
Supersimetrija: W5H

Ko & Kada je izmislio supersimetriju 
~ Hironari Myazawa, 1966; 
J.L. Gervais & B. Sakita, 1971; 
Yu.A. Golfand & E.P. Likhtman, 1971; 
V.P. Akulov & D.V. Volkov.

Šta supersimetrija jeste …a šta nije

Gde Pa, Svuda.

Zašto je neophodna: sine qua non

Kako supersimetrija radi & kako ju proučavati

Program
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Šta je supersimetrija

Antikomutativna transformacija ( ), ne menja sistem.→ ̂H
Osnovna gradja Prirode:
Fermioni: kvarkovi, elektroni, neutrini — supstancija 
• spin ½, Fermi-Dirac statistika (Pauli-jev princip isključenja)

Bozoni: ℍ, γ, (W±, Z0), gluoni, i gravitoni — interakcije 
• spin 0, 1, i 2; Bose-Einstein statistika (kondenzacija)

Ujedinjenje (npr.): γ & (W±, Z0) = Elektroslaba sila, 
i (kvarkovi + leptoni) u “familijama” (1980 Nobel-ova)
EW + Jaka Nuklearna = Velika Ujedinjena Teorija (?)
… a gravitacija? 

Mehanizam

3

…	kvantizacija	zahteva	stringove
Čak	i	tako,	kvantno-mehanički	nestabilno…

Osim	ako	se	i	ovo	ujedini.



Gde se supersimetrija pojavljuje

Elementarne čestice (teorijska, naravno, a nadamo se… !!!)
Atomska jezgra se sastoje od protona i neutrona (= nukleona): 

i  i  su spin-½ fermioni; 
jezgra sa parnim (neparnim) brojem nukleona = bozoni (fermioni); 
prelaz izmedju “susednih” izotopa/izobara = supersimetrija!

p+ n0

Atomi se sastoje od ,  i : 
elektroni ( ) su spin-½ fermioni; 
atomi sa (ne)parnim brojem “sastojaka” ( , , ) su bozoni (fermioni); 
 jonizacija neparnog broja  = supersimetrija!

p+ n0 e−

e−

p+ n0 e−

e−

Molekuli se sastoje od bozonskih i fermionskih atoma…
Grafen (kond. materija!) ima i bozonske i fermionske “fonone”; 
specijalni granični uslovi ↔ supersimetrija! (+ narušenje)

Primene

4

≥ 38 godina!
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Primene
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počev: [arXiv:cond-mat/0607394]
16 godina!

≥ 38 godina!



Gde se supersimetrija pojavljuje

Laseri (fizika kondenzovane materije):
Sad već tli-ipo-godišnjak:  https://arxiv.org/abs/1812.10690
funcionalan stvarni aparat, znatno poboljšan supersimetrijom

Osnova: slično   ̂HLHO = ℏω( ̂a† ̂a+ 1
2 ) ↔ ̂H ′ LHO = ℏω( ̂a ̂a†+ 1

2 )
gde je  , pa  [ ̂a, ̂a†]=1 ̂a† ̂a+ 1

2 = ̂a ̂a†− 1
2 = ( ̂a ̂a†+ 1

2 )−1

a gde je    i    ̂a := mω
2ℏ ̂x+i 1

2ℏmω ̂p ̂a† := mω
2ℏ ̂x−i 1

2ℏmω ̂p

…a  
ima  mnogo, 
samo su  i    
komplikovanije 
smene 
promenljivih

( ̂H , ̂H′ )
∞

̂a ̂a†

Primene

5

Monohromatski

https://arxiv.org/abs/1812.10690


Motivacija

6

Supersymmetrija:
Jedini (znani) univerzalan mehanizam koji stabilizuje vakum
Minimum energije = 0 tačno kada je sistem supersimetričan
Minimum energije > 0 kada je supersimetrija spontano narušena
Ako sistem uključuje gravitaciju, energija nije globalno definisana

Po definiciji ujedinjuje fermione (supstancija) i bozone (interakcije)
Tehničke prednosti:
Smanjuje (ili čak poništava) potrebu za renormalizacijom
Sprečava mešanje raznih (i raznorodnih) karakterističnih energija
Čuva (neobično) male/velike količnike

Prava, kompletna teorija je verovatno (i nadamo se) jednostavno konačna 
(nema potrebu za renormalizacijom — kao superstringovi).

398 Chapter 8. Supersymmetry: Boson-Fermion Unification

other masses then would have to be a multiple of this big mass and there exists no reason
for minuscule dimensionless coefficients such as [+ result (5.131b), and table 2.1, p. 163,
and B.2, p. 529]

mne

MP
. 10

�28
,

me
MP

⇠ 10
�23

,
mu
MP

⇠ 10
�22 (8.53)

to remain so much smaller from order ⇠ 1 numbers. It follows that in models without super-
symmetry there is neither a fundamental reason for the masses of the elementary particles
to be so many orders of magnitude smaller than the Planck mass, nor is there a mechanism
that would “protect” such minuscule masses (were we to choose them so “by hand”) from
quantum corrections.

The presence of supersymmetry in any theoretical model (and so too in the Standard
Model), has an important effect on the appearance (and stability with respect to quantum
corrections) of experimentally established small parameters such as (8.53) [153, 473, 470,
61]:

Theorem 8.6 In any supersymmetric model, quantum effects do not change the part
of the Lagrangian density that stems from the so-called superpotential [+ sec-
tion 8.3.2].

Corollary 8.1 Although—all by itself—supersymmetry cannot cause minuscule pa-
rameters such as (8.53), supersymmetry does “protect” them if they enter via La-
grangian terms that stem from the superpotential, and in particular owing to the
shift in the Higgs field in the process of spontaneous symmetry breaking. In practice,
that include all masses.

This property of supersymmetry is exceptionally advantageous in the technical sense,since:

Procedure 8.1 Every concrete model in quantum field theory is known only as a hier-
archical structure [+ also procedure 9.1, p. 445]:

1. start with a concrete model defined within classical field theory,

2. reconstruct the quantum theory by:

(a) the Feynman-Hibbs definition of the partition functional [133] as an
integral of the Boltzmann-esque factor eiS/h̄ over all possible choices
of the fields, where S is the classical Hamilton action [+ procedure 9.1,
p. 445],

(b) computing the probabilities for various (sub)processes as various mo-
ments of the partition functional (3.204),

(c) for each of which the contributions are depicted in terms of a se-
quence of Feynman diagrams, partially ordered by the number of
closed loops [+ comment 1.5, p. 130].
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–1.3. The Quantum Nature of Nature and Limits of Information 25

Table –1.1: Natural (Planck) units and their SI equivalent values

Name Expression SI Equivalent Practical Equivalent

Length `P =
q

h̄GN
c3

1.616 25⇥10
�35 m

Mass MP =
q

h̄ c
GN

2.176 44⇥10
�8 kg 1.220 86⇥10

19 GeV/c2

Time tP =
q

h̄GN
c5

5.391 24⇥10
�44 s

El. Charge⇤ qP =
p

4pe0 h̄ c 1.875 55⇥10
�18 C e

�p
ae ⇡ 11.706 2 e

Temperature TP = 1

kB
mPc2

1.416 79⇥10
32 K

⇤ae ⇡ 1/137.035 999 679 in low-energy scattering experiments, but grows to about 1/127 near
⇠ 200 GeV energies [+ section 3.3.3].

From this, we define the Planck, i.e., natural units, listed in table –1.1. A comparison with
SI equivalents makes it clear that the natural units are in no way natural when describing
everyday events of typical human proportions: it would be perfectly ridiculous to try buying
milk in units of Planck volume (1 gal = 8.964 ⇥ 10

98 ` 3
P ), hot dogs in units of Planck mass

(16 oz = 2.084 ⇥ 10
7 MP), or measure the time to the recess bell in units of Planck time

(45 min = 5.008 ⇥ 10
46 tP). However, natural units do indicate certain limiting values, and

this is worth exploring when considering ever smaller systems.

In fact, the natural units in table –1.1 are not very convenient even for contemporary
typical elementary particle physics: the electron mass is me = 4.185 45 ⇥ 10

�23 MP! There-
fore, one frequently uses units such as “MeV/c2,” so me = 0.510 999 MeV/c2. In this system of
“particle physics” units, we formally state h̄ = 1 = c—that is, we use the unit system where
h̄ and c are two of the basic three units, and then do not write them. All physical quantities
can then be expressed as various powers of one particular unit of measurement, for which
the usual choice is energy, and for which one typically uses the “eV” unit, with the usual SI
prefixes. The table –1.2 lists some relations typically useful in calculations.

Table –1.2: Some typical physical quantities, expressed in “particle physics” and SI units

Quantity Particle Physics SI Equivalent

Energy x MeV = x ⇥ 1.602 18 ⇥ 10
�13 J

Mass x MeV/c2 = x ⇥ 1.782 66 ⇥ 10
�30 kg

Length x h̄c/MeV = x ⇥ 1.973 27 ⇥ 10
�13 m

Time x h̄/MeV = x ⇥ 6.582 12 ⇥ 10
�22 s

–1.3.1 Smaller, and Smaller, and . . .

I must be shutting down as a telescope!
— Alice, in Wonderland (Lewis Carroll)

To a great extent, the division and analysis of phenomena, processes and systems happens
just as it does in the most obvious application of the black box paradigm, e.g., in microscopy.
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Zašto je supersimetrija neophodna



Čak i za slobodono polje:

Renormalizacija pomaže……osim za gravitaciju.

Kvantnost Prirode stabilizuje atome, 
i ujedinjuje čestice i talase.

Relativnost ujedinjuje prostor i vreme, energiju & impuls, 
električno i magnetno polje, gravitaciju & ubrzanje, …

Stringovi ujedinjuju gravitaciju, sve ostale interakcije i materiju!
Supersimetrija stabilizuje vakum, 
i ujedinjuje bozone i fermione.
Stoga je supersimetrija jednako neophodna kao i kvantnost.
(Kvantnost stabilizuje atome, supersimetrija stabilizuje vakum.)

7

Divergira!!

Motivacija
Zašto je supersimetrija neophodna

Evakum = 1
2 ∑ ⃗k ℏω ⃗k sa ⃗∇ ⃗k ω ⃗k ⩾ 0



8

Energija vakuma:
Razmotrimo slobodno skalarno polje

Euler-Lagrange-ova jednačina kretanja je

čiji Fourier transform daje

To je kolekcija LHO:

[Q] =
q

ML
T , [P] = [Z] = ML

T , [L] = 0. P0 = �H/c.

LKGB = 1
2 hµn(∂µf)(∂nf)� 1

2
�mc

h̄
�2

f2 = 1
2c2

.
f2 � 1

2
⇥
~r2 +

�mc
h̄
�2⇤

f2.

[Q] =
q

ML
T , [P] = [Z] = ML

T , [L] = 0. P0 = �H/c.

