP"=U(n+1) /[U(n)xU(1)] 7 the nLSM o GLEM

’th cohomology on CP" — U(n+1)-tensors ...with U(n+1) tensors
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re-Historic Prelude =7

E g : '[
ClaSSlca, C?PQSU{JCtlinS (2,86) 2=h"! dim. space of Kihler classes
OE.g: X, € { ]
—168

86=h>! dim. space of complex structures
—168= y=2(h""'—h*") the Euler #

@ Zero-set of p(x,y)=x0, deg[p]=(,}1), & q(x,y)=0, deg[q]=< * )

2—m

P || m |12—m

¢ Generic {p=0}N{gx0} smooth; degp.[pl+degp.[g]=n+1={R, =0

. ) q:O p=0 4 1 - QO(X) | Q1(x)
< Sequentially: X — (Fm — P*XP ) q(x,y) U

=14[6J 2+ (8=3m)J,J,]—[20J > —(32+15mJ2),)].

(14+J))>(1+J,)?

¢ Chern: ¢ =

eWall: x,,,=2+3m, k;;»=4,s0 (aJ; + bl,)’ = [2a+3(4b+ma)]a’.

oo-vol. Yukawa

pilaJ,+bJ,]= —88a—12(4b+ma)... the same “4b+ma”
So, F,RF, moda)y & XinR X moda): 4 diffeomorphism types

J..but, m=0, 1, 2, 3 — deglgl=(_})*



eromorphic Minuet

Why Haven'’t We Thought of This Betore?

() deg[q] — (@ C-analytic sections?! [AAGGL:1507.03235 + BH:1606.07420]
—1; [+ GvG:1708.00517]
e " 4yl - P 1| 4 1%
¢ Not everywhere on P*X[P* — (simple poles) X, e [ 1 ]
& P™ || m |[2—m — 168
¢ but yes on F;— in fact, 105 of ’em! for m=3



eromorphic Minuet

Why Haven't We Thought of This Before?

¢ deglg]= C-analytic sections?! [AAGGL:1507.03235 + BH:1606.07420]
[+ GG:1708.00517]
2,86
¢ Not everywhere on P*XP! — (simple poles) X e [Pj b 4 ]
K P m ||I2—m 168
¢ but yes on F;— in fact, 105 of ’em! e

¢How so? On F;, qg(x,y)~q(x,y) +A4-p(x,y) < equivalence class!

¢ ~[Hirzebruch, 1951]: p—x0y03+x1y1 & g= C(X)<O—y0—ﬂ) deg[6]=((3))

Ac(x) A—=—1 e g
- 1)2p(x y) =— c(x)( 2y—02) where y,#0

Ac( A—=1 X0y
“&  g=q(x, ) (j;p(x y) == c(x)(2~7) where y,#0

(0 1)2 plx,y)=0, on F3:={p(x,y)=0]}

¢ Just as the Wu-Yang monopole avoids the “Dirac string”...
Q... — D, BV, BFV etc. treatment of constraints (in the nLSM — GLSM)
6

So, 0=qx,y)+

Q& QI(-xa y)_Q()(-xa y) —



eromorphic Minuet

i Wé"-téfﬂpéféd counterpoint [AAGGL:1507.03235 + BH:1606.07420]

< For { X0 yom + X1 ylm = —Zkﬁépa(x, y)} = Fi;:,)’a, c [FD’; | !
S —— o 0

= p(x,y)

¢ The central ( €=0) member of the family is the “true” F,:
¢ Directrix: | S:={38(x, y)=0}, [S] = [H;]—- m[Hz] & [S]'= —(n—1)m;

X1

@ where JES8 y) - <ym _)’o ) i (yoyl)m

0 & hOK*)=3 (2” 1>+5 o9 (2” 2>(m—3), WO(T)=n2+2+6, (97" (n—1)(m—1)

[Xoyo"+x"1 | degree (_})

