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The following notes are meant to complement,
rather than supplant the material given in Ref. [1].

1 Introduction
We are interested in solutions to the Helmholz equation
[Vip) + K 9 (Fp)) = 0, (1.1)

where 7 and 6%}3) are the position vector and the Laplacian operator, respectively, in D-dimensional space.
In Cartesian coordinate systems,

Fipy = 3 a'é = wéy+yéy+trzé+..., (1.2)
i=1
D
- d? d? d? d?
2
= = —+-—+-—+-... 1.3
Vip) ZZ; 2 4 + a2 toat (1.3)
It is frequently convenient to use (hyper-)spherical coordinates! (r,61,--- ,0p_o, $):

=1/ 2P =r cos 01, (1.4

01 = arctan ( Z > 2P~ =1 sin6; cos by, (1.5)
(1.6)
f; = arctan ( xD ]H ) zP77 = sin 6y sin by cos 041, (1.7)
: (1.8)
(z 2
0p_o = arctan ( z?) ) 22 =7 sinfy---sinfp_s cos o, (1.9)
L

¢ = ATan(z z' =7 sinf; - --sinfp_s sin ¢. (1.10)

Note that all the numerators in the argument of the arctan functions are positive by definition, so that the
arguments take on values (—oo, +00), corresponding to which the computed angles take values 6§; € [0 7]
fori=1,.--,D-2, just as needed. This succession would imply the assignment ¢ = 0p_; = arctan(Z5 ) for

I'See <http://en.wikipedia.org/wiki/Hypersphere> for more info, in a slightly different notation.



the last angle, which is however doubly-valued since % = :jil To remedy this, we’ve used the function:

arctan(y/xz) for 0<uz,y,
ATan(z,y) = 7w+ arctan(y/z) for x <0, (1.11a)
27 + arctan(y/x) for y <0<z

&

ATan(z,y) € [0, 27] arctan (£) € [ — Z,+7%], covering twice

| (1.11b)

to define the azimuthal angle ¢, which therefore takes on twice as many values as do the 6;. It is not hard
to verify by direct integration of the volume element, obtained by changing variables from [], dz?, that
these ranges of the angles give the correct volume, without double-counting.

In such (hyper-)spherical coordinates, 7 p) = r &, and

= . 1 1d/ p1df(Fpy) 1 .
Vip) f(Fp)) = D1 [5<7’D 1%)] —T—gfga)f(r(D)% (1.12)

where .,2”(%> is a 2™ order partial differential operator but only with respect to the angular variables,
01, -+ ,0p_o, ¢, and may be interpreted as the square of the angular momentum operator. For the lowest

few values of D, we have:

3 =0, (1.13a)
82
2 = T 9g2’ (1.13b)
2 L go, 0N 1 8_2
5= 5o [ae (Smeaeﬂ 2096 (1.13¢)

In fact, 92”(2) is the square of a 2-dimensional scalar operator and Zg) the square of a 3-dimensional
vector operator: in D dimensions, ,Z%) is the so-called tensor-square of the angular momentum rank-(D—2)
tensor operator, most easily represented in Cartesian coordinates?:

0

. . Kkl ,.j
[ZD)]il“'i(D_z) = —Z€i1..‘i(D72)jkg l‘J@. (1.14)

2 The choice of the overall constant “—;” conforms to the convention of [1, pp. 201-202]. Other sources may omit the negative
sign; mathematical texts (unconcerned with physical applications) may also omit the “;.”
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Indeed, for D = 2:

ozﬂm:—ismjkxiaik _ =l LO ;l] [ZZ;] _ Lo vl [:}fy] — —i[xaay—ygx] (1.15)
Let’s convert this into spherical coordinates:
. . r  O¢
T
:i{[rcosd)] [g;;+?yb§zj —[rsin¢][g;£+gi;”, (1.17)
_ {[rcosqS] [sinqb; + (C°f¢);] ~ [rsing] [cosgbgr + (- Sii‘f’)a‘zb} } (1.18)
= i(cos? ¢ + sin? qﬁ);; = iais. (... Whew!) (1.19)