LKGB = 1
2 hµn(∂µf)(∂nf)� 1

2
�mc

h̄
�2

f2 = 1
2c2

.
f2 � 1

2
⇥
~r2 +

�mc
h̄
�2⇤

f2.

8.3. Supersymmetric Field Theory 399

Since the renormalization is inherently a feature of iterative addition of every higher con-
tributions in a so-defined perturbative computation, then the appearance of the need for
renormalization as well as the property of softening and limiting this need via supersym-
metry—by definition—a technical and non a conceptual property. This characterization
obtains even if some of the “non-perturbative” results and properties of a particular model
are known [+ section 4.3], and which are:

1. statements about the existence of alternative vacua which cannot be computed
by perturbative methods defined about the usual vacuum, but where the results
are again obtained by some kind of perturbative computation about some such
alternative vacuum,

2. and/or general statements about the whole Hilbert space.

— ¶ —

In all Yang-Mills type gauge field theories [+ chapters 3 and 4], the divergencies can
be removed from precisely defined expressions for measurable physical quantities [+ sec-
tion 1.3.4, esp. the closing part and the discussion about digression 1.11, p. 130, to begin
with]. As much as the renormalization procedure has not satisfied the intuition and con-
ceptual insight of some of the most influential 20

th century physicists, the number of live
physicists who do not accept renormalization pragmatically as a “procedure that works”
is ever smaller [+ Planck’s quote on p. 39 and digression 1.11, p. 130]. However, the
renormalization procedure is, indubitably, a technical detail of the current understanding of
Nature, and non a fundamental principle of this (not even the current) understanding.

It should then be clear that the original motivation for supersymmetry stemmed from
the very practical facts, of which Gol’fand and Likhtman discovered the first glimpses in
1971, that this peculiar type of symmetry automatically removes many of the divergencies
that occur in field theory. A detailed analysis of this general procedure is far outside the
scope of this book, although some of the simplest aspects will nevertheless be made visible.

Sections 3.3.3 and 4.2.4 showed concrete (albeit simplest) Feynman computations
with diagrams where the need for renormalization appears. In the remainder of this section
we shall consider one (the simplest) conceptual problem in field theory, and then also the
mechanism by which supersymmetry completely removes this problem.

Vacuum Energy

Consider, for example, a scalar field with the Lagrangian density (5.9), where we set for
simplicity l ! 0:

LKG = 1

2
hµn(∂µf)(∂nf)� 1

2

�mc
h̄
�2

f2 = 1

2c2

.
f2 � 1

2

⇥
~r2 +

�mc
h̄
�2⇤

f2
. (8.54)

The Euler-Lagrange equation of motion derived from this Lagrangian density is
⇥

1

c2
∂2

t � ~r2 +
�mc

h̄
�2⇤

f(x) = 0, (8.55)

the so-called Klein-Gordon equation. If we expand f(x) in plane waves,

f(x) = 1

(2p)3/2

Z
d

3~k f~k(x), f~k(x) := f~k(t) ei~k·~r
, (8.56)
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400 Chapter 8. Supersymmetry: Boson-Fermion Unification

the ~r2-term produces the eigenvalue �~k2, and the equation of motion becomes
⇥
∂2

t +
�
~k2c2 + m2c4

h̄2

�⇤
f~k(t) = 0. (8.57)

The wave-modes f~k(x) are linearly independent, so every plane wave f~k(x) behaves as
an independent degree of freedom with the dynamics of the harmonic oscillator with the fre-
quency c

q
~k2 + m2c2

h̄2
. The presence of interactions (as would be produced by the 1

4
lf4 term

in the Lagrangian density (5.9) and which we have omitted for simplicity) couples these
independent oscillators but does not reduce their number nor does it destroy their linear
independence. Every such quantum oscillator has its stationary states with energies [+ re-
lation (1.38)]

En,~k = E~k(n + 1

2
), E~k := h̄ c

q
~k2 + m2c2

h̄ =
q
(h̄~k)2c2 + m2c4 (8.58)

and the energy of the entire field (summed over all oscillators, of course) in the ground state
is

Evacuum = 1

2

Z
d

3~k E~k = 2p
Z •

0

k2
dk

q
h̄2k2c2 + m2c4. (8.59)

This evidently diverges ⇠ k4 as k ! •: there are (continuously) indefinitely many vectors
~k and all except~k =~0 have a positive magnitude~k2 > 0.

For the free electromagnetic field, the result is virtually identical, only with the ultra-
relativistic expression E~k = |h̄~k|c, since mg ⌘ 0, so the result for Evacuum diverges again.

However, modeling after the supersymmetric harmonic oscillator in section 8.1.3, we
may construct a supersymmetric model beginning with:

1. a pair of fields (8.56) combined into a complex scalar field f(x);
2. the Lagrangian density of the type (5.19), but with l ! 0;
3. adding a complex Weyl fermion Y+(x) of left chirality [+ section 3.2.1, p. 188] and

an auxiliary complex field F(x);
4. adding Lagrangian (counter)terms that are specially tuned so that:

(a) the Hamilton action for the whole system (f; Y+; F) is invariant with respect to
the linear action of supersymmetry,

(b) the Euler-Lagrange equations of motion form a system of:
i. one differential equation of the second order for the complex field f(x),

ii. one pair of differential equations of the first order for the two components of
the complex Weyl fermion Y+(x)—which also means that one linear combi-
nation of these components is the canonical coordinate while another is the
canonically conjugate momentum,

iii. one non-differential equation or the auxiliary complex field F(x).

The non-differential equation obtained in step 4(b)iii holds point-by-point in all of spacetime
separately, and so can be used—at least in principle—to substitute its solution back into the
Lagrangian density,whereupon the differential equations in steps 4(b)i and 4(b)ii need to be
re-derived from the so-substituted Lagrangian density. These differential equations of motion
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Energija vakuma je onda

što divergira  ~ k4, kada k →∞

Za slobodno elektromagnetno polje,   pa  m=0 E ⃗k =ℏc | ⃗k |
…i divergencija energije vakuma ostaje.
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may construct a supersymmetric model beginning with:

1. a pair of fields (8.56) combined into a complex scalar field f(x);
2. the Lagrangian density of the type (5.19), but with l ! 0;
3. adding a complex Weyl fermion Y+(x) of left chirality [+ section 3.2.1, p. 188] and

an auxiliary complex field F(x);
4. adding Lagrangian (counter)terms that are specially tuned so that:

(a) the Hamilton action for the whole system (f; Y+; F) is invariant with respect to
the linear action of supersymmetry,

(b) the Euler-Lagrange equations of motion form a system of:
i. one differential equation of the second order for the complex field f(x),

ii. one pair of differential equations of the first order for the two components of
the complex Weyl fermion Y+(x)—which also means that one linear combi-
nation of these components is the canonical coordinate while another is the
canonically conjugate momentum,

iii. one non-differential equation or the auxiliary complex field F(x).

The non-differential equation obtained in step 4(b)iii holds point-by-point in all of spacetime
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

A da odgovorimo na pitanje, 
moramo da znamo  kako  to 

supersimetrija funkcioniše.

Motivacija
Zašto je supersimetrija neophodna



LHO: potsetnik

10

Da li se sećate LHO?
Prvo, smena promenljivih:

tako da je
Stanja pozitivne norme:

…i…

4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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plest and most familiar quantum-mechanical systems, in the supersymmetric extension of
the linear harmonic oscillator.

8.1.1 The Harmonic Oscillator

The linear harmonic oscillator is very well known and studied in full within every quantum
mechanics course, so we recall only the basic relations, to set up the notation. With the
standard notation

[A, B] := AB�BA, and {A, B} := AB+BA, (8.2)

in the “excitation representation,” we have:

HLHO := 1

2
h̄w{a†

, a} = h̄w(a†a + 1

2
), [a, a†] = 1; (8.3a)

HLHO =
n
|ni : hn|n0i = dn,n0 , Â

n
|nihn| = 1, n, n0 2 0, 1, 2, . . .

o
, (8.3b)

a|ni =
p

n|n�1i, a†|ni =
p

n + 1|n + 1i, (8.3c)

as well as
HLHO|ni = En|ni, En = h̄w(n + 1

2
). (8.3d)

The ground state, |0i is characterized by the fact that

|0i : a|0i = 0, and E0 = 1

2
h̄w 6= 0. (8.4)

The Hilbert space (8.3b) is sketched in figure 8.1 (a), on p. 386. Since every observable
physical quantity eF for the linear harmonic oscillator may be expressed as a function of
operators a, a†,[ .why?] the relations (8.3a) and (8.3c) suffice to compute every matrix
element hn0| eF|ni:

eF =
•

Â
p,q=0

cp,q(a†)p(a)q
, hn0|(a†)p(a)q|ni =

⇢ Np,q dn0�p,n�q, q 6 n and p 6 n0
,

0 otherwise,

(8.5a)

Np,q =
q

n(n�1) · · · (n�q+1)
| {z }

q

(n�q+1)(n�q+2) · · · (n�q+p)
| {z }

p

. (8.5b)

The linear harmonic oscillator is said to be completely solved.

8.1.2 The Fermionic Extension

Extend this oscillator with a degree of freedom represented by the operators b, b†, which
obey:

{b, b†} = 1 and {b, b} = 0 = {b†
, b†}, ) b2 = 0 = b†2

, (8.6)

[a, b] = 0, [a, b†] = 0, [a†
, b] = 0, [a†

, b†] = 0, (8.7)

and where the Hamiltonian for the extended system is

HLHO+ = 1

2
h̄w{a†

, a}+ 1

2
h̄ ew[b†

, b] = h̄
�
w a†a + ew b†b

�
+ 1

2
h̄(w � ew). (8.8)
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8.1.1 The Harmonic Oscillator

The linear harmonic oscillator is very well known and studied in full within every quantum
mechanics course, so we recall only the basic relations, to set up the notation. With the
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The ground state, |0i is characterized by the fact that

|0i : a|0i = 0, and E0 = 1

2
h̄w 6= 0. (8.4)

The Hilbert space (8.3b) is sketched in figure 8.1 (a), on p. 386. Since every observable
physical quantity eF for the linear harmonic oscillator may be expressed as a function of
operators a, a†,[ .why?] the relations (8.3a) and (8.3c) suffice to compute every matrix
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eF =
•

Â
p,q=0

cp,q(a†)p(a)q
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The linear harmonic oscillator is said to be completely solved.

8.1.2 The Fermionic Extension

Extend this oscillator with a degree of freedom represented by the operators b, b†, which
obey:
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, (8.6)
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, b†}, ) b2 = 0 = b†2

, (8.6)

[a, b] = 0, [a, b†] = 0, [a†
, b] = 0, [a†

, b†] = 0, (8.7)

and where the Hamiltonian for the extended system is

HLHO+ = 1

2
h̄w{a†

, a}+ 1

2
h̄ ew[b†

, b] = h̄
�
w a†a + ew b†b

�
+ 1

2
h̄(w � ew). (8.8)
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plest and most familiar quantum-mechanical systems, in the supersymmetric extension of
the linear harmonic oscillator.

