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Standardne geometrije u kosmologiji
Kosmološka rešenja i putovanje kroz vreme
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Alexander Friedman, Georges H.J.E. Lemaître, 
Howard P. Robertson i Arthur G. Walker (FLRW): 

…  je funkcija srazmere, K je Gauss-ova krivina kad a(t) = 1. 

Ove (t, r, θ, φ) koordinate pokrivaju samo pola prostor-vremena 

Pa koristimo tzv. “hipersferne” koordinate:

a(t)

7.3. Special Solutions 361

the spacetime geometry is not significantly changed. Such solutions are often called “uni-
verses” or “worlds,” understanding that this is an extremely simplifies picture where this
“world” consists only of the background spacetime geometry, the matter/energy required to
stabilize this geometry, and the test particles the effect of which upon the geometry may be
neglected. The interested Reader is directed to the catalogue [302] as a starting point.

Standard Geometries in Cosmology

The definition of the geometry that is most often used in cosmology and is understood to be
the standard was provided by Alexander Friedman, Georges Henri Joseph Édouard Lemâıtre,
Howard Percy Robertson and Arthur Geoffrey Walker, and this we will refer to as the FLRW
geometry. (Depending on the historical precision and socio-political accent, Authors in the
research literature not infrequently omit one or more of these names and initials.) The
metric tensor of the FLRW geometry is given in terms of the “reduced-circumference polar
coordinates”:

FLRW : ds2 = �c2dt2 + a2(t)dS2,

(
dS2 :=

h dr2

1 � K r2 + r2dW2
i
,

dW2 := dq2 + sin2(q)dj2
(7.77)

where a(t) is a dimensionless “scale function” of time, and K is the Gauss curvature of the
space at the time when a(t) = 1. Alternatively, one writes k := K

|K| = ±1 a k = 0 when
K = 0, whereby r is a dimensionless variable in the direction of the distance from the
coordinate origin and a(t) has the physical dimensions of length. In the case of positive
curvature, space is a 3-sphere and the coordinates (r, q, j) cover only half of this space
in a single-valued fashion, whereupon they are called the “reduced-circumference polar
coordinates”: by analogy with a 2-sphere, the radial variable r grows from the North pole
up to the equator but then decreases towards the South pole and this results in the two-
valuedness of the coordinate system. Instead of (r, q, j), we may use the hyper-spherical
coordinates:

dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
>><

>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0,

(7.78)

that do not have this drawback.

This metric tensor solves the Einstein equations in the case when the matter has a
homogeneous and isotropic energy-momentum tensor density, so that the Einstein equations
reduce to the pair:

⇣ .a
a

⌘2
+

Kc2

a2 � Lc2

3
=

8pGN

3
$, (7.79a)

2
..a
a
+

⇣ .a
a

⌘2
+

Kc2

a2 � Lc2 = �8pGN

c2 p, (7.79b)

where $ and p denote the density and pressure of matter, and L is the cosmological constant.
Since the redefinitions

$ ! $ +
Lc2

8pGN
and p ! p � Lc4

8pGN
(7.80)
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E(x, h) :=
A(x, h)

p2d(x2�h2)d2 , F(x, h) :=
A(x, h)
B(x, h)

, G(x, h) :=
2L/mc
A(x, h)

(1�h2)C(x, h),

rS(e�) = 1.353⇥ 10�57 m ⌧ `P rq(e�) = 9.152⇥ 10�37 m < `P

dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
>><

>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0.
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“Standardna forma” Einstein-ovih jednačina 

nije ono što je Einstein izvorno objavio: 

…gde je Λ kosmološka konstanta. 
Motivacija: 

mogućnost dodavanja Einstein-Hilbert-ovom dejstvu 

…a Λ dozvoljava stacionarnu ravnu geometriju

7.2. How is Gravity Different from Yang-Mills Interactions 349

7.2.3 Coupling of Gravity and Matter

Finally, the operations so far defined may be combined and produce a relevant result for our
present purposes:

Conclusion 7.3 In the general case, Hamilton’s action is

S[fi(x)] :=
Z p

�g d4x L
�
fi(x), (Dµfi(x)), · · · ; x

�
, (7.50)

g := det[g(x)], d4x := 1
4! #µnrsdxµdxndxrdxs, (7.51)

where L is the “Lagrangian density” (in the sense of “Lagrangian per unit 4-volume”).
In turn, both

p�g d4x and L are scalars, i.e., invariants with respect to general coor-
dinate transformations [+ definition 7.6, p. 341].

Comment 7.5 Lagrangian densities L
�
fi(x), (∂µfi(x)), · · · ; x

�
constructed within the

special-relativistic field theory may continue to be used, with but “covariantizing” the
derivatives, ∂µ 7! Dµ := ∂µ + IGµ, where IGµ is the formal Levi-Civita connection
4-vector, which when acting on tensors may be represented by the Christoffel sym-
bol (7.26).