But, don’t take my word for it: do the math! The Cartesian representation of the D =3 case is given in
Eq. (3.7) below, while the spherical coordinate representation is [1, p. 202]:

> .[Ala Aa]

.,Zg) = —Z(T XV) =1 GQE% — ed)% (1.20)

which seems so much simpler. .. until one realizes that éy and ¢é, are not constant, and hide some of the
angular dependence:

¢p = cos ) cos @&, + cosl singpe, —sinpe,, (1.21)

€y = —sin ¢ &, + cos P &,,. (1.22)

The spherical coordinate version it is much more complicated for D > 3, and is not given here.

The Helmholz equation (1.1) therefore becomes:

1 [d (TD_ldf(F(D))
dr

1 . o
o SRR - SR i) + KA () = O, (1.23)

or, after multiplying through by 2,

1 d df(7
s L (P LN e ) = 22, 150, (1.24)

which easily separates the radial coordinate, r, from the angular ones. We look for f(7p)) in the factorized
form f(7(py) = Ro(r) Yo(b1,- - ,0p—2,¢) and proceed as usual:

1 rd dR
D=3 [5 (Tchfr(T))] + (kr)?Ro(r) = Q Ro(r), (1.25)
.,?ﬁj) YQ(GL e 79D—27 ¢) = Q YQ(617 Tt ,GD_Q, (25) (1.26)

The general solution will then be of the form f(r(p)) = >_, Ro(r) Yo (b1, -+ ,0p—2,$), where the Q-sum
is over all values of ) allowed by boundary conditions and other restrictions, such as periodicity in the
¢-angle.

We now turn to analyze (1.25) in § 2, and will then return to (1.26) in § 3.
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2 BLT— The Bessel Equations’ Hierarchy

The radial equation may be rewritten in the following equivalent formats:

TDl_l [% (W*‘Wﬂ + K Ro(r) — %RQ(T) =0, (2.1a)
defo(T) + Dr_l dRCfT(T) + k2 Ro(r) — %RQ(T) -0, (2.1b)

r* d2§f2(r) + (D—Wde?@ + (k7)?Ro(r) — Q Ro(r) = 0, (2.10)
[% (W*‘Wﬂ + 2P Ry (r) — QrP B Ry (r) = 0. (2.1d)

It should be clear from the version (2.1c) that the change of variables z = kr absorbes k in a rescaling of
r, whereupon one frequently writes R, (kr) in place of R, (r). The last version, Eq. (2.1d) makes it clear
that this differential equation may be identified as a Sturm-Liouville equation in two very different ways.

(): In the first (& standard) case, we fix (), and write:

d d
Lo=[S(P D] =@ p) =P () = P, 2.2)
A= +k2, w(r) =rP1 (2.3)

from which it follows that the Bessel equation (2.1d) may be written as
Lo[Ro(kr)] + K rP~! Ry(kr) = 0, 2.4)

which is a Sturm-Liouville equation and so implies the orthogonality condition

b
/ drrP= R (kr) Ro(K'r) = Ny S, (2.5)

a

provided limits a, b are chosen so that

/ b
[Rg(kr)rDl‘W] =0, Yk, K. (2.6)

a

(): Alternatively (& non-standard) , we may fix k instead, and write:

L= [S(o DY et ) = gtr) = 0 2.7)
A= —Q, w(r) = rP=3, (2.8)

from which it follows that the Bessel equation (2.1d) may be written as
Li[Ro(kr)] — QrP 3 Ry(kr) =0, (2.9

which is a Sturm-Liouville equation and so implies the orthogonality condition

b
/ drrP3 R (kr) Ry (kr) = Ngdg.os (2.10)



provided limits a, b are chosen so that

b
-1 dRy (IW)

Rg (kr) =

-0, VvQ,Q. (2.11)

a

It should be clear that Eq. (1.26) may—and in fact does—Ilead to a similar orthogonality condition,
fixing Q as the eigenvalue of ZfD) For this reason, the second option, (2.7)-(2.11) is used rarely, if ever.
In turn, the first option, (2.2)—(2.6), is in standard use.