¢ All these “extras” reduce (decompose) for (e,7#0) deformations

resulting in discrete deformations Fn(,l") — I ,S,Z)mz F[;(Z)(mod )]

o Also, explicit tensorial (residue) representatives Ljn@ar a)
— can compute coupling ratios 123 S€by »

straightforward & (extremely) tedious



eromorphic Minuet

...in well-tempered counterpoint

So,on FY: p(x,y)=0 = xy= —x;(0/y)" & x;=X;=8

Y& (X, i=2,,n4+2) =0, 50 )0 V1) Xl X X, X3 X, X5 X,
¢ P*xP! bi-degree — toric (C*)*-action: —4| 1 1 1 1 0 0 -»
¢ Add Lagrange multiplier, X, f(X) m=2-m 0 0 0 1 1
¢ Need [f(X)]=<2fm>, with deg[X,X 6]—( ) deg[X; 5 4]

& f(X) X14X52+3m S, X13X2,3 4 2+2m - D XIXZ 3, 4X5 6 D Xz 3, 4XI5;
€ m>2,




eromorphic Minuet

...in well-tempered counterpoint

So,on FY: p(x,y)=0 = xy= —x;(0/y)" & x;=X;=8

9& (X, =2, n+2) =00, 55 V0 V) X X, X, X3 X, Xs X,
¢ P*xP! bi-degree — toric (C*)*-action: —4| 1 1 1 1 0 0 -»
¢ Add Lagrange multiplier, X, f(X) m=2l-m 0 0 0 1 1
¢ Need [f(X)]=<2fm>, with deg[X,X 6]—< ) deg[X; 5 4]

2 fOO=XXEE" @ X' Xy 5 XET @ XiXo34X35  “ikdom
@ m>2, {fX)=0} = {X,;=0} U {@® X/ X2 XH"=0




eromorphic Minuet

...in well-tempered counterpoint

So,on FY: p(x,y)=0 = xy= —x;(0/y)" & x;=X;=8

C& (X, 1=2,0,n+2) =00, X0 0 V) X X, X, X3 X, X5 X,
¢ P*xP! bi-degree — toric (C*)*-action: —4| 1 1 1 1 0 0 -»
¢ Add Lagrange multiplier, X, f(X) m=2l-m 0 0 0 1 1
¢ Need [f(X)]=<2fm>, with deg[X,X 6]—< ) deg[X; 5 4]

fX) =X "X55" @ XX, 3, 4X2+2m D XXy 3, 4X52 6 Svtfi?ggf;zd
m>2, {f(X):O} = {X,=0} U {@® X X5 X2t =0}

[ ] ° W
)( m(ll
. 1gS
) rossine>

n—1 = ;
2

f m
VX =0}"= {X;=0} n {@ X" X5 X" =0}
also R,,=0 (codim-2, K3 in Ptx P!
1 n—1 1] 1 n—l] ~ [IP"‘2

1] [pn o
m 2 |—-m| [P'm|l-m 2 pl
2 | ']
8

pl




Laurent-Toric Fugue
(@ not-so-new Toric Geometry)

A Generalized Construction of
Calabi-Yau Mirror Models




eromorphic Minuet

...in well-tempered counterpoint
uSo,on EV: px,y)=0 = xy3= —x;0;/y)" & x>X,=8

Y& (X, 1=2,,n+2) =0, X550 0D X X, X, Xy X, X X,
o P*x P! bi-degree — toric (C)%-action: —4| 11 1 1 0 0 -#
¢ Add Lagrange multiplier, X, f(X) m—=2l-m 0 0 0 1 1
¢ Need [f(X)]:(zfm>, with deg[X, 56]—< ) deg[X, 5 4]

& f(X) X14 2+3m @ X13X2 3, 4X2+2m - D X1X2 3, 4X5 6@9 Xz 3.4

'[m>2] {f(X) 0} SQFT/GLSM as an expansmn
eocrmonsmarses About “classical” background"