In the general case, the covariant derivative is Dµ = ∂µ + IGµ + Âk
igk
h̄ c A(k)

µ ·Q(k),
where Q

(k)
ak are generators of the kth factor in the Yang-Mills group of gauge symme-

tries with the coupling parameter gk, and A(k) ak
µ are the corresponding gauge 4-vector

potentials.

In the general case, let LM be the Lorentz-invariant Lagrangian density for any type
of matter—here, “matter” denotes everything except the metric tensor gµn, the Levi-Civita
connection 4-vector potential IGµ, and the Riemann tensor Rµnr

s and quantities constructed
from these. The corresponding model that is invariant with respect to general coordinate
transformations has the Hamilton action

Z p
�g d4x

h c3

16p GN
R �LM

i
, (7.52)

where all the derivatives in the Lagrangian density LM are “covariantized” as discussed in
comment 7.5, p. 349. Varying this action by the components of the inverse metric tensor
yields

dR
dgµn +

Rp�g
d(
p�g)
dgµn = �16p GN

c3
1p�g

d(
p�g LM)

dgµn , (7.53)

that is [407, 49, 298, 440, 52, 75],

Rµn � 1
2 gµnR =

8p GN

c4 Tµn, (7.54)

where the rank-2 and type-(0, 2) tensor

Tµn := � 2cp�g
d(
p�g LM)

dgµn (7.55)
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8p GN
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dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
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>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0.

Rµn � 1
2 gµnR =

8p GN

c4 Tµn � gµnL
Z p

�gd4x L
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that do not have this drawback.

This metric tensor solves the Einstein equations in the case when the matter has a
homogeneous and isotropic energy-momentum tensor density, so that the Einstein equations
reduce to the pair:
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where $ and p denote the density and pressure of matter, and L is the cosmological constant.
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

ρ = T00, (gustina)
ako T11=T22=T33, =p 
(pritisak)



Mi smo ovde.

Stoga je svaka (materijalna raspodela sa  ) . 
U opštem slučaju (za izotropnu i homogenu materiju) 

Tamna energija: bilo šta, što ima  . 
Kvintesencija: bilo šta, što ima  . 
Kosmološka konstanta: bilo šta, što ima  . 
Fantomska energija: bilo šta, što ima  . 

Od posebnog interesa:

p=−ρc2 ≃ Λ

p/ρ<0
p/ρ< −c2/3

p/ρ= −c2

p/ρ< −c2
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gde je r je pogodna ”radijalna“ koordinata. Gornji (negativan) predznak daje metriku za de Sitter-ov
prostor, a donji (pozitivan) predznak za anti de Sitter-ov prostor. Za de Sitter-ov slučaj postoji smena pro-
menljivih koja pojednostavljuje kvadrat linijskog elementa u tzv. ”ravno raslojenim“ koordinatama, koji
izdvajaj vremenski sabirak of prostornog i daje prostorno ravnom sabirku (d~r 2 = d~r·d~r) vremenski ekspo-
nencijano rastuću amplitudu, a 2

0 e+2c
p

L/3 t, gde je H := 2
p

L/3 > 0 Edwin Hubble-ova konstanta. Za anti
de Sitter-ov slučaj, smena promenljivih dovodi do sličnog ali složenijeg izraza:

ds2 =

8
>><

>>:

�c2dt2 + a 2
0 e+2c

p
L/3 t d~r 2, de Sitter;

�c2dt2 + d~r 2, Minkovski;

�c2dt2 +
h

12 r 2
H /|L|

(rH2�r2)2 sin2�pc2|L|/3 (t�t0)
�i

d~r 2, anti de Sitter.
(7.87)

Za relaciju izmedu de Sitter-ovog slučaja (7.87) i (7.86), videti [266]; anti de Sitter-ov slučaj se može
povezati krećući od raspisivanja matrične relacije gµn(x) = ∂xr

∂xµ grs(x)
∂xs

∂xn , pa sukcessivnim rešavanjem time
zadatih diferencijalnih relacija. Valja primetiti da je amplituda d~r 2 sabirka u anti de Sitter-ovom slučaju
periodična u vremenu i da ima prostorni horizont na radijusu r = rH, gde se rH pojavljuje kao integraciona
konstanta. Najzad, postoji i količnička parametrizacija:

ds2
AdS =

L2

z2

�
� c2dt2 + dx2 + dy2 + dz2�, (7.88)

Iz izraza (7.86) bi trebalo da je jasno da de Sitter-ov prostor ima sferni horizont sa radijusom rH =
p

3/L.
S druge strane, z2 ! 0 granični slučaj izraza (7.88) definǐse ravnu metriku �dz2 = �c2dt2 + dx2 + dy2

na (2+1)-dimenzionom prostoru sa Minkovski metrikom koji čini ”konformnu granicu“ anti de Sitter-ovog
prostora.

