Orthogonal Coordinate Systems

We generalize what we’ve learned from Cartesian coordinates to arbitrary orthogonal coordinate systems,
and then specialize to cylindrical and to spherical coordinate systems.

1 Orthogonal Coordinate Systems

In Cartesian coordinates, Pythagoras’ theorem guarantees that (remember Einstein’s summation conven-
tion):
= (dx)* + (dy)* + (dz)* = dx' §;; dx’ (1.1)

is the square of the infinitesimal line element along any continuous curve. This will of course look very
differently in an arbitrary “curvilinear” coordinate system:

ds® = d¢' g,,(&)d¢, (12)

and the matrix of functions g;;(¢) that specifies how to compute this fundamental quantity in geometry is
called the metric of the coordinate system (£, £2, ... ). In retrospect, comparing (1.1) with (1.2), we see that
the Kronecker symbol, §,; (which represents the identity matrix), is the metric of the Cartesian coordinate

system—that’s where the simplicity of the Cartesian coordinate system comes from.

The metric of the £-coordinate system is always related to the Cartesian metric by the change of
coordinates:

d2s = dx' 5, dx = (dé" Z;‘k) (%dé’) - df"( g—;aﬁ‘;—’; )df’, (1.3)
——
(3xj gu(&)
=> gy = aék 0y 651’ where g,,(&) = g,,(£) by definition. (1.3b)

This metric was used to define the scalar product, and scalar products can be used to define angles:

A-B=A(&)g, (&) B'(&) = |A|lB|cos(8,,), (1.4)

where |A| = VA- A = \/A(&)g,,() AI(&), so that

A'(§) g,;() B/(&) >
\/Ai(‘f) 8:;(&) Aj(f)\/B[(f) g;,(&) Bi(¢)
defines angles between vectors in terms of the scalar product of vectors. Therefore, a coordinate system

(and its geometry) is fully specified by giving the list of the coordinates &', £2, ... ) and providing the metric
8;;(£), i.e., the generalization of Pythagoras’ theorem.

(1.5)

— cocl
0,5 = cos <

At the end of this semester, we will see how vector calculus generalizes to all “curvilinear” coordinates.
For now, we specialize to that subset, wherein the expansion (1.2) does not have any mixed terms, where

3 3
ds' = Y@ g, @ = Y (h©&dE),  h© = Ve o. (1.6)
i=1 i=1
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That is: the metric g;;(£) in these coordinate systems is diagonal, i.e., g,;,(§) = 0 if i # j. Square-roots of
the diagonal elements (the £,(£)-coefficients) can then be used to rescale the coordinate differentials, and
since ds has physical units (dimensions) of length, so do the products

hi(©)dE',  hy(©)dE?,  hy(&)dE’. (1.7)

In this sense, these rescaled differentials are similar to the Cartesian differentials, straightforwardly general-
izing the volume integration differential element: d*F = h,h,h,dE'dE2dE3. Similarly, the vector-derivative

operator becomes

G_glo 10 10

1
V=2¢ +&——+&——, 1.8
“Uhoe T Tnyoer " Sy 08 (1.8)
and its action on a scalar function is straightforward:
~ 1 of 1df . 10f
grad(f) (1.9)

=8 48— 48—
“Unioel T 082 TV hy 08

Its action on vectors, however, is a bit trickier, since we have to take into account that not only are the
components of a vector {-dependent, but so are the scaling factors, as well as the unit vectors: € are
constant in magnitude, but their directions do change in general.

The textbook [1, § 3.10, pp. 182-187] provides also a geometrical derivation and explanation of the
following formulae:

3
P T 1 o | 0 (Aihmhs
div(A) = Vx A = —<—> , 1.10
iv(A) h1h2h3;l55’ " (1.10)
1 9 P P
- Wk, la—gl(Athhg) + a—éz(hlAzlg) + a—?(hlhzz%)l, (1.11)
hlél h2é2 h3é3 3
N2 7 1 0 0 0 1 iikp an] O
curl(A) = V-4 = 9 0 0 __1 (h,.e,.)[—,(h A )] (1.12)
hihyhs | 91 9E2 &3 hyhyhy i,/,;:l o951

hAy hyAy, hyAy

Combining the above, we can compute

. _ 1 {0 mhsofy\ o (mhiofN o (hhof
div(grad(f)) = hhohs [agl < h, og! ) * a§2< h, 052> * a§3< hy 083 )l (1.13)
as well as
V2A = grad(div(A)) — curl(curl(4)), (1.14)

the expansion of which is tedious in general; see below for special cases.

1.1 Cylindrical Coordinates

These coordinates (p, ¢, z) may be specified by relating them to Cartesian coordinates:

p=Vx2+)2, x = p cos(¢), (1.15a)
¢ = Arctan(y, x), y = p sin(¢), (1.15b)
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and the cylindtical coordinate z is identical to the Cartesian z. The function Arctan(y/x) is defined:
Arctan(y, x) 1= tan™! (1) + 9(=x)7 + 9(x)9(—y)27. (1.16)
X

this renders the numerical value of Arctan(y, x) € [0, 2x], which is the usual choice of the range for the

polar angle ¢. Here,

0 forx <O,
1()(X)_{l for x > 0, (L.17)

is the Heaviside step-function.
We can use the relation (1.3) to compute the metric of the cylindrical system:

0z _

g—; = cos(¢), Z—Z = sin(¢), 3 0, (1.18a)
. 0
3—(’; = —psin@). 5= peos) g—; =0, (1.18b)
9x _ ), W _y, 9z _y. (1.18¢)
0z 0z 0z
Substituting these into (1.3), we have:
3 .
ox' 2 2 .2 2
g = — ) =cos“(¢) + sin“(¢p) + (0) =1, (1.19a)
= 3(Z)
3 . .
8 = %—’;‘;—; = (cos(¢)) (—psin(¢)) + (sin(e)) (pcos()) + (0)(0) = 0, (1.19b)
i=1
3 . .
g, = 06—’;% = (cos(®)) (—psin(@)) + (sin()) (pcos()) + (0)(0) = 0, (1.19¢)
i=1
>\ /oxT\2 2 2
S = Y <%> = (=psin(@)’ + (pcos(¢))’ + (0)? = 2, (1.19d)
i=1
3 . .
_Noxox =
8p: = L 3¢ oz = (—psin(¢))(0) + (pcos(¢h))(0) + (0)(1) 0, (1.19%)
2 ox!
_ ar ) = 2 =
= 2 (5) =00+00+n } (1.196)
so that the (p, ¢, z)-coordinate system orthogonal:
1 00
g, . 2)] =|0 p* 0O and  h,=1, hy=p, h,=1. (1.20)
0 0 1
We thus have [1, (3.147)—(3.151), pp. 189-190]:
) P LI
grad(f)—(Vf)—epap +e¢pa¢+eZaz’ (1.21)
O, d(pA 0A
divid) = (V- A) =1 A,) | 194y 04, (1.22)

—_ + s
p O0p p 0P 0z
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e, pe€, &,
curl(A) = (VX A) = — I i 9 9,
p|dp 0(;1) 0z
A, pA, A,
> 10/ 0f 1 0°f 02f
V2 =——< —>+ :
V=255, ) T e T oz
ch o 1 2 0A,
(V2A), = (V A,,)—; e
o2 AN 2 1 20A
(V24), = (V2A )—;A+ rrs
(V2A), = (V?A)).

1.2 Spherical Coordinates

These coordinates (r, 8, ¢) may be specified by relating them to Cartesian coordinates:

r=vx2+y+z2
¢ = Arctan (z, V/x2 + )2 + 22),

¢ = Arctan(y, x),

x = r sin(@) cos(¢h),

y = r sin(#) sin(¢),
z = r cos(0).

We can use the relation (1.3) to compute the metric of the cylindrical system:

ox

oy

5 = sin(@) cos(¢), > = sin(@) sin(¢), % = cos(0),
ox = rcos(8) cos(¢) Q = rcos(0) sin(¢) 9z = —r sin(0)
00 ’ 00 ’ 00 ’
g—; = —r sin(0) sin(¢), 2—; = r sin(0) cos(¢), a—; =0.
Substituting these into (1.3), we have:
3 d iN2
g, = Z <0_):‘> = sin’(0) cos’(¢p) + sin®(6) sinz(d)) + cos?(0) =1,
i=1 . ~ v
= sin’(6)
2 Oxi O
80= 2, 5 55 = ( sin(@) cos(¢)) (r cos(8) cos(p)) + ( sin(8) sin(¢h) ) (r cos(8) sin(¢h))
1 . J
= rsin(@) cos(0)
+ ((cos(9)) (—rsin(9)) =0,

3 . .
ox' ox'
50= 25 0

= (sin(B) cos(¢)) (—r sin(8) sin(h)) +

(sin(8) sin(e)) (r sin(0) cos(¢h))

+ (cos(8)) (0)

=0

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28a)

(1.28b)
(1.28¢)

(1.29a)

(1.29b)

(1.29¢)

(1.30a)

(1.30b)

(1.30c)



=Y, (‘)—xi)2 = (rcos(8) cos(¢h))” + (rcos(8) sin(¢h))” +(~r sin(0))” =12, (1.30d)

i=1 \ J
Vo

= r?cos*(0)

3

g =D, OX 0X' _ (1 cos(9) cos(@)) (=r sin(@) sin(@)) + (r cos(6) sin(¢)) (rsin(6) cos($))

i=1 Eﬁ _/
o
+ (—r sin(9)) (0) =0, (1.30e)
3 .
o= <§—x¢> = (=rsin(0)sin($))’ + (rsin(6) cos(¢))’ + (0)’ = 2sin’(0),  (1.30f)
i=1
so that the (r, 8, ¢)-coordinate system orthogonal:
10 0
g,,(r.0.0)] =[0 1 0 and  h,=1, hy=r, h,=rsin(). (1.31)

0 0 r2sin’(0)
We thus have [1, (3.156)—(3.160), p. 192]:
LOf L 1of . 1 df

grad(f) =(VSf) =erg+ee;00 +e¢rsin(0)£’ (1.32)
Lo o o= 10(7A) 1 o(sin(B)Ay) 1 9(Ay)
dv) = (VA = = T n@ 00 rsin@) 99 (1.33)
€, ré, rsin(0)€,
curl(A) = (VxA)y = — |9 0 o (1.34)

rsin(@) |9p 90 ¢
A, rA, rsin()A,

p

(V2 f) = rlzi<r2%) 41 9 (sin(e)ﬂ) R S (1.35)

or\" or/  r2sin(0) 00 00/ " 125in%(0) 0*
o - d(sin(0)A 0A
§24), = (24) = 24, - 2 _260OA4) 2 7% (136)
r2 2 sin(0) 00 r2sin(0) o¢
. - 1 20A, 2cosh 9A
(V2A), = (VA - ———Ap+ = —L — == 2 (1.37)
r2 sin°(0) r: 00 y2sin*(9) 0¢
(T2, = (V24 - ——a,+ —= & 2cosf o (1.38)
r2 sin”(6) resin(@) d¢  r2sin’*(9) 9P
There is also the oft-used identity
10 2af) o°f 20f 1a< of ) 10%(rf)
—Z(rL) =z L4222 = 2 (L = - . 1.39
rzor (r or or:  ror ror rdr +f r o or? ( )
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