Embrace Laurent terms

“Intrinsic limit” (CHopital-“repaired”)

smooth (pre?complex) spaces “removable

10 751ngular1ty



® X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

11

11 1 1 0 0
-m 0 0 0 1 1-¢

universal
o X1 X, X3X4



o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

¢ Transpolar: functions on which space? 11 110 0+

-®! —m P!
0A—>U(convex6 55 oo

¢ Compute @, — O.":={v: (vl‘v’ue@)+1>0}‘

505
‘®: ®

Qe d -
. - X X, X2 X
n_® .y 143243434
i TR
‘@ O O

o
11



o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

¢ Transpolar: functions on which space? 11 110 0+

¢ ~m 0 0 0 1 -
A— Ui(convexﬁ;

Compute 0. — O, :={v: (v|Vued,)+1>0}®

o
O
o o
universal
o ° o - X1 X, X3X4
AL Lo :

--------------------
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o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

¢ Transpolar: functions on which space? 11 110 0+

¢ ~m 0 0 0 1 -
A— Ui(convexﬁ;

Compute 0. — O, :={v: (v|Vued,)+1>0}®

O
O O
XX, X, X
O o o

‘@
11



o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2_ Im

¢ Transpolar: functions on which space? 11 110 0+

@ “m 0 0 0 1 1
¢ A- |, (convexﬁ S

¢ Compute O, — O’ :={v: (vl‘v’ue@)+1>0}“x“""

L Y
. .
® - °
‘ “ “
® “’"
‘ .
. % universal
L )
s .
s 5 X, X, X, X
. 14224323434
o O 0 o &
)
. .
“ .
O ® - -0
. .
e %

11



o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

¢ Transpolar: functions on which space? 1 110 0+

9 -m 0 0 0 1 1-#
A— Ui(convexﬁ;

Compute 0. — O, :={v: (v|Vued,)+1>0}®

o
o o
universal
° o A o X1 Xy X3y
O O O
®
11



o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

¢ Transpolar: functions on which space? 11 110 0+

¢ ~m 0 0 0 1 -
A— Ui(convexﬁ;

Compute 0. — O, :={v: (v|Vued,)+1>0}®

o
o o
universal
® ®) ® @_’/ X 1X2X3X4
‘e: e e

o
11



o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

¢ Transpolar: functions on which space? 11 110 0+

¢ ~m 0 0 0 1 -
A— Ui(convexﬁ;

Compute 0. — O, :={v: (v|Vued,)+1>0}®

o
o o
universal
®) ® @_’/ X 1X2X3X4
o o 6

o
11



aurent-Toric Fugue | .

% -
& Non-Convex Mirrors —2D Proof-of-Concept— 42 ey
o X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im

. . Xl XZ X3 X4 XS X6
¢ Transpolar: functions on which space? 11 110 0+

¢ -m 0 0 0 1 1
A— Ui(convexﬁ;

Compute 0. — O, :={v: (v|Vued,)+1>0}®

®
® ®

XX, X5X
s o203
® ® ®

11



aurent-loric Fugue .
& Non-Convex Mirrors Ol 4,
0 X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_1m

. . Xl XZ X3 X4 XS X6
¢ Transpolar: functions on which space? 11 110 0+

® —m ey
A— Ui(convex‘@; \ OO

[P,
Compute O, — 0.’ :={ yjoverlap gluingly > (1@
local chart #2 local chart #1

(Re)assembl o
(91 N Hj)o — L :
with “neigh o o
universal
Y1 ® @——"‘
. ° ° °

11



aurent-loric Fugue | .
& Non-Convex Mirrors o',
0 X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_1m

. . Xl XZ X3 X4 XS X6
¢ Transpolar: functions on which space? 11 110 0+
v -m 0 0 0 1 1=

A— | J.(convex ®)) ;
¢ Compute @;— 60;":={v: (v|Vued;)+1>0}

(Re)assemble dually [FUIton]{Fg

0,00y =16:.07] (G o oo
with “neighbors” < e /va 3

V4 ..' N Spolar

ay e®
L .
-------------

11



methods
(pre)complex

algebraic

© Consistent with
all standard

—

¢ A— | J;(convex ©,) ;
Compute &, — 6),":={v: (vIVue @i>+ 1>0j
¢ (Re)assemble dually [FUI“EEF; \

0,0 6) = [67,67] (%, <) B

with “neighbors”

geometry ¢ __ |

poset dual poset
>
E,<) [ E5

o
a
4,

...

aurent-Toric Fugue

& Non-Convex Mirrors
® X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_ Im

Transpolar: functions on which space?