Najzad, (n+1)-dimenzioni de Sitter-ov svemir se može definisati i kao količnik ortogonalnih grupa
O(1, n+1)/O(1, n), a anti de Sitter-ov svemir je količnik O(2, n)/O(1, n).

— ¶ —

Primetimo da gµn-trag Einstein-ove jednačine (7.57) daje R = � 8pGN
c4 T. Uvrštenje tog rezultata

u (7.57) daje

Rµn =
8pGN

c4

h
Tµn � 1

2 gµnT
i
. (7.89)

Odavde je jasno da svakom rešenju gde tenzor gustine energije-impulsa materije ǐsčezava, Tµn = 0, Ricci-
jev tenzor takode mora da bude nula. I obratno, ǐsčezavanje Ricci-jevog tenzora, putem Einstein-ovih jed-
načina (7.57), implicira da Tµn = 0 takode. Geometrije (izbori metričkog tenzora) za koje Ricci-jev tenzor
ǐsčezava (pa i Tµn = 0) se zovu Ricci-ravne geometrije. To naravno uključuje ravnu geometriju, gde je me-
trički tenzor gµn = �hµn konstanta, pa sve komponente i Christoffel-ovog simbola i Riemann-ovog tenzora
ǐsčezavaju.

S druge strane, ǐsčezavanje Ricci-jevog tenzora—pa čak ni čitavog Riemann-ovog tenzora—ne impli-
cira da je metrika sasvim ravna. Na primer, Kasner-ova geometrija ima metrički tenzor definisan putem
relacije [266, uopšteno]

Kasner : ds2 = �c2dt2 +
3

Â
i=1

� t
Ti

�2pi(dxi)2, (7.90)

gde su Ti proizvoljne vremenske konstante. Ako su parametri pi odabrani tako da zadovoljavaju Kasner-ove
uslove

3

Â
i=1

pi = 1 =
3

Â
i=1

(pi)
2, (7.91)
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effectively eliminates the cosmological constant, it follows that the presence of the cosmo-
logical constant may be simulated by something that is homogeneous and isotropic, the
pressure and the density of which satisfy the relation

p = �$c2. (7.81)

Generally, anything that has a negative pressure (p/$ < 0) is called dark energy and its pres-
ence in the FLRW cosmology induces the Universe to expand. For an accelerated expansion
of the Universe it would suffice the dark energy to satisfy the relation

p < � 1
3 $c2. (7.82)

A scalar field with this property is dubbed quintessence, and the ratio p/$ is then not neces-
sarily a constant. Finally, one obtains an extremely accelerated expansion of the Universe if

p < �$c2, (7.83)

which is then referred to as phantom energy. Note that these are phenomenological defini-
tions:

Definition 7.10 Anything that is homogeneous and isotropic throughout the whole space-
time is called:

dark energy if the pressure is negative: p/$ < 0;
quintessence if the density and the pressure satisfy (7.82): p/$ < �c2/3;
cosmological constant if the density and the pressure satisfy (7.81): p/$ = �c2;
phantom energy if the density and the pressure satisfy (7.83): p/$ < �c2.

Of particular interest are the special cases of the FLRW geometry [298]:

ds2 =

8
>><

>>:

�c2dt2 + a 2
0 e+2c

p
L/3 t d~r 2, de Sitter,

�c2dt2 + d~r 2, Minkowski,

�c2dt2 + a 2
0 e�2c

p
L/3 t d~r 2, anti de Sitter,

(7.84)

where H := 2
p

L/3 > 0 is Edwin Hubble’s constant, and d~r 2 = d~r·d~r is the familiar
Euclidean norm of the spatial differential d~r. Because of using the familiar (flat) euclidean
norm for the spatial part of the differential, the coordinates in (7.84) are also-called the “flat
coordinates.” There also exists the “static” parametrization:

ds2 = �c2�1 ⌥ 1
3 Lr2�dt2 +

�
1 ⌥ 1

3 Lr2��1dr2 + r2�dq2 + sin2(q)df2�, (7.85)

where r is a suitable “radial” coordinate; for a precise relation between (7.84) and (7.85),
see Ref. [298]; the upper (negative) sign produces the metric for the de Sitter spacetime,
and the lower (positive) sign for the anti de Sitter spacetime. Finally, there also exists the
quotient parametrization:

ds2
AdS =

L2

z2

�
� c2dt2 + dx2 + dy2 + dz2�, (7.86)
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

362 Chapter 7. Gravity and the Geometrization of Physics

effectively eliminates the cosmological constant, it follows that the presence of the cosmo-
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where r is a suitable “radial” coordinate; for a precise relation between (7.84) and (7.85),
see Ref. [298]; the upper (negative) sign produces the metric for the de Sitter spacetime,
and the lower (positive) sign for the anti de Sitter spacetime. Finally, there also exists the
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1921, Edward Kasner (bez potpore materije): 

gde je 

Ako bilo koja dva    iščezavaju, ceo Riemann-ov tenzor je nula 
— a prostor-vreme ipak nije ni ravno ni izotropno. 

pa : permutacije (0,0,1) … (–⅓,⅔,⅔). 