8.1.1 The Harmonic Oscillator

The linear harmonic oscillator is very well known and studied in full within every quantum
mechanics course, so we recall only the basic relations, to set up the notation. With the
standard notation

[A, B] := AB�BA, and {A, B} := AB+BA, (8.2)

in the “excitation representation,” we have:

HLHO := 1

2
h̄w{a†

, a} = h̄w(a†a + 1

2
), [a, a†] = 1; (8.3a)

HLHO =
n
|ni : hn|n0i = dn,n0 , Â

n
|nihn| = 1, n, n0 2 0, 1, 2, . . .

o
, (8.3b)

a|ni =
p

n|n�1i, a†|ni =
p

n + 1|n + 1i, (8.3c)

as well as
HLHO|ni = En|ni, En = h̄w(n + 1

2
). (8.3d)

The ground state, |0i is characterized by the fact that

|0i : a|0i = 0, and E0 = 1

2
h̄w 6= 0. (8.4)

The Hilbert space (8.3b) is sketched in figure 8.1 (a), on p. 386. Since every observable
physical quantity eF for the linear harmonic oscillator may be expressed as a function of
operators a, a†,[ .why?] the relations (8.3a) and (8.3c) suffice to compute every matrix
element hn0| eF|ni:

eF =
•

Â
p,q=0

cp,q(a†)p(a)q
, hn0|(a†)p(a)q|ni =

⇢ Np,q dn0�p,n�q, q 6 n and p 6 n0
,

0 otherwise,

(8.5a)

Np,q =
q

n(n�1) · · · (n�q+1)
| {z }

q

(n�q+1)(n�q+2) · · · (n�q+p)
| {z }

p

. (8.5b)

The linear harmonic oscillator is said to be completely solved.

8.1.2 The Fermionic Extension

Extend this oscillator with a degree of freedom represented by the operators b, b†, which
obey:

{b, b†} = 1 and {b, b} = 0 = {b†
, b†}, ) b2 = 0 = b†2

, (8.6)

[a, b] = 0, [a, b†] = 0, [a†
, b] = 0, [a†

, b†] = 0, (8.7)

and where the Hamiltonian for the extended system is

HLHO+ = 1

2
h̄w{a†

, a}+ 1

2
h̄ ew[b†

, b] = h̄
�
w a†a + ew b†b

�
+ 1

2
h̄(w � ew). (8.8)
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Kako supersimetrija funkcioniše
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Uvedemo još jedan par operatora, tako da je

…i proširimo Hamiltonijan:

Valja primetiti da je energija vakuma postala proporcionalna 
razlici izmedju dve frekvencije.
Baš kao u standardnom (bozonskom) LHO, analiziramo listu i 
strukturu svih stanja sa pozitivnom normom.
Počnemo od:

4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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Just as in the well-known algebraic analysis of the linear harmonic oscillator, suppose
that the operator b†b (as it occurs in the Hamiltonian) has eigenstates

b†b |ni f = n|ni f . (8.9)

Then,

b†b
�
b†|ni f

�
= b†(1 � b†

d)|ni f =

⇢ b†(1 � n)|ni f = (1 � n)
�
b†|ni f

�
,

b†|ni f � b†2 b|ni f =
�
b†|ni f

�
, b†2 ⌘ 0,

(8.10)

computed in two different ways, produces the relation (1�n)b†|ni f = b†|ni f , i.e., n b†|ni f =
0, so that

either b†|ni f ⌘ 0, or n = 0 and b†|0i f µ |1i f . (8.11)

Similarly,

b†b
�
b|ni f

�
=

(
b†b2 b|ni f ⌘ 0, b2 ⌘ 0,

(1 � bb†)b|ni f = b(1 � b†b)|ni f = b(1 � n)|ni f = (1 � n)
�
b|ni f

�
,

(8.12)
computed in two different ways, produces the relation (1�n)b|ni f = 0, so that

either b|ni f ⌘ 0, or n = 1 and b|1i f µ |0i f . (8.13)

Consistently with these results, we have that

b|0i f ⌘ 0, b†|0i f = |1i f , b|1i f = |0i f , b†|1i f ⌘ 0. (8.14)

We define for the extended system:

|n, ni := |ni⌦|ni f , n = 0, 1, 2, 3, . . . n = 0, 1, (8.15a)

which defines the b, b†-extended Hilbert space:

HLHO+ :=
n
|n, ni : hn, n|m, µi = dn,mdn,µ, Â

n,n
|n, nihn, n| = 1

o
, (8.15b)

where n, n0 = 0, 1, 2, 3 . . . and n, n0 = 0, 1, and where the energy levels are given as:

HLHO+ |n, ni = En,n|n, ni, En,n = h̄
⇥
w(n + 1

2
) + ew(n � 1

2
)
⇤
. (8.15c)

The energy of the ground state, |0, 0i, is

E0,0 = 1

2
h̄(w � ew). (8.16)

Since n = 0, 1, 2, 3 . . . , it follows that the a†-excitations of the familiar linear harmonic
oscillator are not limited by Pauli’s exclusion principle, and so are identified as bosonic ex-
citations/particles. Since n = 0, 1, it follows that the b†-excitation obeys Pauli’s exclusion
principle, and so is identified as a fermionic excitation/particle with which the linear har-
monic oscillator is extended.

The Hilbert space of the so fermion-extended linear harmonic oscillator is sketched
in figure 8.1 (b), where the white nodes represent bosonic states and the black ones are
fermionic states. In that figure, ew = 4

5
w, so that the difference in the energies of the ground

state and the first fermionic excitation, |0, 1i, is 4

5
of the energy gap between the ground

state and the first bosonic excitation, |1, 0i.
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LHO: fermionsko proširenje
Kako supersimetrija funkcioniše
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Osnovno stanje, |0i je karakterisano činjenicama da je

|0i : a|0i = 0, i E0 = 1

2
h̄w 6= 0. (8.4)

Hilbert-ov prostor (8.3b) je šematski prikazan na slici 8.1 (a), na str. 323. Pošto se svaka opservabilna
fizička veličina eF za linearni harmonijski oscilator može izraziti kao funkcija operatora a, a†, relacije (8.3a)
i (8.3c) su dovoljne da se izračuna svaki matrični element hn0| eF|ni:

eF =
•

Â
p,q=0

cp,q(a†)p(a)q
, hn0|(a†)p(a)q|ni =

⇢ Np,q dn0�p,n�q, q 6 n i p 6 n0
,

0 inače,
(8.5a)

Np,q =
q

n(n�1) · · · (n�q+1)| {z }
q

(n�q+1)(n�q+2) · · · (n�q+p)| {z }
p

. (8.5b)

Kažemo da je linearni harmonijski oscilator kompletno rešen.

8.1.2 Fermionsko proširenje
Dodajmo ovom oscilatoru stepen slobode predstavljen operatorima b, b†, za koje važi:

{b, b†} = 1 i {b, b} = 0 = {b†
, b†}, ) b2 = 0 = b†2

, (8.6)

[a, b] = 0, [a, b†] = 0, [a†
, b] = 0, [a†

, b†] = 0, (8.7)

i gde je hamiltonijan proširenog sistema

HLHO+ = 1

2
h̄w{a†

, a}+ 1

2
h̄ ew[b†

, b] = h̄
�
w a†a + ew b†b

�
+ 1

2
h̄(w � ew). (8.8)

Kao i u dobro poznatoj algebarskoj analizi linearnog harmonijskog oscilatora, pretpostavimo da ope-
rator b†b ima svojstvena stanja

b†b|ni f = n|ni f . (8.9)

Onda,

b†b
�
b†|ni f

�
= b†(1 � b†b)|ni f =

⇢ b†(1 � n)|ni f = (1 � n)
�
b†|ni f

�
,

b†|ni f � b†2 b|ni f =
�
b†|ni f

�
, b†2 ⌘ 0,

(8.10)

izračunato na dva različita načina, daje (1�n)b†|ni f = b†|ni f , odnosno n b†|ni f = 0, pa je

ili b†|ni f ⌘ 0, ili n = 0 i b†|0i f µ |1i f . (8.11)

Slično,

b†b
�
b|ni f

�
=

(
b†b2 b|ni f ⌘ 0, b2 ⌘ 0,

(1 � bb†)b|ni f = b(1 � b†b)|ni f = b(1 � n)|ni f = (1 � n)
�
b|ni f

�
,

(8.12)

izračunato na dva različita načina, daje (1�n)b|ni f = 0, pa je

ili b|ni f ⌘ 0, ili n = 1 i b|1i f µ |0i f . (8.13)

Konzistentno s ovim rezultatima imamo da je

b|0i f ⌘ 0, b†|0i f = |1i f , b|1i f = |0i f , b†|1i f ⌘ 0. (8.14)



H
va

la
na

pa
žl
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Osnovno stanje, |0i je karakterisano činjenicama da je

|0i : a|0i = 0, i E0 = 1

2
h̄w 6= 0. (8.4)

Hilbert-ov prostor (8.3b) je šematski prikazan na slici 8.1 (a), na str. 323. Pošto se svaka opservabilna
fizička veličina eF za linearni harmonijski oscilator može izraziti kao funkcija operatora a, a†, relacije (8.3a)
i (8.3c) su dovoljne da se izračuna svaki matrični element hn0| eF|ni:

eF =
•

Â
p,q=0

cp,q(a†)p(a)q
, hn0|(a†)p(a)q|ni =

⇢ Np,q dn0�p,n�q, q 6 n i p 6 n0
,

0 inače,
(8.5a)

Np,q =
q

n(n�1) · · · (n�q+1)| {z }
q

(n�q+1)(n�q+2) · · · (n�q+p)| {z }
p

. (8.5b)

Kažemo da je linearni harmonijski oscilator kompletno rešen.