The Bessel equations, derived above for arbitrary D > 1, thus form a semi-infinite sequence:

2RM)
(there’sno @ for D=1) deTQ(kT) + k2 RW(kr) = 0, D=1; (2.12)
1rd / dRY (kr) , m?
= (ptm A S By ~10Y - —_9.
r [dr (r dr ﬂ + [k 72 } R (kr) =0, D=2; (2.13)
17d / odRM (kr) o DT 0y, o
R S S ST

and so on. We have used the standard notations for Q = m? in D = 2 and Q = /(¢+1) in D = 3; this

follows from the nature of .,?g) and ,iﬂ(g), and will be examined subsequently.

Note that ,2”(21) = 0 as there are no angular variables, so that there is no Q-term in (2.12); whence
we wrote () in place of @). Also, this is the probably the best known of the equations in the sequence,
being solved by a linear combination of sin(kr) and cos(kr), or alternatively, of e**” and e~**". In a sense
then, the ‘cylindrical Bessel functions’ of the first and second kind, J,,(kr) and N,,(kr), that solve the
equation (2.13) and the ‘spherical Bessel functions’ of the first and second kind, j,(kr) and n,(kr), that

solve the equation (2.14) are then generalizations of sin(kr) and cos(kr), respectively.

In fact, this relationship is quite solid. Consider substituting

R(r) =r*P(r), (2.15)
dR(r)  ,1dP(r) «
ar [ o T7Pm) (2.16)
d®R(r) . d?P(r) 2adP(r) ala—1)
e P, (2.17)
into Eq. (1.25), we find
o [A2P(r)  2a+D-1dP(r) s Q—a(D+a-2) B
N r T (k B 2 )P(T’)} = 0. (2.18)

As r® — 0 vanishes only at » = 0 if « > 0 or at r — oo if a < 0, we obtain:

d®P(r) 2a+D-1dP(r) s Q—a(D+a-2) B
dr? r dr + (k B 2 )P(T) =0 (2.19)

From this result, you can see how to pick « so as to hop from any D-dimensional Bessel equation to any
other D’-dimensional one.

r

2.1 A Few Special Cases

Case A: Choose o = —2-1, whereupon Eq. (2.19) turns into:
d?p D—-1)(D 4
+ [k2 o Q+( )( +3)/ }P = 0. (2'20)
dr2 r2

5



For Q = —W, this simplifies further, into:

P'"(ry+k*P(r) =0, =  P(r)=Asin(kr+¢), A, =-const. 2.21)
Going back to Eq. (1.25), we find that its special case:
L 7d( p1dt 2 (D=1)(D=3)1 5 _
rD-1 [d?” (’l“ dr ):| + [k o 472 ]R = 0, (2.22)

is indeed solved by R(r) = Ar(1=D)/2 sin(kr + o).

Case B: On the other hand, selecting o« =1 — %, Eq. (2.19) turns into:
d*P 1dP 4Q+ (2 - D)?
- -+ [k;Q _ LQ)
dr r dr 4r

which is solved by P(r) = AJ,(kr) + BN, (kr), where y = +,/Q + $(D—2)2, and J,,(kr) and N, (kr) are

the cylindrical Bessel functions of the first and second kind, respectively. Therefore, Eq. (2.19) is solved by

R(r) =2 [AJ,(kr) + BN, (kr)],  n=+/Q+ 1(D-2)2, (2.24)

in terms of cylindrical Bessel functions.