Prostor-vremenska “zapremina” raste 
linearno sa koordinatom vremena:

pi

− 1
3 ⩽pi ⩽1

7.3. Special Solutions 363

The expression (7.85) should make it clear that the de Sitter spacetime has a spherical hori-
zon with the radius rH =

p
3/L. In turn, the z2 ! 0 limiting case of the expression (7.86)

defines the flat metric �dz2 = �c2dt2 + dx2 + dy2 on a (2+1)-dimensional space with the
Minkowski metric, and that forms the “conformal limit” of the anti de Sitter spacetime.

Finally, the (n+1)-dimensional de Sitter spacetime may be defined also as the orthogo-
nal group coset O(1, n+1)/O(1, n), and the anti de Sitter spacetime equals O(2, n)/O(1, n).

— ¶ —

Note that the gµn-trace of the Einstein equations (7.54) produce R = � 8pGN
c4 T. Sub-

stituting this into (7.54) yields

Rµn =
8pGN

c4

h
Tµn � 1

2 gµnT
i
. (7.87)

This makes it clear that every solution where the energy-momentum tensor density of mat-
ter vanishes, Tµn = 0, the Ricci tensor also must vanish. And the other way around, the
vanishing of the Ricci tensor, via the Einstein equations (7.54), implies that Tµn = 0 also.
The Geometries (choices of the metric tensor) for which the Ricci tensor vanishes (and so
Tµn = 0) are called Ricci-flat geometries. This of course includes the flat geometry, where
the metric tensor gµn = �hµn is a constant, and all components of both the Christoffel
symbol and the Riemann tensor vanish.

In turn, neither the vanishing of the Ricci tensor—nor even of the entire Riemann
tensor—implies that the metric is flat. For example, the Kasner geometry has the metric
tensor defined as [298, generalized]:

Kasner : ds2 = �c2dt2 +
3

Â
i=1

� t
Ti

�2pi (dxi)2, (7.88)

where Ti are arbitrary constants with units of time. If the parameters pi are chosen to satisfy
the Kasner conditions

3

Â
i=1

pi = 1 =
3

Â
i=1

(pi)
2, (7.89)

the Ricci and even the Einstein tensor (Gµn := Rµn � 1
2 gµnR) vanish. If we further set any

two of three parameters pi to be zero and the third to be 1, then the entire Riemann tensor
vanishes, although the metric tensor is not equal to, �hµn, the constant metric tensor of flat
spacetime.

One of the unusual properties of the Kasner geometry inexorably follows from Kasner’s
conditions (7.89) themselves: one of the three parameters must be non-positive. That is, we
have

Eq. (7.89) )
( p±2 = 1

2

⇣
1 � p1 ±

q
1 + 2p1 � 3p 2

1

⌘
,

p±3 = 1 � p1 � 1
2

⇣
1 � p1 ±

q
1 + 2p1 � 3p 2

1

⌘
,

(7.90)

where � 1
3 6 pi 6 1 for i = 1, 2, 3. It is easy to verify that the only non-negative solutions

are the permutations of the triple ~p = (0, 0, 1). In turn, if one of the parameters is maxi-
mally negative, we have permutations of the triple ~p = (�1/3, 2/3, 2/3). A few examples with
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E(x, h) :=

A(x, h)

p2d(x2�h2)d2 , F(x, h) :=
A(x, h)
B(x, h)

, G(x, h) :=
2L/mc
A(x, h)

(1�h2)C(x, h),

rS(e�) = 1.353⇥ 10�57 m ⌧ `P rq(e�) = 9.152⇥ 10�37 m < `P

dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
>><

>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0.

Rµn � 1
2 gµnR =

8p GN

c4 Tµn � gµnL
Z p

�gd4x L

Â3
i=1 pi = 1 = Â3

i=1(pi)
2.
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The expression (7.85) should make it clear that the de Sitter spacetime has a spherical hori-
zon with the radius rH =

p
3/L. In turn, the z2 ! 0 limiting case of the expression (7.86)

defines the flat metric �dz2 = �c2dt2 + dx2 + dy2 on a (2+1)-dimensional space with the
Minkowski metric, and that forms the “conformal limit” of the anti de Sitter spacetime.

Finally, the (n+1)-dimensional de Sitter spacetime may be defined also as the orthogo-
nal group coset O(1, n+1)/O(1, n), and the anti de Sitter spacetime equals O(2, n)/O(1, n).