8.1.2 Fermionsko proširenje
Dodajmo ovom oscilatoru stepen slobode predstavljen operatorima b, b†, za koje važi:

{b, b†} = 1 i {b, b} = 0 = {b†
, b†}, ) b2 = 0 = b†2

, (8.6)

[a, b] = 0, [a, b†] = 0, [a†
, b] = 0, [a†

, b†] = 0, (8.7)

i gde je hamiltonijan proširenog sistema

HLHO+ = 1

2
h̄w{a†

, a}+ 1

2
h̄ ew[b†

, b] = h̄
�
w a†a + ew b†b

�
+ 1

2
h̄(w � ew). (8.8)

Kao i u dobro poznatoj algebarskoj analizi linearnog harmonijskog oscilatora, pretpostavimo da ope-
rator b†b ima svojstvena stanja

b†b|ni f = n|ni f . (8.9)

Onda,

b†b
�
b†|ni f

�
= b†(1 � b†b)|ni f =

⇢ b†(1 � n)|ni f = (1 � n)
�
b†|ni f

�
,

b†|ni f � b†2 b|ni f =
�
b†|ni f

�
, b†2 ⌘ 0,

(8.10)

izračunato na dva različita načina, daje (1�n)b†|ni f = b†|ni f , odnosno n b†|ni f = 0, pa je

ili b†|ni f ⌘ 0, ili n = 0 i b†|0i f µ |1i f . (8.11)

Slično,

b†b
�
b|ni f

�
=

(
b†b2 b|ni f ⌘ 0, b2 ⌘ 0,

(1 � bb†)b|ni f = b(1 � b†b)|ni f = b(1 � n)|ni f = (1 � n)
�
b|ni f

�
,

(8.12)

izračunato na dva različita načina, daje (1�n)b|ni f = 0, pa je

ili b|ni f ⌘ 0, ili n = 1 i b|1i f µ |0i f . (8.13)

Konzistentno s ovim rezultatima imamo da je

b|0i f ⌘ 0, b†|0i f = |1i f , b|1i f = |0i f , b†|1i f ⌘ 0. (8.14)
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A kako  i  deluju? 
 

b b†

To znači da     pa  .(1−ν)b†|ν⟩f =b†|ν⟩f νb†|ν⟩f =0
Dakle, ili    ili    a   b†|ν⟩f =0 ν=0 b†|0⟩f ∝ |1⟩f
Slično, 
 

…pa je ili    ili    a  b|ν⟩f =0 ν=1 b|1⟩f ∝ |0⟩f
Stoga:

4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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Since n = 0, 1, 2, 3 . . . , it follows that the a†-excitations of the familiar linear harmonic
oscillator are not limited by Pauli’s exclusion principle, and so are identified as bosonic ex-
citations/particles. Since n = 0, 1, it follows that the b†-excitation obeys Pauli’s exclusion
principle, and so is identified as a fermionic excitation/particle with which the linear har-
monic oscillator is extended.

The Hilbert space of the so fermion-extended linear harmonic oscillator is sketched
in figure 8.1 (b), where the white nodes represent bosonic states and the black ones are
fermionic states. In that figure, ew = 4

5
w, so that the difference in the energies of the ground

state and the first fermionic excitation, |0, 1i, is 4

5
of the energy gap between the ground

state and the first bosonic excitation, |1, 0i.
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The energy of the ground state, |0, 0i, is
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h̄(w � ew). (8.16)

Since n = 0, 1, 2, 3 . . . , it follows that the a†-excitations of the familiar linear harmonic
oscillator are not limited by Pauli’s exclusion principle, and so are identified as bosonic ex-
citations/particles. Since n = 0, 1, it follows that the b†-excitation obeys Pauli’s exclusion
principle, and so is identified as a fermionic excitation/particle with which the linear har-
monic oscillator is extended.

The Hilbert space of the so fermion-extended linear harmonic oscillator is sketched
in figure 8.1 (b), where the white nodes represent bosonic states and the black ones are
fermionic states. In that figure, ew = 4
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w, so that the difference in the energies of the ground
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LHO: fermionsko proširenje
Kako supersimetrija funkcioniše



13

Dakle LHO+ osciluje i bozonski i fermionski:

Energija osnovnog stanja je sada  E0,0 = 1
2 ℏ(ω−ω̃)

Pošto (a†)2 ≠ 0, a†-modovi nisu podložni Pauli-jevom principu 
isključenja, i a†-oscilacije su bozonske ekscitacije.
Pošto (b†)2 = 0, b†-modovi jesu podložni Pauli-jevom principu 
isključenja, b†-modovi predstavljaju fermionske ekscitacije.

Sva stanja Σn Bn(t)∣n,0〉  su bozonska, a  Σn Fn(t)∣n,1〉  fermionska.
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Since n = 0, 1, 2, 3 . . . , it follows that the a†-excitations of the familiar linear harmonic
oscillator are not limited by Pauli’s exclusion principle, and so are identified as bosonic ex-
citations/particles. Since n = 0, 1, it follows that the b†-excitation obeys Pauli’s exclusion
principle, and so is identified as a fermionic excitation/particle with which the linear har-
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in figure 8.1 (b), where the white nodes represent bosonic states and the black ones are
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oscillator are not limited by Pauli’s exclusion principle, and so are identified as bosonic ex-
citations/particles. Since n = 0, 1, it follows that the b†-excitation obeys Pauli’s exclusion
principle, and so is identified as a fermionic excitation/particle with which the linear har-
monic oscillator is extended.

The Hilbert space of the so fermion-extended linear harmonic oscillator is sketched
in figure 8.1 (b), where the white nodes represent bosonic states and the black ones are
fermionic states. In that figure, ew = 4

5
w, so that the difference in the energies of the ground

state and the first fermionic excitation, |0, 1i, is 4

5
of the energy gap between the ground

state and the first bosonic excitation, |1, 0i.
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Just as in the well-known algebraic analysis of the linear harmonic oscillator, suppose
that the operator b†b (as it occurs in the Hamiltonian) has eigenstates

b†b |ni f = n|ni f . (8.9)

Then,

b†b
�
b†|ni f

�
= b†(1 � b†

d)|ni f =

⇢ b†(1 � n)|ni f = (1 � n)
�
b†|ni f

�
,

b†|ni f � b†2 b|ni f =
�
b†|ni f

�
, b†2 ⌘ 0,

(8.10)

computed in two different ways, produces the relation (1�n)b†|ni f = b†|ni f , i.e., n b†|ni f =
0, so that

either b†|ni f ⌘ 0, or n = 0 and b†|0i f µ |1i f . (8.11)

Similarly,

b†b
�
b|ni f

�
=

(
b†b2 b|ni f ⌘ 0, b2 ⌘ 0,

(1 � bb†)b|ni f = b(1 � b†b)|ni f = b(1 � n)|ni f = (1 � n)
�
b|ni f

�
,

(8.12)
computed in two different ways, produces the relation (1�n)b|ni f = 0, so that

either b|ni f ⌘ 0, or n = 1 and b|1i f µ |0i f . (8.13)

Consistently with these results, we have that

b|0i f ⌘ 0, b†|0i f = |1i f , b|1i f = |0i f , b†|1i f ⌘ 0. (8.14)

We define for the extended system:

|n, ni := |ni⌦|ni f , n = 0, 1, 2, 3, . . . n = 0, 1, (8.15a)

which defines the b, b†-extended Hilbert space:

HLHO+ :=
n
|n, ni : hn, n|m, µi = dn,mdn,µ, Â

n,n
|n, nihn, n| = 1

o
, (8.15b)

where n, n0 = 0, 1, 2, 3 . . . and n, n0 = 0, 1, and where the energy levels are given as:

HLHO+ |n, ni = En,n|n, ni, En,n = h̄
⇥
w(n + 1

2
) + ew(n � 1

2
)
⇤
. (8.15c)

The energy of the ground state, |0, 0i, is

E0,0 = 1

2
h̄(w � ew). (8.16)

Since n = 0, 1, 2, 3 . . . , it follows that the a†-excitations of the familiar linear harmonic
oscillator are not limited by Pauli’s exclusion principle, and so are identified as bosonic ex-
citations/particles. Since n = 0, 1, it follows that the b†-excitation obeys Pauli’s exclusion
principle, and so is identified as a fermionic excitation/particle with which the linear har-
monic oscillator is extended.

The Hilbert space of the so fermion-extended linear harmonic oscillator is sketched
in figure 8.1 (b), where the white nodes represent bosonic states and the black ones are
fermionic states. In that figure, ew = 4

5
w, so that the difference in the energies of the ground

state and the first fermionic excitation, |0, 1i, is 4

5
of the energy gap between the ground

state and the first bosonic excitation, |1, 0i.
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Dve slike vrede 2000 reči:

4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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1. For l 6= 0, the Hilbert space Hl 6=0 consists of wave-functions
that must decay asymptotically as exp{�a|f|3}, for f! ±•.

2. For l = 0, the Hilbert space Hl=0 consists of wave-functions
that must decay asymptotically as exp{�a|f|2}, for f! ±•.

Fermionsko-bozonski	
razmak	(jaz).
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Figure 8.1: A sketch of Hilbert spaces: (a) the linear harmonic oscillator, (b) its fermionic
extension with ew ⇡ 4

5
w, (c) its supersymmetric fermionic extension.

Definition 8.1 A symmetry is called supersymmetry if it: (1) maps bosonic states
into fermionic ones and vice versa, and (2) is generated by operators Q and Q† the
anticommutator of which contains the Hamiltonian H of the system.

Digression 8.3: The dimensions (units) of the quantum-mechanical supersymmetry generator
follow directly from (8.21), and are given as [Q] =

p
ML
T .

The system described by the creation and annihilation operators, a†
, b† and a, b re-

spectively, for which the (anti)commutation relations (8.3a) and (8.6)–(8.7) hold, and for
which the Hamiltonian is specified as (8.20) is the supersymmetric harmonic oscillator. In
the general case are the states represented by wave-functions, that are functions of time and
of the general form:

f(t) := Ân fn(t)|n, 0i, and y(t) := Ân yn(t)|n�1, 1i,
= Ân fn(t)

(a†)n
p

n!
|0, 0i, = Ân yn(t)

(a†)n�1b†p
(n�1)!

|0, 0i, (8.26)

where f(t) is a bosonic state and y(t) a fermionic one. Let B and F be the vector spaces
spanned by bosonic and fermionic wave-functions, respectively. Then the operators Q and
Q† map

Q �Q†
: B :=

n
Â
n

fn(t)|n, 0i
o

⌧ F :=
n

Â
n

yn(t)|n�1, 1i
o

, (8.27)

except for the ground state, |0, 0i, which both Q and Q† annihilate. The ground state thus
forms in the kernel of the supersymmetry mapping (8.27) [+ the lexicon entry for “ker-
nel,” in appendix C.1]. Since the mapping Q � Q† acts both ways, the kernel could—in
general—have both a bosonic and a fermionic component, so the precise statement is that:

�
f0(t)|0, 0i

 
= ker(Q �Q†) \B. (8.28)

The function f0(t)|0, 0i, as a special mode in the expansion (8.26), is often referred to as
the “zero mode.”
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Sa operatorima a, a†, b i b†, definišemo bilinearne operatore 
(b†a) i (a†b), i proverimo njihove komutatore:

Vidimo da se nešto interesantno dogodi kada su dve 
frekvencije podešene da se poklope:

Ovi operatori onda zatvaraju sledeće algebarske relacije:

Kao što:

8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:
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, (8.17a)
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The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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A kako Q i Q† deluju na  stanja?|n, ν⟩

To jest,  i  čine degenerisani bozon-fermionski par stanja 
za svako n = 0, 1, 2, …

|n+1,0⟩ |n,1⟩

…dok ∣0,0〉 ostaje nespareno, bozonsko, i sa energijom nula.

Supersimetrična stanja (po definiciji ) 
imaju energiju nula — i obratno.

Q |n, ν⟩=0=Q† |n, ν⟩

8.1. The Linear Harmonic Oscillator and its Extensions 385

Digression 8.2: By the way, there exist two distinct conventions for Hermitian conjugation:

1. the physicists’ rule [151, 60], where (XY)† = Y†X† regardless whether “X” and
“Y” are commuting or anticommuting objects,

2. the mathematicians’ rule [143, 100], where (XY)† = (�1)p(X)p(Y)Y†X† and where
p(X) = 0 for commuting X and p(X) = 1 for anticommuting X.