P =0, (2.23)
]

Case C: Alternatively, with a = —%, Eq. (2.19) turns into:
d*P  2dP 4Q + (D-1)(D-3
£P 24P (o 1Q+(D-1(D=Y
dr rdr 4r

which is solved by P(r) = a j(kr) + bng(kr), where £ = +,/Q + 1(D—2)2 — 1, so that Eq. (2.19) is also

solved by
R(r) = r"% [ajo(kr) + bre(kr)], €= £/Q+ L(D-2)2 - 1, (2.26)

in terms of spherical Bessel functions. Clearly, we thus have the identity

[AJ,(kr) + BN, (kr)] = /r[a Jy—1(kr) + bnu_%(kr)], (2.27)

1
2

}P — 0, (2.25)

relating spherical Bessel functions to the cylindrical ones.

In fact, we have the general relationship:

1
(D) _ (D-1) _
Ry (kr) = —\/77 RH% (kr), D=2,3,4,... (2.28)

—_—— —

Case k = 0: In this special case, Eq. (2.19) becomes homogeneous in r:

1 i p—1dRq(r) Q _
rD—1 [dr (7" dr )} T2 Rq(r) = 0, (2.29)
and so is solved by pure powers. Indeed, by substituting R, (r) = r”, we obtain:
Q
2—D
Ro(r) = CyrPr4cCor?, Bi= - EiD-2?2+Q (2.30)

Since the £ — 0 limiting case of the Bessel equations (2.19) are the homegeneous equations (2.29),
this implies the k£ — 0 asymptotic behavior:

Jyu(kr) ~rh, Ny(kr) ~r™H, D=2; (2.31)
Je(kr) ~1*, ne(kr) ~ =), D=3; (2.32)

and so on.



3 The Angular Part

When separating the radial part from the angular one, Eq. (1.1) produces Egs. (1.25) on one hand, and
the corresponding angular equations (1.26) on the other. The separating constant, (J, turns out to acquire
the following values

D=1:Q=0, D=2: Q=m? D=3: Q=1/(({+1), --- Q(py = n(n+D-1), (3.1

where m, ¢, n are (typically, see below) integers or proper half-integers: 2m, 2¢,2n € Z. We now turn to
motivate this in dimensions D = 2, 3.

3.1 BLT— Two-dimensional Space & Trigonomentry

Using Eq. (1.13b), we have that
—Y(¢) +m*Y(¢), = Y(¢)=Ae™ = A(cos(mg)+isin(me)). (3.2)

If there are no ¢-boundaries and ¢ € [0, 2] with ¢ = ¢+ 27, one typically requires single-valued periodicity,
Y (¢ + 27) = Y (¢). This implies:

(Aemtoram — ge2mimeine) L geime ;. @mim Ly o mez, (3.3)

However, in quantum mechanics we also need those double-valued functions (spinors) which satisfy Y (¢ +
27) = =Y (¢), in which case

A sin (m(¢ + 2m) + ¢) = Asin(me + ¢) cos(2mm) + A cos(mg + ¢) sin(2mr),
= (=1)?*™Asin(me + p) = —A sin(mo + ¢) : m e (Z+3), 3.4
Rotations in D = 2-dimensional space form the SO(2) ~ U(1) algebra, and this is seen to distinguish be-
tween the tensorial representations of the SO(2) group, with m € Z, and the spinorial representations
of Spin(2), the double-cover of SO(2): being double-valued under a 27 rotation, spinors are not faith-
fulrepresentations of SO(2), but only of Spin(2). The 1st order differential operator .Z,, generates the

SO(2) group, the elements of which can be written as g, := exp{ia.Z,}, with a = o + 27 being a real
angle, parametrizing the rotations in D = 2-dimensional space.

We will see that a suitable generalization of these facts prevails for higher D also.

3.2 BLT— Three-dimensional Space & Spherical Harmonics

In D = 3-dimensional space, the partial differential equation (1.26) may be separated into the system:

1 d/. ,de m?