— ¶ —

Note that the gµn-trace of the Einstein equations (7.54) produce R = � 8pGN
c4 T. Sub-

stituting this into (7.54) yields

Rµn =
8pGN

c4

h
Tµn � 1

2 gµnT
i
. (7.87)

This makes it clear that every solution where the energy-momentum tensor density of mat-
ter vanishes, Tµn = 0, the Ricci tensor also must vanish. And the other way around, the
vanishing of the Ricci tensor, via the Einstein equations (7.54), implies that Tµn = 0 also.
The Geometries (choices of the metric tensor) for which the Ricci tensor vanishes (and so
Tµn = 0) are called Ricci-flat geometries. This of course includes the flat geometry, where
the metric tensor gµn = �hµn is a constant, and all components of both the Christoffel
symbol and the Riemann tensor vanish.

In turn, neither the vanishing of the Ricci tensor—nor even of the entire Riemann
tensor—implies that the metric is flat. For example, the Kasner geometry has the metric
tensor defined as [298, generalized]:

Kasner : ds2 = �c2dt2 +
3

Â
i=1

� t
Ti

�2pi (dxi)2, (7.88)

where Ti are arbitrary constants with units of time. If the parameters pi are chosen to satisfy
the Kasner conditions

3

Â
i=1

pi = 1 =
3

Â
i=1

(pi)
2, (7.89)

the Einstein tensor (Gµn := Rµn � 1
2 gµnR) and even the Ricci tensor vanish. If we further

set any two of three parameters pi to be zero and the third to be 1, then the entire Riemann
tensor vanishes, although the metric tensor is not equal to, �hµn, the constant metric tensor
of flat spacetime.

One of the unusual properties of the Kasner geometry inexorably follows from Kasner’s
conditions (7.89) themselves: one of the three parameters must be non-positive. That is, we
have

Eq. (7.89) )
( p±2 = 1

2

⇣
1 � p1 ±

q
1 + 2p1 � 3p 2

1

⌘
,

p±3 = 1 � p1 � 1
2

⇣
1 � p1 ±

q
1 + 2p1 � 3p 2

1

⌘
,

(7.90)

where � 1
3 6 pi 6 1 for i = 1, 2, 3. It is easy to verify that the only non-negative solutions

are the permutations of the triple ~p = (0, 0, 1). In turn, if one of the parameters is maxi-
mally negative, we have permutations of the triple ~p = (�1/3, 2/3, 2/3). A few examples with
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rational values are the permutations of ~p = (�2/7, 3/7, 6/7), (�3/13, 4/13, 12/13), (�6/19, 10/19, 15/19),
(�4/21, 5/21, 20/21), (�5/31, 6/31, 30/31), etc.

Since
p�g = ct/(T p1

1 T p2
2 T p3

3 ), the volume of Kasner geometry expands linearly in
time. However, except for the class where the values (p1, p2, p3) are permutations of the
triple (0, 0, 1) and where the Kasner geometry stagnates in two directions and expands in
the third, the Kasner geometry expands in two spatial directions but shrinks in the third in
all other cases.

Gödel’s Universe

One of the most unusual solutions to the Einstein equations was discovered in 1949 by
Kurt Gödel; the metric tensor for the geometry of the so-called Gödel Universe is specified
as [302, 177]:

Gödel : ds2 = �c2dt2 +
dr2

1 +
� r

rg

�2 + r2
h
1 �

⇣ r
rg

⌘2i
df2 + dz2 � c

2
p

2 r2

rg
dt df, (7.91)

where rg is Gödel radius. These cylindrical coordinates (t, r, f, z) co-rotate with the entire
Universe, which results in the additional non-diagonal dt df-term.

In this Universe and with reference to the coordinate system (t, r, f, z), a light ray that
starts from the coordinate origin in the horizontal (r, f)-plane, follows an elliptical path that
bends in the counter-clockwise direction. At the point where it reached the distance rg from
the coordinate origin, the light ray is moving in the +êf direction and begins to return to
the coordinate origin, where it closes the elliptic path. Thus, observers that are at rest in the
coordinate origin cannot see outside the cylinder of the horizontal radius of rg and which
then defines an optical horizon for these observers. For an observer located outside the
coordinate origin there exists a similar optical horizon, of an ovoid shape where the ovoid
is narrower and longer in the region further away from the coordinate origin, as shown in
figure 7.1

y

x
A

Optical
horizon for A

B

Optical horizon for B

C

Optical horizon for C

Figure 7.1: Optical horizons for observers A, B and C in Gödel’s universe

Note that the definition of the optical horizon in the Gödel Universe light returns
owing to the Doppler effect and the co-rotation of the entire Universe and not owing to
gravity. The optical horizon is thus essentially of a different nature that the event horizon in
the Schwarzschild geometry.
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1949, Kurt Gödel: 

Cilindrične koordinate    ko-rotiraju:   

Svetlost sledi eliptične putanje, do  ,  pa se onda vrati nazad. 
 
 
 
 
 

Masivne mirujuće čestice se kreću samo u vremenu.