These rules coincide except for anticommuting (fermionic) objects, cy = �yc:

physicists’ rule: (yc)† = +c†y†
, = �y†c†

, (8.17a)

mathematicians’ rule: (yc)† = �c†y†
, = +y†c†

. (8.17b)

The product of two real fermions imaginary by the physicists’ rule, but real by the mathemati-
cians’ rule.

Herein, we stick with the physicists’ practice and rule.

8.1.3 The Supersymmetric Oscillator

With the operators a, a†
, b, b† we define the bilinear operators (b†a) and (a†b), for which we

compute:

[HLHO+ , b†a] = h̄( ew � w)b†a, [HLHO+ , a†b] = h̄(w � ew)a†b, (8.18)

[a†b, b†a] = a†a + b†b. (8.19)

This shows that the choice ew ! w gives a special case, when the operators:

H := h̄w(a†a + b†b), Q :=
p

2h̄w a†b, Q† :=
p

2h̄w b†a, (8.20)

define the so-called supersymmetry algebra the defining relations of which are:

{Q†
, Q} = 2H, [H, Q] = 0 = [H, Q†]. (8.21)

The last two relations show that the operators Q and Q† generate symmetries of this specially
tuned ( ew ! w) fermion-extended oscillator. The first relation identifies the operators Q and
Q† as square-roots of this specially tuned fermion-extended Hamiltonian H.

Finally, we compute

Q†|n+1, 0i =
q

2h̄w(n+1)|n, 1i, and Q|n, 1i =
q

2h̄w(n+1)|n+1, 0i, (8.22)
1

2

�
Q†

, Q
 
|n, ni = H|n, ni = h̄w(n+n)|n, ni, (8.23)

so that

En,n = h̄w(n+n). (8.24)

Thus, for every n = 0, 1, 2, 3 . . . , the states |n+1, 0i and |n, 1i form a degenerate pair of
states that the operators Q and Q† map one into another, as is shown int figure 8.1 (c).

It is now clear that the ground state, |0, 0i, is the only non-degenerate state and
that it has a vanishing energy; the spectrum in figure 8.1 (c) fully exhausts the Hilbert
space (8.15b) for this specially tuned ( ew = w) extended harmonic oscillator. The action
of the operators Q, Q† on the Hilbert space (8.15b) is manifestly a symmetry. With respect
to this symmetry, only the ground state |0, 0i is invariant, while for every n = 1, 2, 3 . . . ,�
|n+1, 0i; |n, 1i

�
is a boson-fermion pair of superpartner states, a so-called supermultiplet.
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4. this “bridge” closes before even light could pass through it;
5. there remain two separated regions, with a black hole each.
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LHO: fermionsko proširenje
Kako supersimetrija funkcioniše



svako je osnovno 
stanje globalni min(E).
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Supersimetrija u svim dimenzijama mora da sadrži:

pa je

…što je suma ne-negativnih doprinosa.
Stoga
S druge strane,

Supersimetrična stanja imaju energiju = 0.

392 Chapter 8. Supersymmetry: Boson-Fermion Unification

8.2.2 Additional (Super)Symmetry

The introductory form of supersymmetry, given in relations (8.21), and definition 8.1,
p. 386, suggest some simple generalizations.

On one hand, it is evidently possible to find systems with several pairs of supersymme-
try generators, e.g., proton- and neutron-ones in supersymmetric models of nuclear struc-
ture. Denote such replicas by Qi, Q†j, so that the defining relations (8.21) become

�
Q†i

, Q j
 
= di

j H,
⇥

H , Qi
⇤
= 0 =

⇥
H , Q†j ⇤

, i, j = 1, 2, · · · , N. (8.34)

Equivalently, it is possible to introduce a real basis

Qi := Qi + Q†i
, and QN+i := i

�
Q†i � Qi

�
, (8.35a)

�
QI , QJ

 
= 2dI J H,

⇥
H , QI

⇤
= 0, I, J = 1, 2, · · · , 2N, (8.35b)

and then generalize to a supersymmetric algebra (8.35b) with an odd number of real gen-
erators QI . In this real (Hermitian) basis, Q 2

I = H holds, and QI may literally be treated
as square-roots of the Hamiltonian. On the other hand, the supersymmetry algebra may
be defined starting with the relations (8.35b), including the case of an odd number of real
operators QI . The supersymmetry (8.34)–(8.35) is referred to as “2N-extended supersym-
metry.”

Superalgebras (8.34) and (8.35) may be further extended by adding bosonic operators
(with various possible actions upon the considered physical system), as well as by adding
commutation relations among these additional bosonic operators and the operators given
by (8.34), i.e., (8.35). For example, to the relations (8.35b) we may add a matrix of opera-
tors Z I J , so that (8.35b) are replaced with

�
QI , QJ

 
= 2dI J H + Z I J ,

⇥
H , QI

⇤
= 0, I, J = 1, 2, · · · , 2N, (8.36)

where

dI JZ I J = 0,
⇥
QI , Z JK

⇤
= 0 =

⇥
H , Z I J

⇤
,

⇥
Z I J , ZKL

⇤
= 0, (8.37)

which represents a central extension of the superalgebra (8.35b). On the other hand, the
last group of commutation relations, [Z I J , ZKL] = 0, may also be replaced by

⇥
Z I J , ZKL

⇤
= f I J KL

MNZMN , (8.38)

so that the operators Z I J generate some nontrivial Lie algebra [+ appendix A]. The phys-
ical meaning of some of the operators Z I J may well be spacetime (such as translations,
rotations and Lorentz boosts), in which case at least some of the commutators [H, Z I J ] be-
come non-vanishing. The remaining Z I J ’s may generate “internal” symmetries such as the
gauge symmetries corresponding to changes in the phases of complex wave-functions, weak
isospin and color in the Standard Model. In the equations (8.36)–(8.38), it was assumed
that [Z I J ] = [H] = ML2

T2
, so that [ f I J KL

MN ] has these same dimensions (units). In a concrete
application, this may well need to be modified by introducing appropriate constants (h̄, c,
etc.) in these equations.
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however express the values of the fields f(x) and Y+(x) in any point in spacetime with
values of those fields in infinitesimally nearby points and so describe dynamical (continually
propagating) fields. A detailed analysis of the physical degrees of freedom then shows that
all states in the Hilbert space (except for the ground states, with a vanishing energy) occur
in boson-fermion pairs, generalizing the situation shown in figure 8.1 (c), on p. 386.

In so constructed models the result (8.24) guarantees that the equivalent computation
for the vacuum energy gives Evacuum = 0. This, in fact, is a direct (and so universal)
consequence of the algebra (8.34), and up to a factor c�1 also (8.51) [+ digression 8.6,
p. 396], where

Â
i
{Q†i

, Qi} = NH, since Tr[di
j] = N, (8.60)

and where it is easy to show that the left-hand side is non-negative. The algebraic details
of all consistent generalizations of supersymmetry—as long as the trace of the coefficient in
front of the Hamiltonian (di

j) on the right-hand side of (8.34) positive—guarantees the non-
negativity of the Hamiltonian spectrum, so that hH i > 0 is a universal result in all (rigidly)
supersymmetric theories.

Supersymmetric States, Supersymmetry Breaking and Details

The states |Wi with vanishing energy, for which hW|H |Wi = 0, must in turn satisfy

0 = hW|H|Wi =
D

W
�� 1

N Â
i

�
Q†i

, Qi
 ��W

E
= 1

N Â
i

n
hW

��Q†i Qi
��Wi+ hW

��Qi Q†i��Wi
o

,

= 1

N Â
i

n��Qi|Wi
��2 +

��Q†i|Wi
��2
o

, (8.61)

which is a sum of non-negative contributions, so each must vanish separately, whereupon

and Qi|Wi = 0, and Q†i|Wi = 0. (8.62)

From there, it follows that

Ue,e|Wi = |Wi, Ue,e := exp
�
� i(e·Q + e†·Q†)

 
, (8.63)

whereby the states |Wi are supersymmetric, i.e., unchanged under the supersymmetry trans-
formation.

There may exist several supersymmetric states, and even continuously many. In the
general case, when the bosonic (fermionic) states form a space VB (i.e., VF), the Witten
index is given by the relation

iW := cE(VB)� cE(VF), (8.64)

where cE(X ) is the Euler characteristic of the space X , and which reduces to the previous
definition (8.29) since the Euler characteristic of a point equals cE(·) = 1—and which also
holds for any space that contracts (continuously) to a point, such as Rn and Cn.

From this analysis it follows that the Hilbert space of every supersymmetric model can
only consist of:
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[Q] =
q

ML
T , [P] = [Z] = ML

T , [L] = 0. P0 = �H/c.

LKGB = 1
2 hµn(∂µf)(∂nf)� 1

2
�mc

h̄
�2

f2 = 1
2c2

.
f2 � 1

2
⇥
~r2 +

�mc
h̄
�2⇤

f2.

H|Wi = 0 , Qi|Wi = 0 = Q
†i|Wi.
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Nenegativnost
Zašto je supersimetrija neophodna
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Spontano narušenje superimmetrije
Ako je Hamilton-ovo dejstvo supersimetrično
ali nema supersmetričnog osnovnog stanja
Mogućnost je otkrio O’Raifeartaigh:
zahteva ≥ 3 kompleksna (spin-0 | spin-½) parova polja/čestica
i vrlo, Vrlo, VRLO specifičan izbor potencijala (mase i interakcije)

Posredovano narušenje superimmetrije
Dinamički efekat u nekom sub-sektoru modela
…indukuje narušenje supersimetrije

Eksplicitno narušenje supersimetrije
Dodavanje “rukom” članova koji krše supersimetriju
Lagranžijani sa jednakim brojem i masom slobodnih čestica su 
automatski supersimetrični
pa dakle, interakcije narušavaju supersimetriju

Narušenje
Zašto je supersimetrija neophodna



U opštem, n-dimenzionom prostor-vremenu:

Dimenziono redukujemo do samo vremena:

Na svetskoj liniji, imamo (za I = 1,…,N ):

…dok rotacije i boost-ove posmatramo kao “spoljne” simetrije, 
da bi ih povratili kasnije.
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ĤEM =
�

m

�⇤m

⇤
â†
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⌅ �
⌅⌦⇥ ⌅⇤m(⌅r )

⇥
. (5)

Evacuum =
�

m

�
1
2�⇤m

⇥
. (6)

Ĥ = �⇤
�
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onda,	kasnije,	rekonstruišemo	rotacije	i	boost-ove.