.
.
)
-----------

¢

File,] < F[c]

11
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e o5 ¥

(ZY, <)

’92: Khovanskii
+Pukhlikov
’93: Karshon
+Tolman

’99: Hattori
+Masuda
+lots of

> (pre)symplectic geometry



aurent-Toric Fugue

& Non-Convex Mirrors

( -1 2 OO'\
3 3 - L1
3 3 —
8 8 L] 3 . : 1 1 1 T2 G = 23 X g,
a1$4+a2x3—|—a3x——l—a5x—. exp{ 2iT | 55 31 8 > =

1 i 3 3 —

00 08 | 3 3 11| | Lagd Q=12Zs
8 8 838

0 O 8 O T _ — R T T —— S = e e —_—_—
3 O _1 O (¢ A1 /777 sueessssssssssssssssssssSEs ESESESESESESSESE NSNS NS N NN NN NN NN NNNNNNNEEERRny

0310 L1000 |
b1 y3 + ba ys + bs 0 0412 {
3 5 Y3 Ys — ‘I"I’ zi; QY = Zopyx 72
G| _324 _, _d(4g) 54 U Llacaassl) ™o
QI 8 d(A%) 6

+ The Hilbert space & interactions restricted by the symmetries
¢ Analysis: classical, semi-classical, quantum corrections... (f; D
-

...in spite of the manifest singularity in the (super)potential
12



aurent-Toric Fugue .

it g 1
& Non-Convex Mirrors —Proof-of-Concept— 1030,
& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: A — A

-
-

13



aurent-Toric Fugue

& Non-Convex Mirrors —Proof-of-Concept—

& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: A — A

iy’ . Sl

|
|
|
L

13



aurent-Toric Fugue

& Non-Convex Mirrors —Proof-of-Concept—

& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: A — A

¢ And, plenty of 3-dimensional polyhedra:

13



aurent-Toric Fugue

& Non-Convex Mirrors —Proof-of-Concept—

& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: A — A

¢ And, plenty of 3-dimensional polyhedra:

13



aurent-Toric Fugue

& Non-Convex Mirrors —Proof-of-Concept—

& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: A — A

¢ And, plenty of 3-dimensional polyhedra:

extension

13



aurent-Toric Fugue

& Non-Convex Mirrors —Proof-of-Concept— it iggge
> Not just Hirzebruch n-folds, either:

@ Buckets of 2-dimensional polygons, invented to test v: A — A
¢ And, plenty of 3-dimensional polyhedra:

Re-triangulation & VEXing:

(0,0,1)

re-triangulation _

13



aurent-Toric Fugue

& Non-Convex Mirrors

& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: Af«— A

¢ And, plenty of 3-dimensional polyhedra:

Re-triangulation & VEXing:

¢ Multiply infinite sequences of twisted polytopes:

Vv




aurent-Toric Fugue

& Non-Convex Mirrors

& Not just Hirzebruch n-folds, either:
@ Buckets of 2-dimensional polygons, invented to test v: A — A

¢ And, plenty of 3-dimensional polyhedra:

¢ Re-triangulation & VEXing:
¢ Multiply infinite sequences of twisted polytopes:
©And multi-fans (spanned by multi-topes):

® %

winding number (multiplicity, Duistermaat-Heckman fn.) = 2
A. Hattori+M. Masuda” Theory of Multi-Fans, Osaka J. Math. 40 (2003) 1-68]

13






_BH
Jiscriminant Divertimento. &%,

Xy, - S
6];
The Phase-Space 039
¢ The (super)potential: W(X) := Xo- f(X),
2 n ( \
. 2—m n—1)m-+2
f(X) = Z (Z (a’w X, )Xn+3 +a; Xy Xn+J >
j=1 N =2
] Xo | X1 Xo - Xy Xpp1 Xpgo
¢ The possible vevs Q=n|1 1 -1 0 0
0] 1 @2l - |@nl||@nta] [@nie] @m—2=m 0 o0 11
7 0 0 0 0 * *
I 0 X * * * *
(1) 0 0 * * 0 0
i 0 NG 0 o 0o 0
mry+ra m—2)ri+nra
11 (n—l)_|'r_n—|-2 ( (n—i)m—l—Q 0 0 0 0
w| /—ri/n 0 0 0 0 0
IV| —ri/n 0 0 0 * *