(t, r, ϕ, z) Ωg := 2c
rg

rg

364 Chapter 7. Gravity and the Geometrization of Physics
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3 ), the volume of Kasner geometry expands linearly
in time. However, except for the class where the values (p1, p2, p3) are permutations of the
triple (0, 0, 1) and where the Kasner geometry stagnates in two directions and expands in
the third, in all other cases is the Kasner geometry expanding in two spatial directions but
shrinking in the third.

Gödel’s Universe

One of the most unusual solutions to the Einstein equations was discovered in 1949 by
Kurt Gödel; the metric tensor for the geometry of the so-called Gödel Universe is specified
as [302, 177]:

Gödel : ds2 = �c2dt2 +
dr2

1 +
� r

rg

�2 + r2
h
1 �

⇣ r
rg

⌘2i
df2 + dz2 � c

2
p

2 r2

rg
dt df, (7.91)

where rg is Gödel radius. These cylindrical coordinates (t, r, f, z) co-rotate with the entire
Universe, which results in the additional non-diagonal dt df-term.

In this Universe and with reference to the coordinate system (t, r, f, z), a light ray that
starts from the coordinate origin in the horizontal (r, f)-plane, follows an elliptical path that
bends in the counter-clockwise direction. At the point where it reached the distance rg from
the coordinate origin, the light ray is moving in the +êf direction and begins to return to
the coordinate origin, where it closes the elliptic path. Thus, observers that are at rest in the
coordinate origin cannot see outside the cylinder of the horizontal radius of rg and which
then defines an optical horizon for these observers. For an observer located outside the
coordinate origin there exists a similar optical horizon, of an ovoid shape where the ovoid
is narrower and longer in the region further away from the coordinate origin, as shown in
figure 7.1
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Figure 7.1: Optical horizons for observers A, B and C in Gödel’s universe

Note that the definition of the optical horizon in the Gödel Universe light returns
owing to the Doppler effect and the co-rotation of the entire Universe and not owing to
gravity. The optical horizon is thus essentially of a different nature that the event horizon in
the Schwarzschild geometry.
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y

x
A

Optički
horizont za A

B

Optički horizont za B

C

Optički horizont za C

Slika 7.1: Optički horizonti za posmatrače A, B i C u Gödel-ovom svemiru

ovaj optički horizont suštinski drugačiji od horizonta dogadaja u Schwarzschild-ovoj geo-
metriji.

S druge strane, čestice sa neǐsčezavajućom masom koje u nekom trenutku miruju u
odnosu na ovaj koordinatni sistem ostaju u tom stanju mirovanja, odnosno kreću se samo u
vremenu. Stoga se koordinate (t, r, f, z) zovu ko-rotirajuće, a radijus rg čini efektivan optički
horizont. Za Gödel-ov svemir je pogodno definisati ugaonu brzinu

Wg :=
p

2 c
rg

(7.91)

kojom se ”mirujuća“ materija i čitav Gödel-ov svemir okreću.
Uprkos ovoj rotaciji, geometrija (7.90) je homogena. Iz oblika metričkog tenzora je ja-

sno da su translacije u êt i êz pravcu kao i rotacije u êf pravcu izometrije (simetrije metričkog
tenzora) i da su respektivno generisane diferencijalnim operatorima

X0 :=
1

Wg
∂t, X3 := ∂z, i X2 := ∂f. (7.92)

Što se radijalnog pravca tiče, ∂r naravno nije simetrija pošto bi transformacija r ! r + r0

ostavila cilindričnu ”rupu“ radijusa r0, a r ! r � r0 bi preslikavalo tačke blizu z-ose u
nepostojeći domen sa apsurdnom vrednošću r < 0. No, ispostavlja se da postoje još dva
diferencijalna operatora

X1 :=
1r

1 +
� r

rg

�2

h
rp
2c

cos f ∂t +
rg
2

⇥
1 +

� r
rg

�2⇤
sin f ∂r +

rg
2r
⇥
1 + 2

� r
rg

�2⇤
cos f ∂z

i
, (7.93)

X4 :=
1r

1 +
� r

rg

�2

h
rp
2c

cos f ∂t �
rg
2

⇥
1 +

� r
rg

�2⇤
cos f ∂r +

rg
2r
⇥
1 + 2

� r
rg

�2⇤
sin f ∂z

i
(7.94)

koji generǐsu izometrije. Još je Gödel u izvornom radu 1949. godine koristio četiri od ovih
pet izometrija da pokaže da je ova geometrija homogena, a 1992. godine je pokazano [116]
da kompletan skup pet izometrija zatvara so(3)� tr(R1,1) algebru

L1 := X4, L2 := X1, L3 := �i(X0+X2),

⇢ ⇥
L j , Lk

⇤
= i# jk

`L`,⇥
L j , X0

⇤
= 0 =

⇥
L j , X3

⇤
,

(7.95)
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Izometrije Gödel-ove metrike: 

I, sasvim ne-očigledno: 

a pogotovo da: 

generišu  so(3) ⊕ tr(ℝ1,1) algebru — 3D rotacije, i  -boost. 
Deluje “tranzitivno”: naći geodezijske putanje koje sadrže ishodište 
…pa transformisati ishodište u bilo koju drugu tačku.