D

IL

H

G F

Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.
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â† , â
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â†

m(t) âm(t) + 1
2

⌅
, ⌅B ⌥⌅

↵
m ic

�
2⇥�
⇤m

⇤
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Opšta slika
Kako proučavati supersimetriju



orb
ita

Off-shell supermultipleti

Sa N supersmetrija, pravimo supermultiplete:

Tako je ( 3 | 4I | 3[IJ] | 4[IJK] | … | 3[I1…IN] )  supermultiplet.
To je takodje zatvorena Q-orbita, označena ∧Q((t)).
Pošto je [Q] = (H)½, polja iz različitih “slojeva” imaju 
različite fizičke jedinice. ∴ ℤ-“raslojena” dimenzija.

Subtitle
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Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.

Table 1: A hierarchical view of these classifying endeavors. �

⇧± = ⇧0 ±
⌅

d⇥

⌅
d⇥ ⇧1234 (29)

⇤
QI , QJ } = 2 �IJ H

�
H , QI

⇥
= 0 (QI)

† = QI (30)

⇤ = ⇤(t) ⌅I := QI(⇤) ⇤[IJ ] := QI(⌅J) = Q[IQJ ](⇤) (31)

4

Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.

Table 1: A hierarchical view of these classifying endeavors. �

⇧± = ⇧0 ±
⌅

d⇥

⌅
d⇥ ⇧1234 (29)

⇤
QI , QJ } = 2 �IJ H

�
H , QI

⇥
= 0 (QI)

† = QI (30)

⇤ = ⇤(t) ⌅I := QI(⇤) ⇤[IJ ] := QI(⌅J) = Q[IQJ ](⇤) (31)
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Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.

Table 1: A hierarchical view of these classifying endeavors. �

⇧± = ⇧0 ±
⌅

d⇥

⌅
d⇥ ⇧1234 (29)

⇤
QI , QJ } = 2 �IJ H

�
H , QI

⇥
= 0 (QI)

† = QI (30)

⇤ = ⇤(t) ⌅I := QI(⇤) ⇤[IJ ] := QI(⌅J) = Q[IQJ ](⇤) (31)

4

:	početno	komponentno	polje

:	drugi	“sloj”
:	treći	“sloj”

itd.

Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.

Table 1: A hierarchical view of these classifying endeavors. �

⇧± = ⇧0 ±
⇧

d⇥

⇧
d⇥ ⇧1234 (29)

⇤
QI , QJ } = 2 �IJ H

�
H , QI

⇥
= 0 (QI)

† = QI (30)

⇤ = ⇤(t) ⌅I := QI(⇤) ⇤[IJ ] := QI(⌅J) = Q[IQJ ](⇤) (31)

QI QJ = 1
2

�
QI , QJ

⇥
+ 1

2

⇤
QI , QJ

⌅
= Q[IQJ ] + �IJ H (32)
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Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.

Table 1: A hierarchical view of these classifying endeavors. �

⇧± = ⇧0 ±
⇧

d⇥

⇧
d⇥ ⇧1234 (29)

⇤
QI , QJ } = 2 �IJ H

�
H , QI

⇥
= 0 (QI)

† = QI (30)

⇤ = ⇤(t) ⌅I := QI(⇤) ⇤[IJ ] := QI(⌅J) = Q[IQJ ](⇤) (31)
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⇥
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⇤
QI , QJ

⌅
= Q[IQJ ] + �IJ H (32)
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Hierarchy Condition Comment

Kingdom All supersymmetry (incl. none),

in all spacetimes

This is the ‘kingdom’ of all possible theories,

in any spacetime, with any amount of

supersymmetry

Phylum (1, 1|p, q)-supersymmetry,

p, q = 0, 1, . . .

This dimensional reduction seems to capture

all that is known in dimensions ‘above’.

Class (1|N)-supersymmetry,

N = 0, 1, . . .

It has been conjectured that this dimensional

reduction may also capture all that is known

in dimensions ‘above’.

Order (1|N)-supersymmetry, N fixed Classi�cation of all possible topologies of en-

gineerable Adinkras

Family Same topology The ‘hanging gardens theorem’ make the

Adinkras and their superfield images into

relatives.

Genus G-Equivariant Here, G � SU(N); bigger groups are of course

possible.

Species Identical supersymmetry-

and G-action

Members of a species are ‘identical’ represen-

tations of supersymmetry.

Table 1: A hierarchical view of these classifying endeavors. �

⇧± = ⇧0 ±
⇧

d⇥

⇧
d⇥ ⇧1234 (29)

⇤
QI , QJ } = 2 �IJ H

�
H , QI

⇥
= 0 (QI)

† = QI (30)

⇤ = ⇤(t) ⌅I := QI(⇤) ⇤[IJ ] := QI(⌅J) = Q[IQJ ](⇤) (31)

QI QJ = 1
2

�
QI , QJ

⇥
+ 1

2

⇤
QI , QJ

⌅
= Q[IQJ ] + �IJ H (32)
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(digresija)

( = iℏ∂τ)



Supermultiplete možemo predstaviti grafički: 
 
 

Ovo prikazuje jednostavnu N = 1 supersimetriju, upareni 
bozon (beo čvor) i fermion (crni čvor).
Za N = 2, ovo se uopštava
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explains the choice of brackets in (6.10)–(6.11). One may also reassemble the component fields into
the θ-expansions:

Φ = φ + i θ ψ , (6.12)

Λ = λ + θ B , (6.13)

The supersymmetry transformation rules on component fields are extracted by projecting the
component equations of δQ(ε)Φ = −iε QΦ and δQ(ε)Λ = −iε QΛ, and are shown here together

with the corresponding Adinkras:

δQ φ = i ε ψ

δQ ψ = ε φ̇

}

⇔ , (6.14)

and
δQ λ = ε B

δQ B = i ε λ̇

}

⇔ . (6.15)

These transformation rules are of course identical to (2.3) and (2.4), respectively. Here, we have

rendered the Adinkras using the hanging garden convention, according to which all arrows point
upward 5.

Note that the irreducible scalar and spinor superfields defined above can be defined in superspace
modulo an overall multiplicative phase factor. For instance, the definitions (6.10)–(6.11) and the

expansions (6.12)–(6.13) may be generalized into

Φα = ei α
(

φ + i θ ψ
)

(6.16)

Λα = ei α
(

λ + θ B
)

. (6.17)

The original definitions correspond to the choice α = 0. The supersymmetry transformation rules for
the component fields, extracted as above, are independent of the constant α, whence the members

of such 1-parameter families of superfields are considered equivalent. Regardless of the value of α, it
is possible to choose φ and B to be real bosons, and ψ and λ to be real fermions, so that Φα and Λα

may be regarded as real superfields. Thus, in all depictions of the representation of supersymmetry:
by component fields, by Adinkras, or as superfields, the constant α is irrelevant. Similarly, we

can redefine the sign of each component field separately, inducing appropriate sign changes in the
component transformation rules, but without changing their overall structure. Finally, we may
specify a superfield as an ordered sequence of its component fields, listing them by non-decreasing

engineering dimensions, with groups of equal engineering dimension and statistics separated by
semicolons, as in Φ = (φ; ψ) and Λ = (λ; B), understanding that the component fields are functions

of time.
5It is a standard practice in the physics literature to organize lists of component field supersymmetry trans-
formation rules with the rules for “lower” component fields (with smaller engineering dimension) at the
top of the list, and the rules for increasingly “higher” components beneath this. This convention has been
used in (6.14) and (6.15), for instance. The hanging garden convention is relatively inverted, however, since
Adinkra vertices corresponding to “higher” component fields are thereby placed accordingly higher. For
example, the lower, white vertex in the Adinkra (6.14) corresponds to the bosonic field φ, while the upper,
black vertex in this same Adinkra corresponds to the fermion ψ.
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6.3.1 The Scalar and the Spinor Superfields

We start with an otherwise unconstrained N = 2 superfield, U, the components of which we define
by invariant projections

u := U| , iχI := DI U| , and iU := 1
2ε

IJDJDI U| . (6.36)

Note the reverse ordering of the superderivatives in the projection operators, in agreement with the

definition (6.7). As in the N = 1 case, these can be reassembled into the θ-expansion:

U = u + i θI χI + 1
2 i εIJ θI θJ U , (6.37)

where u and U are each real bosons, and χI is an SO(2) doublet of real fermions. Component
transformation rules can be determined from (6.37) by extracting the components of δQ(ε) U =

−iεI QI U. In this way, we determine

δQ u = i εI χI ,

δQ χI = εIJ εJ U + δIJ εJ u̇ ,

δ U = −i εIJ εI χ̇J .

(6.38)

These transformation rules readily translate into the following Adinkra (edges point upwards)

. (6.39)

Here, the upper-most bosonic vertex corresponds to the field U , the pair of fermionic vertices
correspond to the SO(2) fermion doublet χI , and the lower-most vertex corresponds to the field u.

We have used the “hanging garden” depiction of this Adinkra, whereby arrows are suppressed, since
all arrows implicitly point upward. We also partition the edges: edges of the same color represents

the action of the same supersymmetry generator, one for Q1 another for Q2. It was also possible here
to make edges in the same partition parallel to each other. Note that the system of transformation

rules (6.38) is identical to (2.6), and the Adinkra (6.39) is equivalent to the Adinkra (2.5), although
here we have represented this Adinkra as a hanging garden.

A fermionic analog of (6.37), known as the real N = 2 spinor superfield, is given by

B = β + θI BI + 1
2 i εIJ θI θJ ϕ (6.40)

where β and ϕ are real fermions and BI is an SO(2) doublet of real bosons. The component
transformation rules, determined by computing δQ B and extracting the components, are

δQ β = εI BI ,

δQ BI = i εIJ εJ ϕ + i δIJ εJ β̇ ,

δQ ϕ = −εIJ εI ḂJ ,





⇔ . (6.41)

Notice that this Adinkra can be obtained from the previous one by performing a Klein flip, by
replacing all bosonic vertices with fermionic vertices, and vice versa.
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There actually is an additional specificity involved in translating an Adinkra symbol into trans-
formation rules. This involves the identification of whether or not an additional minus sign should
be added to the right-hand sides in (2.3) and/or (2.4), a freedom which was mentioned above. This

choice is encoded in a so-called “arrow parity”, which is described more fully in Ref. [6]. This issue
does pose certain restrictions, which are readily resolved, when these elemental N = 1 Adinkras are

linked together to form more intricate Adinkras associated with higher-N supersymmetry. The re-
sults of this paper can be comprehended without our explicitly specifying this extra data, however.

As a matter of economy, the issue of arrow parity will be largely suppressed in this paper.

Individual N = 1 Adinkras can be combined to form higher-N Adinkras, by using additional

arrows to represent additional supersymmetries. In such a way one can construct Adinkras to repre-
sent arbitrary N superalgebras. One can keep track of the separate supersymmetries by maintaining
a partitioning system for the arrows; herein we will use colors. In Ref. [6], the partitioning was

arranged by embedding such an Adinkra into an N -dimensional Euclidean space, such that arrows
corresponding to distinct supersymmetry generators are directed with mutually orthogonal orienta-

tions. This orthogonality in depicting Adinkras reflects the ‘orthogonality’ of the correspondingly
distinct supersymmetry generators: {QI , QJ} = 0 for I != J .

