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Mathematical Methods I1 16th April "97.

Quizz, Solutions

For the differential equation

Pfy) L f(xy) | 0*f(z.y)
O dxdy dy?

+ 9f(x,y) =0, (*)

Q.a. find the z-Fourier transform.
A.a. Applying the Fourier transform to the equation means multiplying with the kernel,
e’ =* and integrating over —oo<x<oo:

ke [P () Pf(zy) | Pf(z,y)
ikgx ) _ ) )
/ dz e [ 0x? 2 0xdy * 0y?

which, upon using Arfken’s V) (15.41):
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+ 9f(y)| =0,
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Q.b. find the y-Fourier transform.
A.b. Applying the Fourier transform to the equation means multiplying with the kernel,
e’*v¥ and integrating over —oo<y<oo:

/°° dy ¢k [82f(flf,y) P f(.y) N 0 f(x,y)

+ 9f@y)] =0,

e Ox? 0xdy Oy?
which, analogously to the previous case yields:
2 F £ ~ -
o ky) 2(—iky)M + (—ik,)?*f(z, k) + 9f(z,k,) = 0.

0x? ox

Q.c. find the (double) z,y-Fourier transform.
A.c. Applying the double Fourier transform to the equation means multiplying with both
kernels, e?**¥ and e*v¥, and integrating over both —co<y<oo and —oo<y<oo:

/Oodx eikmm /Oody eikyy |:32f(wvy) 82f(l',y) an(xay)
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which, combining the previous two cases, yields:

— o0 — 00

(k)2 F (s k) — 2ike) (—iky) F (ko ky) + (—iky) F(kaiky) + 9 (k. ky)

= —[ k2 — 2koky + k. — 9] f (Ko, ky)

= —[ (ks — ky)*> — 9] f(ks,ky) = 0.

D and following the convention of his Eq. (15.37), rather than mine, given in class.



Q.d. State the relation between k, and k, (the inverse variables for x and y, respectively)
as implied by the double Fourier transform.

A.d. Since f(k,,k,) = 0 is the trivial solution, we are bound to conclude that a nontrivial
solution exists only if (ky—k,)? =9, i.e., that

ky =k 3. ()

Q.e. Write down the general solution to Eq. (x), as obtained by the double-inverse trans-
form, and implementing the condition from part d.
A.e. Now, the general solution, f(z,y) is of course, the double inverse transform of

fke, ky):

Fley) € L / dky e =" / dky =Y Flkg, ky) -

— o0

Since f(kg,ky) itself has never been determined, this is simply a general double Fourier

(continuous, integral) expansion, where the values of the undetermined function f(k,, k)
play the roles of the Fourier coefficients.

To implement the condition ({), we may stick into the integral a linear combination
of two delta functions—one for each of the signs:

fla,y) & L // dk,dk, e~ *eTe=kY F(k, k,)[cyd(ky—ky—3) + c_d(ky,—ks+3)] ,
= 5 / dky e e ey e Bt f(ly Kyt 3) + e eI F(ky, Ky —3)]
= % / dk, e~ tFe(@+y) [c+e_3iy f(kmkx—i—?)) +c_e3W f(km,k:x—?))} )

The solution is thus determined in the form of a double (continuous, integral) Fourier

expansion. The ‘coefficient’ function f(k,k,) is left undetermined so far, as no boundary
conditions were given.



Q. Solve the system of differential equations with initial conditions:

%ff) — aA(t)+ BB(t),  A(0)=1,
dﬁit)' =7A(t) , B(0)=0,

using the Laplace transform.

A. Applying the Laplace transform on the system of equations, denoting a(s) f {A(t)},
b(s) ¥ L{B(t)}, we have

sa(s) — A(0T) = C;ﬁ{%l(f)} = aa(s) + Bb(s) ,
i) - 507 = L{0 (e,

where in the far-left equations, we have used Arfken’s (15.123). Now we implement the
boundary conditions given above, and rewrite the system equating the far-left and far-right
parts:

(s—a)a(s) — Bb(s)= 1,
—va(s) + sb(s)= 0.

The second equation implies that b(s) = ya(s)/s, whereupon the first equation yields

(s—a)a(s) — Da) =1,

s
1.€.,
] Y
= — d b(s) = ———— .
a(s) s2—as—[0vy a () s2—as—[vy
This can be rewritten as
0 « K YK
a(s) = P + on 522 and b(s) = Pl

where ¢ & 5 — %a and k2 iaQ—l—ﬁ'y. Here we have manipulated the solutions for a(s)

and b(s) to resemble some of the entries in Arfken’s Table 15.12 (p.915). Subject to the
limitation of ¢ > k, i.e., s > iaQ—i—%a—kﬁ% we then have (using entries 6. and 7. from said
table, and operation 4. from Table 15.1, on p.914):
A(t) = e2° cosh [(302+87)t] + M sinh [(1a®+67)t]
4 0424—46’7 4 )

and .
4,}/ e§at
a?+40~

B(t) =

sinh [(1a®+67)t] .