(t, z)

E(x, h) :=
A(x, h)

p2d(x2�h2)d2 , F(x, h) :=
A(x, h)
B(x, h)

, G(x, h) :=
2L/mc
A(x, h)

(1�h2)C(x, h),

rS(e�) = 1.353⇥ 10�57 m ⌧ `P rq(e�) = 9.152⇥ 10�37 m < `P

dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
>><

>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0.

Rµn � 1
2 gµnR =

8p GN

c4 Tµn � gµnL
Z p

�gd4x L

Â3
i=1 pi = 1 = Â3

i=1(pi)
2.

X1,4 :=
1r

1 +
� r

rg

�2

h
rp
2c

cos f ∂t ±
rg
2
⇥
1 +

� r
rg

�2⇤� sin f
cos f
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A(x, h)
B(x, h)

, G(x, h) :=
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A(x, h)

(1�h2)C(x, h),
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L1 := X4, L2 := X1,
L3 := �i(X0+X2),

⇢⇥
L j , Lk

⇤
= i# jk

`L`,⇥
L j , X0

⇤
= 0 =

⇥
L j , X3

⇤
,
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Slika 7.1: Optički horizonti za posmatrače A, B i C u Gödel-ovom svemiru

kojom se ”mirujuća“ materija i čitav Gödel-ov svemir okreću.

Uprkos ovoj rotaciji, geometrija (7.93) je homogena. Iz oblika metričkog tenzora je jasno da su trans-
lacije u êt i êz pravcu kao i rotacije u êf pravcu izometrije (simetrije metričkog tenzora) i da su respektivno
generisane diferencijalnim operatorima

X0 :=
1

Wg
∂t, X3 := ∂z, i X2 := ∂f. (7.95)

Što se radijalnog pravca tiče, ∂r naravno nije simetrija pošto bi transformacija r ! r+ r0 ostavila cilindričnu

”rupu“ radijusa r0, a r ! r � r0 bi preslikavalo tačke blizu z-ose u nepostojeći domen sa apsurdnom
vrednošću r < 0. No, ispostavlja se da postoje još dva diferencijalna operatora

X1 :=
1q

1 +
� r

rg

�2

h
rp
2c

cos f ∂t +
rg
2
⇥
1 +

� r
rg

�2⇤ sin f ∂r +
rg
2r
⇥
1 + 2

� r
rg

�2⇤ cos f ∂z

i
, (7.96)

X4 :=
1q

1 +
� r

rg

�2

h
rp
2c

cos f ∂t �
rg
2
⇥
1 +

� r
rg

�2⇤ cos f ∂r +
rg
2r
⇥
1 + 2

� r
rg

�2⇤ sin f ∂z

i
(7.97)

koji generǐsu izometrije. Još je Gödel u izvornom radu 1949. godine koristio četiri od ovih pet izometrija
da pokaže da je ova geometrija homogena, a 1992. godine je pokazano [124] da kompletan skup pet
izometrija zatvara so(3)� tr(R1,1) algebru

L1 := X4, L2 := X1, L3 := �i(X0+X2),
⇢⇥

L j , Lk
⇤
= i# jk

`L`,⇥
L j , X0

⇤
= 0 =

⇥
L j , X3

⇤
,

(7.98)

gde je tr(R1,1) abelovska algebra translacija u prostoru R
1,1, ovde parametrizovanog t i z koordinatama.

Ove simetrije se onda mogu koristiti sa preslikavanje tačaka, putanja, vektora i ostalih tenzora iz jedne
tačke Gödel-ovog svemira u drugu, tako da je dovoljno razraditi geometrijska svojstva s obzirom na dati
koordinatni sistem (7.93) i sa prostornim koordinatnim početkom kao referentnom tačkom.

Koordinatno vreme t i sopstveno vreme t su identični za ”mirujućeg“ posmatrača u koordinatnom
početku. Vrlo blizu z-ose, dakle za r ⇠ 0, Gödel-ova geometrija postaje aproksimativno ravna (u cilin-
dričnim koordinatama). Koristeći homogenost i delovanje algebre (7.98), ovo onda važi lokalno za svakog
posmatrača.