—
ol



The Phase-Space

o Varying m in F?:
A

—Proof-of-Concept—

Jiscriminant Divertimento &%,



The Discriminant
< Now add “instantons”: 0-energy string configurations
wrapped around ° ‘tunnels” & “holes” in the CY spacetlme

¢ Near (r, r,) =(0,0), classical analysis of
Kahler (metric) phase-space fails
[MgP: arXiv:hep-th/9412236]

OWith | Xo | X1 Xo -+ X Xns1 Xogo
Q-n|1 1 ---1 0 0
Q?m—-2-m 0 --- 0 1 1
the instanton resummation gives:

01 _ (O‘in_l (01—7%02))7

[(m—2)oy—no]™

[ ————— D e — — — —— —— —— m— = = = m— = = = = — —

b 1 (022[(m—2)02—n01]m_2).

(al—m Oz)m

17
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Yes, the B3H2K-mirror




irror Motets

The Discriminant

~ Now compare with the complex structure of the B3H2K-mirror
¢ Restricted to the “cornerstone” defining polynomials

f(ﬁl?) = CL() H (xl/i)<yi”u0>+1 —l_ Z af,LL[ H ($Vi)<Vi7MI>+1 i

v; € A* urEA v; € A*
Batyrev
g(y) = bO H (yIUJI)<,UJIﬂ/O>‘|‘1 _I_ Z by,i H (yIUJI)<,LL17Vz>+1
pur€A v; € A* pur €A

In particular,

n+2
9(y) = sz ¢i(y) = bo o + b1 d1 + b2 P2 + b3 @3 + by P4,
i=0 g2 m+2

b=y Ys, O1=YrYs, G2:=ysYi, &3:=

Bl(m=2)8 + m] (26+1)% 8im [

i = — - 9 Z2:(m_|_2)25m7
19




irror Motets

The Discriminant

mim

So: M(FMc1]) = W (F[c1]) — easy: 2-dimensional
C1In fact, also: #(F™[e1]) = M(F[eq])

04.. restricted to no (MPcP) blow-ups & “cornerstone” polynomial
OThen, dim%Z (F'"[c1]) = n = dim L (EF'[e1])

Same method:

_ . (ZB Q? 55) nE4 (a;¢1)/2%210)(f)
- 2n 2 N Q?ﬂ — — — —
i — 1 (Z o’ 55) 0 | —2(m+2)(d1 + 72) | —2((a3 p3) + (a1 p1))
1=0 *p=1 1 m o1 + 202 — 80;2:[2 (04 24)
2 2t 2 201 +m o9 2(as SD?’T);F:; (a4 04)
2, = a T L /A N i
[Lae@)™ /7 31 i P
4 (m+2) o2 b (a4 p4)

20



aurent GLSM Coda

Summary

L CY(n—1)-folds in Hirzebruch n-folds Oriented polytopes
¢ Euler characteristic Trans-polarV constr.

¢ Chern class, term-by-term Newton AX;: (A*;()V

¢ Hodge numbers (subtlety!) VEX polytopes & &
¢ Cornerstone polynomials & mirror s.t.: (A)7)"=A ‘8 _ {&:\Q
¢ Phase-space regions & mirror o §

| _ Star-triangulable
¢ Phase-space discriminant & mirror

| — w/tlip-folded faces
¢ The “other way around” (limited!) :
— Polytope extension
¢Yukawa couplings J

| _ < Laurent monomials
¢ World-sheet instantons

Gromov-Witten invariants 526% r

SOON

- & GLSM
€ Will there be anything else? ...being ML-datamined Toric IngtbOOkS to be
. . ) ...extended
d(0%):=k! Vol(W) [BH: signed by orientation!] g
21
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