M@(SM@) + (Q—szg)@—(), (3.5)
d’®

agE =0, (3.6)

where the first is the associated Legendre equation, and the second the trigonometric equation. Now,
Eq. (1.14) dictates that .,S,”é) be the magnitude-square of a vector differential operator. This operator is
most easily written in the Cartesian coordinate system, where ¢g* = §¥, so

L= (yaaz - zaay), Z = z(z% — 1:88z>’ %, = z(xaay - yi) (3.7)
7



Note that all three .%;’s are homogeneous, of degree 0, that is, invariant under homoteties (z,y,z) —
(Az, Ay, Az), A € R*. This implies that all three .%;’s are independent of r: they are functions of 6, ¢, and
1st order differential operators with respect to 6, ¢ only®. Note that the definitions (3.7) ensure that the
%;’s are all Hermitian as differential operators:

/ &7 (1) [ 2 9(7)] = + / &7 [ £ (), (3.8)
Vv Vv
provided f(7), g(7) vanish at oV'.

The Cartesian representation (3.7) is, however, by far the easiest one to prove by direct calculations
that

| L, L] =i 4. (3.9

That is, besides spanning a 3-dimensional vector space, the three .%;’s in fact span a 3-dimensional algebra
(vector space equipped with a closed product), called the angular momentum algebra, or the algebra of the
SO(3) group. The relationship with the SO(3) group means that the group elements of this SO(3) may be
written as gz := exp{ia’.%;}, where the three real angles, o', a?, o (formally assembled into a 3-vector,
a, as if its Cartesian coordinates), parametrize the rotations in d = 3-dimensional space—such as the Euler
angles, familiar from the classical mechanics of rigid bodies. Most of the details of the algebra (3.9) have
been discussed in § 4.3 of Ref. [1], but we recapture here the salient points.

Firstly, note that if two operators, A and B are to have a simultaneous system of eigenvectors

Ala,b) = ala,b),
. (3.10)
Bla,b) = bla,b),
they better commute, since
BAla,b) = Bala,b) = aBla,b) = abla,b),
. R . (3.11)
ABla,b) = Abla,b) = bAla,b) = abla,b),
the difference of which yields
[A, B] |a,b) =0. (3.12)

Since no two of the three .%;’s commute, the eigenvectors of any one of the .%;’s cannot be eigenvectors
also of either of the other two. However, an elementary iteration of Eq. (3.9) implies that

(%4, 2% =0, i=axyz LP=LP+LP+2L0 (3.13)

The geometrical interpretation of this is “obvious”: (1) the .%}’s generate rotations, (2) .2 is the magni-
tude-square of the vector .5”, and (3) magnitudes of vectors are invariant under rotations. The algebraic
consequence, however, is that .22 together with any one of .%; can serve—and indeed forms the maximal
commuting set of operators: it turn out that, in dimension d = 3, no operator can be constructed from
the three .Z; that would commute with both .# 2 and one chosen from among .%;,, say .%., and not be a
function f(.£2, .%,).

Following the standard approach, we select .%3 = .%, to pair with .# 2, and define the basis# of their
simultaneous eigenvectors to satisfy
Z21Q,m) = Q1Q,m),
{ (3.14)
33 ’va> = m ‘Q7m> .