Consider the following N = 2 Adinkra,

. (2.5)

The white vertices again represent bosonic fields and the black vertices represent fermionic fields. To
read off the transformation rules associated with this Adinkra, we assign to the lowest and topmost
bosonic (white) vertices, the names u and U , respectively. To the left and right fermionic (black)

vertices we assign the names χ1 and χ2, respectively. If each pair of parallel arrows describes one of
two supersymmetries, one parameterized by ε1 and the other by ε2. Then this diagram translates,

using the precise rules described in Ref. [6] or by iterating those given in the displays (2.3) and (2.4),
into the following corresponding transformation rules,

δQ(ε) u = i εI χI

δQ(ε) χI = εIJ εJ U + εI u̇ ,

δQ(ε) U = −i εIJ εI χ̇J ,

(2.6)

where I = 1, 2, εIJ is the two-dimensional Levi-Civita symbol with ε12 = ε12 = 1 = −ε21, and
where a dot represents a time derivative, e.g., u̇ := ∂τ u. Notice that {QI , QJ} = 0 for I != J
implies that the graph (2.5) must be understood as an anticommuting diagram: both successive

operations, Q1Q2 and Q2Q1 will transform the field represented by the bottom white circle into
the field represented by the top one, but there will be a relative sign difference in the results. This

is equivalent to the observation made in Ref. [6], that product of all signs in the transformation
rules (2.6) around square (2.5) must be minus one.

Different N = 2 multiplets correspond to different choices of arrow directions on square-shaped
Adinkras similar to the one shown above. Various “duality” maps, inter-connecting the distinct

6
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Za N = 4, medjutim, nešto interesantno se dogodi.
Ovo su dve adinkre sa različitim topologijama:

…i, B242 ≃ F14641/[1111],

gde je [1111] → kod za rel. “Q11Q21Q31Q41 ≃ ±∂τ2”,
Za N ≥ 4, [b1,…,bN]: duplo-parni binarni kod.
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6. For each component c of U, and every integer � in {1, . . . ,M}, construct Pc,� and determine

m�(c) as in Proposition 7.5.

7. For each component c and pair of distinct integers �, ⇥ in {1, . . . ,M}, with m�(c) � m⇥(c),

write down the superdi�erenital constraint

Pc,�F� = ⇧
m�(c)�m⇥(c)
⇤ Pc,⇥Fj (7.42)

8. The superfield multiplet (F1, . . . , FM) subject to the above constraints (7.42) has A for its

Adinkra.

Remark 7.1: The system (7.42) is most often redundant: several of the constraints in the system

may follow from others, upon an application of some superderivative DI .

Since various arrays of superderivatives of U correspond to each Adinkra in a family, U is called

the underlying superfield of this family.

7.3 Topology

Although much of the setup to Theorem 7.6 was through the unconstrained superfields which have

cubical topology, 11 it is straightforward to see that the above algorithm continues to work as long

as every one-source Adinkra with that topology is the adinkra for some set of superfields whose

specification is in terms of superderivative constraints.

The question is whether this always happens for an Adinkra that describes d = 1 supersymmetry

with no central charge. For instance, for N = 4, it turns out that there are two distinct topologies

that an Adinkra can have:

. (7.43)

In this case, the right-hand Adinkra can be obtained from the left-hand one via: raising the lowest

and lowering the highest vertex, and then imposing a pairwise, horizontal identification of vertices.

As it turns out, this Adinkra, though it is not cubical, is the dimensional reduction of the standard

d = 4, N = 1 chiral superfield, which is a superfield under the superderivative constraint D̄�̇U =

0. [9] This suggests that perhaps at least some of these cases of non-cubical topology will be

describable in terms of superderivative constraints.

Adinkras that describe d = 1 supersymmetry with no central charge turn out to be obtained by

quotients of such cubical topologies by imposing a sequence of certain two-to-one identifications.

11Recall from Section 3 that an N -cubical topology is the graph of [0, 1]N .
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Klasifikacija
Kako proučavati supersimetriju



[N,k]: k binarnih vektora dužine N: vi = [b1,…,bN] sa 
Hamming-ovom težinom = 4n (tj., 4n ‘1’ u svakom vi) 
Relativni ugao: (v1·v2) = 2n 
To su kodovi koji detektuju 2 greške, a ispravljaju jednu. 
N × k matrica kodira, a njena (levo-) inverzna dekodira

Svaki [N,k]-kod je subkod nekog [N,κ(N)]-koda.

Za N ≥ 8, lanac subkodova nije više jedinstven/linearan.
Klasifikujemo maksimalne detekciono-ispravljajuće kodove, 
pa onda i mreže subkodova.
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plus
µ̂1 ⌅ µ̂4 = µ[1368] , µ̂2 ⌅ µ̂4 = µ[1458] , µ̂3 ⌅ µ̂4 = µ[12345678] ,

µ̂1 ⌅ µ̂2 ⌅ µ̂4 = µ[2358] , µ̂1 ⌅ µ̂3 ⌅ µ̂4 = µ[5678] , µ̂2 ⌅ µ̂3 ⌅ µ̂4 = µ[3478] ,

µ̂1 ⌅ µ̂2 ⌅ µ̂3 ⌅ µ̂4 = µ[1278] ,
(12)

also satisfy the above requirements. Extending thus the previous procedure,
we now have the following seven inequivalent topologies:

� I8, (I4⇤D4), (D4⇤D4), (I2⇤D6), D8, (I1⇤E7) and, finally,
E8 :=

��
((I6/µ̂1)/µ̂2)/µ̂3

⇥
/µ̂4

⇥
.

Notice the ‘new’ construction, (D4⇤D4), which uses the facts that:
1. I8 = I4

1234⇤I4
5678—the 8-cube is the direct product of the 4-cube gener-

ated by Q1, · · · , Q4 and I4
5678 generated by Q5, · · · , Q8;

2. µ̂1 operates exclusively within I4
1234 ⌃ I8, and the combined reflection

(µ̂1 ⌅ µ̂3 ⌅ µ̂8) exclusively within I4
5678 ⌃ I8.

Thus, D4⇤D4 := (I4/µ̂1)⇤(I4/(µ̂1 ⌅ µ̂3 ⌅ µ̂8)).
The notation “(D4⇤D4)” does not preclude monomials that contain QI ’s from
among both Q1, · · · , Q4 and Q5, · · · , Q8. Instead, it means that it is possible to
generate the entire collection of these monomials from the two disjoint sets, {µ[1234]}
and {µ[5678]}. So, in fact, the full set is (D4⇤D4) = {1l, µ[1234], µ[5678], µ[12345678]},
and indeed may also be generated by the non-disjoint µ[5678] and µ[12345678], say.
While this does not obstruct the identification of the set as (D4⇤D4), since it can
be generated from the disjoint {µ[1234]} and {µ[5678]}, it does point to an ambiguity
which makes is di⌅cult to identify mutually commuting monomial sets each given
in terms of a generating set only.

Although we have examined only the few lowest-N cases, it is obvious that
there is an upper limit on how many mutually commuting 4n-omials can be found,
constructed from a fixed number, N , of QI ’s. We give here a recursive definition
of this function:

⇥(N) :=

⇧
�⌥

�⌃

0 for 0 ⇧ N < 4;
⇤ (N�4)2

4

⌅
+ 1 for N = 4, 5, 6, 7;

⇥(N�8) + 4 for N > 7, recursively.

(13)

and refer to the literature [13,12] for proofs.
Finally, the topologies obtained by using µ̂j-projection operators from two mutu-

ally commuting sets that are related by QI - and µ̂j-permutations are indistinguish-
able. We thus proceed to classify the di�erent types of such iterated Z2-quotients
up to QI - and µ̂j-permutations.

2. Reformulations of the Problem. The recursive procedure started in sec-
tion 1.3 is fairly clear and intuitive. It may be summarized as the following algo-
rithm:

1. Find all inequivalent maximal sets, S�, of mutually commuting doubly-even
QI -monomials,

2. For each S�, construct the power-set, P (S�), of all products of QI -monomials
within S�, then identify those elements of P (S�) which are equivalent up to
QI - and µ̂j-permutations; call this set P⇥(S�).

3. Construct all iterated quotients of the form (IN/µ̂�,j), for µ̂�,j ⌥ P⇥(S�).

Otkud sad to?!
Kako proučavati supersimetriju
Duplo parni binarni kodovi



Prvih osam maksimalnih DPB kodova: 
 
 
 

…i subkodovi:
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CODES, GRAPHS AND SUPERSYMMETRY 11

I1 I2 I3 D4 I1⇥D4 D6 E7 E8

1111 0 1111 00 1111
11 1100

000 1111
011 1100
101 0101

0000 1111
0011 1100
1111 0000
0101 0101

Figure 1: The tetragons representing the binary [N, ⇤(N)]-codes’ generator sets
for 1 ⇤ N ⇤ 8.

o� the graphs by identifying the nodes as binary digits, following the pattern:

1 3 5 7 · · ·
2 4 6 8 · · · (26)

Initially, the code-words themselves are given underneath the graphs, inked in a
color that corresponds to the tetragons in the graphs. Note that the blue tetragon
is depicted as a straight line, present in the E7 and E8 graphs, whereas the red,
green and yellow ones are squares; this appearance is of course immaterial. There
are also many other depictions of the same and equivalent colored subsets; the
essential is, however, the adherence to Eq. (17).

Also, for each N , the generator sets of the maximal codes are presented. This
then corresponds to a maximal iterated Z2-quotient of IN ; ‘intermediate’ topologies
are obtained by dropping one or more of the generators, i.e., binary vectors, i.e.,
Z2 quotients from the iteration.

Combining the well known fact [15] that binary [N, k]-codes can be obtained
from binary [N �, k]-codes by puncturing when N � = N+1 and the above results,
we see that all binary doubly-even [N, k]-codes with N ⇤ 32 and k ⇤ ⇤(N) may
be obtained one from another, and so form a tree: one starts from the empty code,
which is the case for

N = 1 : [1, 0] = [0] , N = 2 : [2, 0] = [00] , N = 3 : [3, 0] = [000] , (27)

and obtains the first non-empty code at

N = 4 : [4, 0] = [0000] ⌅ [4, 1] =
�
0000
1111

⇥
, (28)

with the empty code its subset. To conserve space, we revert to only listing a
generator set rather than the full code. Adopting the notation [G]Nk , where G is
the generator set of a code, we have the initial stages of our tree of codes, based on

Ne-jedinstvenost 
(+ne-linearnost) 
mreže 
subkodeova.