3 But, don’t take my word for it: follow through the change of coordinates yourself!
4 A basis is a maximal and complete collection of elements of a vector space, which is also orthonormalizable with respect to a
scalar product if such is defined.
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We then combine .Z, with .Z, into
L= +i%, (L) =2, (3.15)
and explore their action on |@, m). To that end, we first rewrite Eq. (3.9) and Eq. (3.13) as

| L, Ly | =+, (L, 2| =24, (3.16)
(£2, %] =0, i=+, -3, L =L L+ L+ D (3.17)

Since .%;, £? are differential operators with respect to the angles 6, ¢, the vectors |Q, m) are in fact func-
tions Yy ., (6, ¢) of those angles. For such vectors, we introduce the scalar (“dot”) product

T 21
(@ | Qum) = /0 Sin 6 dg /O 46 [Yorr (0,)]" Yo (0, ). (3.18)

and use Gram-Schmidt orthogonalization [1, § 5.2] to organize these functions into an orthogonal collec-
tion, — which we also normalize so that:

<Q’,m'|@,m> = 5@’,@ 5m’,m- (3.19)

Abbreviating (Q, m|---|Q,m) as (---), we have that

Q= (2% =(Q,m| £?|Q,m)=(Q,m| Q|Q.m) =Q ((Q,m|Q,m) = 1), (3.20)
= (LI+ L+ L) = (L) + (LD + (L), (3.21)
= [|Z |Q,m) H2 + || 1Q, m) H2 +m? > m?, (3.22)
= (L5Ls) + (L) £ (L), (3.23)
— |2 1Q.m) |IP +m? £ m = || Zx |Q,m) ||> + m(m1). (3.24)

Since H.,?i |Q,m) Hz > 0, we have obtained that

Q > m(m=+l). (3.25)

Next, we inquire whether £} |Q, m) is an element of the basis (3.14). To that end, we need to see if
the .2+ |Q, m)’s are themselves eigenvectors of .# 2 and .%4:

Dg/ﬂQ (gﬂ:‘Qam>) - [327 Diﬂzl:] +gﬂ:$2‘Q7m> :DS/ﬂ:I:Q‘Q7m>

|

=Q (ZL|Q,m)), (3.26)

H—{
S
H_

= (m<£1) (.,2@ |Q, m) ), (3.27)

Thus, .#? does not change |Q, m), whereas %, raises (and .Z_ lowers) the eigenvalue m in |@Q, m). There-
fore, it must be that

Z|Q,m) x |Q,m=E1), (fi \Q,m>) = Ni(Q,m)|Q,m=*1). (3.28)

9



Now, from Eq. (3.25), it follows that:

>m(m+1),
m>0; Q { ZmEnH; = Q > m(m+1), (3.29)
m<o; Q{Z It 5 Q= —fml(—lm —1) = Im|(m| + 1), (3:30)

so that the last inequality (3.30) in fact applies to both m < 0 and m > 0: @ > |m|(|m|+1).

So, denote ¢ * max(|m/), and consider applying .%, on |Q, £):
Z01Q,0) = N4 |Q,0+1) =0, since m < (¢ = max(|m])). (3.31)
Applying .Z_ to this equation, we obtain:
0=2.21Q.0 = [2> - 27 - 4] Q.0 =[Q- 2~ |Q.0 =[Q - ¢+ 1)]]Q.0).  (3.32)

Avoiding the trivial solution (|Q, ¢) = 0) implies that Q) = ¢(¢+1).
Hereafter, we rename |Q, m) — |¢, m).

Since %y, %3, % ? are the only operators that operate on the |¢,m), it follows that iterations of
Eq. (3.28) must exhaust the possible |/, m)’s for any fixed ¢. Therefore,

—<m < +4, { := max (|m]) (3.33)

Furthermore, since iterations of Eq. (3.28) provide the only way to change m, which happens in unit
increments, it follows that
Am € Z. (3.34)

Since ¢ ¥ max(|m/), the allowed values of m must range, in unit increments, between —¢ and ¢ — starting
from one and reaching the other, we have that

(—(-0)ezZ, = 2wAeL. (3.35)

That is, we have just proven that ¢ can only be an integer or a proper half-integer. Also, Egs. (3.33)
and (3.34) imply that m takes on 2/+1 values, for any fixed /.

This is the announced generalization of the case in D = 2-dimensional space.

We can now also determine (the magnitude of) the normalization constants N.(Q, m):

ING2 = || Ny [6m 4+ 1) || = |4 16 m) |, (3.36)
= (L L) = (L?*— L — L) = L(+1) — m(m+1) ; (3.37)
Ny = 0(+1) — m(m+1). (3.38)
By the same token, considering however ||.Z_ |¢,m) ||? instead:
N_ = /0(l+1) — m(m—1). (3.39)

Therefore, for each 2¢ € 7Z, we have that the vector space spanned by the eigenbasis

{16,m):m=—¢,—(t-1),---,({-1),¢} (3.40)
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is the (2¢+1)-dimensional representation® of Spin(3) if ¢ € Z, or Spin(3), if ¢ € Z+35. That is to say, given
a choice of ¢ € $Z, there exists a vector space

Vo =A{rem|l,;m), (T o, 7040) € R%H}a 3.41)

such that SO(3)-rotations act by:

L2, m) = L(0+1) |6, m), (3.42)
Ly lb,m) = I/ 0(4+1) — m(m+1) |6, m+1) + L /€(0+1) — m(m—1)|¢,m—1), (3.43)
Zyll,m) = £/0(l4+1) — m(m+1) |6, m+1) — &/0(l+1) — m(m—1) [¢,m—1), (3.44)
Z.|0,m) =m |6, m). (3.45)

Thus, each V, ~ R?*! is a (2/+1)-dimensional vector space, for all £ € %Z. It may be parametrized by the
2(+1 components “|¢, m),” with |m| < ¢, and is a (2/+1)-dimensional representation of Spin(3).

I trust this is clearly easier than trying to solve Eq. (3.5), or determining how

> . 1 0 0

= 1¢¢9 m% - Ze¢ 87(1)7 (3.46)
(0
— +ip il
Ly = £ (o izcot08¢> (3.47)
act on the spherical harmonics:
Y0, ¢) i= (—1) E€+m§ P™(cosf) e™?, (3.48)
and how %, reconstruct all the Y;"(0,¢)’s from Y,2(0,¢) = %Pg(cos ). Clearly (I should hope),

there is a perfect, 1-1 correspondence between the spherical harmonics and the formal eigenvectors:
Y[ (0, ¢) < |t,m).

3.3 Higher Dimensions

Now, Eq. (3.5) is, for m = 0 and with £ = cos 01, becomes

42, 46,
qez — (D)€ G + U+ D-2)6; =0, (3.49)

known as the Gegenbauer differential equation. As it turns out, this equation is solved in terms of the usual
associated Legendre polynomials (of both the 1st and the 2nd kind) [2]:

(1-¢%)

01(8) = (- 12 [C1PHE +C2QUE)], vi=0+D52 =352 (3.50)
just as the higher dimensional Bessel equations are all solved in terms of the cylindrical ones (2.24).

This hierarchy is related to the fact that SO(D)—or, more accurately its algebra, so(D)—has | 2 |
algebraically independent Casimir operators, for D < 2: mutually commuting operators constructed from

® The groups SO(3) and Spin(3) share the same algebra, and the ¢ € Z representations (3.40). However, when ¢ € Z+3,
a rotation by 27 is not equivalent to the identity: exp{ip.Z.}|3,+3) = exp{Lip/2}|5,£3), so exp{2inZ.}|3,+3) =
exp{tin}|3,£3) = —|%,+4): spinors return to themselves only upon a 47 rotation. The group Spin(3) is then defined to be a
double-cover of SO(3), precisely as the 2-leaved Riemann sheet of values of 1/z had to be defined for the C-valued v/ -function of

zeC.
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the generators of the group. For n = 1, so(1) = (), and SO(1) = Zj is a discrete group, so that no .#’s exist.

For d > 3, . is a tensor operator, of rank (D—2). Then, .Z? := ||.Z||? is still one of the Casimir operators,
but a specific choice of the remaining L%J ones is less obvious. Correspondingly, there is a varied choice
of Casimir eigenvectors, |(,v;, - ,v,, m), where n = L%J, accompanied by correspondingly various
relations between the eigenvalues ¢, v;, - - - , v, m.