CODES, GRAPHS AND SUPERSYMMETRY 13

N
1 2 3 4 5 6 7 8

I1

(1;1)
I2

(2;2)
I3

(4;4)
I4

(8;8)
I5

(16;16)
I6

(32;32)
I7

(64;64)
I8

(128;128)

D4

(4;4)
I1�D4

(8;8)
I2�D4

(16;16)
I3�D4

(32;32)
I4�D4

(64;64)
A8

(64;64)

D6

(8;8)
I1�D6

(16;16)
D4�D4

(32;32)
I2�D6

(32;32)

E7

(8;8)
D8

(16;16)
I1�E7

(16;16)

E8

(8;8)

I8

��⇥ ⌃⌃⌥
I4�D4 A8

⇧ ⇤⇤⌅ ⇧
D4�D4 I2�D6

⇧ ⇤
⇤⇤⌅ ⇧

I1�E7D8

⌃⌃⌥ ��⇥
E8

Table 1: The ‘fundamental’ indecomposable (1|N)-supermultiplet families for 1 �
N � 8, indicated by their Adinkra topology label and the number of bosons and
fermions. To the right is the pattern of quotient iterations for N = 8, the lowest
case where this is not linear.

indecomposable representations with which to construct other ones is increasingly
larger as N grows8.

For example, let X be a (1|4)-supermultiplet with the D4 topology, and Y the
direct sum of two (1|4)-supermultiplets with the I4 topology. Using the hanging
garden theorem of Ref. [1], the bosons and the fermions may be redefined so that,
in order of increasing engineering dimension, their numbers are: (2; 4; 2) for X, and
(2; 8; 12; 8; 2) for Y . It is now possible to define the (1|4)-supermultiplet Y /X with
(0; 4; 10; 8; 2) independent component fields, having gauged away the lowest (2; 4; 2)
component fields of Y by X. This is the cokernel of a supersymmetry-preserving
map X ⇤ Y .

Alternatively, we may shift the engineering dimensions of X, so its top com-
ponent is on par with the top component of Y ; denote this X �. We may then
constrain Y to the kernel of a supersymmetry-preserving map Y ⇤X �, which has
(2; 8; 10; 4; 0) independent component fields. This in fact fits the usual definition of
a complex-linear superfield from (4|1)-supersymmetry, where the map is provided
by the quadratic superderivative D̄�̇D̄�̇: a complex-linear supermultiplet � ⇥ Y
is defined to satisfy D̄�̇D̄�̇� = 0, this being the kernel of D̄�̇D̄�̇Y ⇤X �.

Quite clearly, this provides for a recursive explosion of (1|N)-representations,
foreshadowed in Ref. [1], which presents a semi-infinite sequence of such, ever-larger
representations of the lowest non-trivial (1|3)-supersymmetry.

8By sharp contrast, Lie algebras have a finite number of ‘fundamental’ representations fixed
per type: for all n, An has the complex (n+1)-vector and its conjugate, Bn the (pseudo-)real 2n-
spinor, Cn the pseudo-real 2n-vector, Dn the two 2n�1-spinors, and G2, F4, E6, E7 and E8 their
7,- 26,- 27,- 56- and 248-dimensional representations. All other representations are obtained from
these as (iterated) kernels and cokernels of maps between tensor products of these ‘fundamental’
representations.

Kako proučavati supersimetriju
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su	(dobro	poznate)	jedine	dve	
parne,	unimodularne	rešetke

Sledeći maksimalni DPB kodovi, za 8 < N ≤ 14:

…i N = 15, 16:
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2.5. 9 � N � 16. Without further ado, we find:

N = 9

E8�I1

N = 10

E8�I2

D10

N = 11

E8�I3

D10�I1

D4�E7

N = 12

E8�D4

D12

N = 13

E8�D4�I1

D12�I1

D6�E7

E13

N = 14

E8�D6

D14

E7�E7

E14

(31)

for N ⇥ [9, 14], each column with a fixed, indicated N , and which correspond to
the codes indicated in Table 2.

N = 9 N = 10 N = 11 N = 12 N = 13 N = 14

I1�E8
0 00001111
0 00111100
0 11110000
0 01010101

I2�E8
00 00001111
00 00111100
00 11110000
00 01010101

I3�E8
000 00001111
000 00111100
000 11110000
000 01010101

D4�E8
0000 00001111
0000 00111100
0000 11110000
0000 01010101
1111 00000000

I1�D4�E8
00000 00001111
00000 00111100
00000 11110000
00000 01010101
01111 00000000

D6�E8
000000 00001111
000000 00111100
000000 11110000
000000 01010101
001111 00000000
111100 00000000

D10
0000001111
0000111100
0011110000
1111000000

I1�D10
0 0000001111
0 0000111100
0 0011110000
0 1111000000

D12
000000001111
000000111100
000011110000
001111000000
111100000000

I1�D12
0 000000001111
0 000000111100
0 000011110000
0 001111000000
0 111100000000

D14
00000000001111
00000000111100
00000011110000
00001111000000
00111100000000
11110000000000

E7�D4
0000000 1111
0001111 0000
0111100 0000
1010101 0000

E7�D6
0000000 001111
0000000 111100
0001111 000000
0111100 000000
1010101 000000

E7�E7
0000000 0001111
0000000 0111100
0000000 1010101
0011110 0000000
1111000 0000000
1010101 0000000

E13
0000000001111
0000000111100
0000011110000
0001111000000
1110101010101

E14
00000000001111
00000000111100
00000011110000
00001111000000
00111100000000
11010101010101

Table 2: The code-bases corresponding to the graphs (31), headed with the names
of the corresponding Cli�ordinkras.

N = 9 N = 10 N = 11 N = 12 N = 13 N = 14

I1�E8

0 00001111
0 00111100
0 11110000
0 01010101

I2�E8

00 00001111
00 00111100
00 11110000
00 01010101

I3�E8

000 00001111
000 00111100
000 11110000
000 01010101

D4�E8

0000 00001111
0000 00111100
0000 11110000
0000 01010101
1111 00000000

I1�D4�E8

00000 00001111
00000 00111100
00000 11110000
00000 01010101
01111 00000000

D6�E8

000000 00001111
000000 00111100
000000 11110000
000000 01010101
001111 00000000
111100 00000000

D10

0000001111
0000111100
0011110000
1111000000

I1�D10

0 0000001111
0 0000111100
0 0011110000
0 1111000000

D12

000000001111
000000111100
000011110000
001111000000
111100000000

I1�D12

0 000000001111
0 000000111100
0 000011110000
0 001111000000
0 111100000000

D14

00000000001111
00000000111100
00000011110000
00001111000000
00111100000000
11110000000000

E7�D4

0000000 1111
0001111 0000
0111100 0000
1010101 0000

E7�D6

0000000 001111
0000000 111100
0001111 000000
0111100 000000
1010101 000000

E7�E7

0000000 0001111
0000000 0111100
0000000 1010101
0011110 0000000
1111000 0000000
1010101 0000000

E13

0000000001111
0000000111100
0000011110000
0001111000000
1110101010101

E14

00000000001111
00000000111100
00000011110000
00001111000000
00111100000000
11010101010101

Table 2: The code-bases corresponding to the graphs (31), headed with the names of the corre-

sponding Cli�ordinkras.

Finally, for N = 15, 16, we find:

N = 15

E8�E7

E15

N = 16

E8�E8

E16

(32)

which correspond to the codes in Table 3.

N = 15 N = 16

E7�E8

0000000 00001111
0000000 00111100
0000000 11110000
0000000 01010101
0001111 00000000
0111100 00000000
1010101 00000000

E15

000000000001111
000000000111100
000000011110000
000001111000000
000111100000000
011110000000000
101010101010101

E8�E8

00000000 00001111
00000000 00111100
00000000 11110000
00000000 01010101
00001111 00000000
00111100 00000000
11110000 00000000
01010101 00000000

D16

0000000000001111
0000000000111100
0000000011110000
0000001111000000
0000111100000000
0011110000000000
1111000000000000
1010101010101010

Table 3: The code-bases corresponding to the graphs (32), headed with the names of the corre-

sponding Cli�ordinkras.
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Lista DPB kodova izračunatih do sada:
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N = 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

k

1 # # # # # # # # # # # # # # # # # # # # # # # # # # # # #

2 · · # # # # # # # # # # # # # # # # # # # # # # # # # # #

3 · · · # # # # # # # # # # # # # # # # # # # # # # # # # #

4 · · · · # # # # # # # # # # # # # # # # # # # # # # # # +

5 · · · · · · · · # # # # # # # # # # # # # # # # # # # + +

6 · · · · · · · · · · # # # # # # # # # # # # # # # # # + +

7 · · · · · · · · · · · # # # # # # # # # # # # # # # + + +

8 · · · · · · · · · · · · # # # # # # # # # # # # # + + + +

9 · · · · · · · · · · · · · · · · # # # # # # # # # + + + +

10 · · · · · · · · · · · · · · · · · · # # # # # # # + + + +

11 · · · · · · · · · · · · · · · · · · · # # # # # # + + + +

12 · · · · · · · · · · · · · · · · · · · · # # # # # # + + +

13 · · · · · · · · · · · · · · · · · · · · · · · · # # # + +

14 · · · · · · · · · · · · · · · · · · · · · · · · · · # # +

15 · · · · · · · · · · · · · · · · · · · · · · · · · · · # #

16 · · · · · · · · · · · · · · · · · · · · · · · · · · · · #

…i	to	se	računa	i	računa	i	računa…

E8

E8×E8, E16

9 kodova

85 kodova

1012 kodova

Moguće	je	da	će	račun	zahtevati	i	do	12	CPU-godina.	Ohio	Supercomputing	Center	nam	je	dao	pristupa,	
što	će	pomoći	u	kompletiranju	izlistavanja	svih	N	≤	32	DPB	kodova	u	roku	od	10–100	meseci?	
Za	sada,	v.	http://www.rlmiller.org/de_codes/.

Duplo parni binarni kodovi
Kako proučavati supersimetriju

sa Robert Miller-om

izbacili su nas "

http://www.rlmiller.org/de_codes/


Vreme + jedna dimenzija prostora:  = abelovskaSpin(1,1)Lorentz

Def.  ,    —  nezavisneξ±± :=ct±x ∂±± := 1
2 [ 1

c ∂t±∂x]
Onda:   ⇒ [∂ 2

x − 1
c2 ∂ 2

t ]F(x, t)=0 F(x, t)= fL(ξ++) + fR(ξ=)
Supersimetrija:    i   {Q+i, Q+j}=2iδij∂++ {Q−i, Q−j}=2iδij∂=

Supermultipleti:    [arXiv:1104.3135](ϕL, ψL, …)⊠(ϕR, ψR, …)
gde su    i    “1-dimenzione Adinkre”(ϕL, ψL, …) (ϕR, ψR, …)
Strogi matematički dokaz: K. Iga & Y. Zhang [arXiv:1508.00491] 
Kodovi koji definišu 1+1-dimenzione supermultiplete 
imaju dodatni zahtev: parno su podeljeni [(•…•)L|(•…•)D]
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Parno podeljeni DPB kodovi
U 1+1 dimenziji

Oprez: Binarni kodovi se pojavljuju u klasifikaciji supermultipleta. Ta 
strukturna informacija ograničava (ali ne zadaje) moguće interakcije. 
Stoga se ti kodovi ne pojavljuju neposredno u dinamici/fizici.

http://arxiv.org/abs/1104.3135
http://arxiv.org/abs/1508.00491
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