Moreover, the choice of ¢ (and so, ultimately the dimension of the basis) no longer determines the
basis |¢,v;,- -+ , vy, m) up to linear transformations, and so no longer determines uniquely the represen-
tation of SO(D): for any d > 4, there do exist choices of ¢ with different bases |¢,v;, -, vy, m), ie.,
same-dimensional but different representations of SO(D).

Finaly, with growing D, the choices of ¢ become increasingly more sparse: whereas SO(3) has a
representation for every (2/+1) € Z>, this is not true for SO(D) with D > 4.

Consequently, different methods seem preferable—and have been used—when trying to list all the
possible representations of SO(D), for D > 4. Most often, however, they do use the obvious chain of
imbeddings SO(D) D SO(D—1) D --- D SO(3) D SO(2).

4 BLT — Legendre Equation

Consider again

sii9%<5m9§> + () - 5172229)@ =0, 4.1)
(fqg) +m?® =0, (4.2)

and change variables: z := cosf,s0 & = 24 = —singd = —/1—cos?0L = —/1-22L in (4.1):
\/11_?(—\/@0{1) <\/1_x2(—\/1_x2‘£>> + (1) - 1Ti2>@ o, (4.32)
%((Lx?)g) + <£(£+1) - 12252)@ —0, (4.3b)
1-at) G~ 2+ (1) = 55)0 =0 (430

Clearing the denominators, we see that this can be solved by the method of series, but we will not do so
here. Instead, we digress:

4.1 Generating Function

The Green’s function for the Laplacian in 3-dimensional space is ﬁ, which motivates us to consider
|@—b| = a2+ b2 —2ab cos §, where a = |@|, b = |b| and @ is the angle between @ and b. Assume that |@| > |b],
so that ¢ :== 2 < 1, and we can write

1 1 _ 7
e I_),‘ = Ego(x,t), go(z,t) := (1+t2—2l‘t) 1/2, T =cosl, t= % 4.4)
a/ J—
Since we are often concerned with derivatives of ﬁ, we start consider
gm(z,t) == (1 +¢2 — 2xt)m71/2, m € 7. (4.5)
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Treating ¢(t—2x) as a small parameter, we have

g (1) = (14 = 20t)™ /% = i (m;é) (2 — 22t)", (4.6)
r=0
r s42(r—s s __ o s m_l r r—8 s
T A

Substituting » = (¢+s)/2 and using that therefore s = 2r—¢ < r implies that r < ¢ for the upper limit of
the second sum, this becomes

()

PZ’:,(I)

and are called the associated Legendre polynomials.

The associated Legendre polynomials may also be calculated from Rodrigues’ derivative formula:

PP (x) = <—1>mw<{i}”m<x2‘”g>'

The following are some of the lowest-¢, m associated Legendre polynomials

P (x) = 200,0/2 de] +0<sc2—1>°) — 1
d

2)0/2 1/d 1

0 —| — 2— = — = = M

Pr(e) = 21 1' ([dx] ) 2(dx(x 1)> 5 (22) =z = cos;
2)1/2 d 1, 1—a? / d? 1 .
Pi(e)= - 21 1' <[dx )1> T2 <dx2 (332—1)) T2 1= 00526 (2) = —sinf;
—1/2 1 1
. R ") = 2 1) = 42 /1— cos? o
Pri(z) = 21 1‘ ([ } > = 2\/@(33 1) = +2 1—cos? 6 (2) =siné.

Thus: with 6 the azimuthal angle in spherical coordinates, the Cartesian coordinates are:

z=7rP)(cosh), y=+rPF(cosh)sing, x==rP(cosh)cose,
so that z+iy = Fr P (cos 0) e*?.
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