U ko-rotirajućem bazisu je Einstein-ov tenzor (Gµn := Rµn � 1
2 gµnR) dat

[Gµn] = W2
g diag(�1, 1, 1, 1) + 2W2

g diag(1, 0, 0, 0). (7.99)
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The Einstein equations then dictate that this geometry is maintained by a type of matter
the energy-momentum tensor density of which has the same value. The first contribu-
tion describes the so-called lambda-vacuum, i.e., the solution with the cosmological con-
stant [+ relations (7.80)–(7.82)]. The second contribution describes a co-rotating perfect
(and all-permeating) fluid, i.e., a co-rotating dust23. Note that the coefficients of the two
contributions must be in the precise proportion as given in (7.97).

Conclusion 7.5 The Gödel geometry of spacetime may be understood as the result of
an even permeation of the whole spacetime with dark energy (one that simulates the
cosmological constant) and a perfect fluid, and in the precise proportion provided in
the expression (7.97).

The Gödel geometry is a relatively rare example of a geodesically complete and non-
singular geometry [+ definition in appendix C]: The coordinate system (7.91) covers the
entire Gödel spacetime, and contains no singularity; it also has an unusually symmetric
structure (7.96).

Traveling Through Time

Of course, every particle incessantly travels—through time, in the direction of time flow.
However, the Lanczos-Stockum solution of co-rotating dust and Gödel’s co-rotating Universe
were amongst the first solutions that contains so-called closed time-like curves; the Kerr
solution (7.69) also has such curves. Those are curves for which the tangent vector is always
time-like [+ definitions 1.3, p. 96], and are closed in spacetime. An ordinary particle with
nonzero mass may travel along such a curve, and so can return into its own past!

The simplest such closed time-like curve in the Gödel Universe is an ovoid path in
the (x, y)-plane, e.g., with the x-axis as its symmetry axis, as shown (following the analysis
of Ref. [177]) in figure 7.2. Similar, but much more complicated closed time-like curves

y

rg x

tobserver

rg r

Figure 7.2: A time-like closed path in Gödel’s universe

may then be found both in the Gödel Universe, and in the Lanczos-Stockum solution with
co-rotating dust, and also in many other exact solutions [+ catalogue [302] as well as the
texts [298, 440]]. Note that, following the path in figure 7.2, the particle moves backwards
in time only outside the optical horizon of the observer at the coordinate origin. Also,
Ref. [177] gives the necessary conditions: for a particle to move along such a closed time-
like curve, it must be launched with the initial speed v & 0.98c (measured in the co-rotating
23 The cylindrical solution with co-rotating dust was in 1924 discovered by Cornelius Lanczos [264], but the

solutions is better known after Willem Jacob van Stockum, who analyzed it in 1937 [427].

D
R

A
FT

—
co

nt
ac

td
ir

ec
tly

Tr
is

ta
n

H
üb
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Gödel-ov Svemir je geodezijski kompletan, a nema singulariteta 
…i ima neobično mnogo izometrija: so(3) ⊕ tr(ℝ1,1). 

Putovanje u vremenu: 

ali se mora krenuti: 
iz   

i za  

rini <1.7 rg

vini >0.98c

…ili	bilo	kojim	početnim	
uslovom	koji	se	dobije	iz	ovog,	
so(3) ⊕ tr(ℝ1,1) 	izometrijom.

x

x
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Einstein-ov tenzor: 

Prvi deo: “lambda vakum” = rešenje sa Λ. 
Drugi deo: ko-rotirajući savršen fluid/prašina. 

Primetiti: tenzori energije impulsa su aditivni 
…ako materijalna raspodela može fizički da se ko-locira

E(x, h) :=
A(x, h)

p2d(x2�h2)d2 , F(x, h) :=
A(x, h)
B(x, h)

, G(x, h) :=
2L/mc
A(x, h)

(1�h2)C(x, h),

rS(e�) = 1.353⇥ 10�57 m ⌧ `P rq(e�) = 9.152⇥ 10�37 m < `P

dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
>><

>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0.

Rµn � 1
2 gµnR =

8p GN

c4 Tµn � gµnL
Z p

�gd4x L

Â3
i=1 pi = 1 = Â3

i=1(pi)
2.

X1,4 :=
1r

1 +
� r

rg

�2

h
rp
2c

cos f ∂t ±
rg
2
⇥
1 +

� r
rg

�2⇤� sin f
cos f

 
∂r

+
rg
2r
⇥
1 + 2

� r
rg

�2⇤� cos f
sin f

 
∂z

i

L1 := X4, L2 := X1,
L3 := �i(X0+X2),

⇢⇥
L j , Lk

⇤
= i# jk

`L`,⇥
L j , X0

⇤
= 0 =

⇥
L j , X3

⇤
,

[Rµn � 1
2 gµnR] = Tµn

= W2
g diag(�1, 1, 1, 1) + 2W2

g diag(1, 0, 0, 0)

Einstein-ovi	tenzori	i	tezori	gustine	energije-impulsa	
raspodela	materije/energije	su	aditivni;	

njima	odgovarajuće	metrike	nisu.
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Ukratko: vremeplov je savršeno moguć u opštoj relativnosti. 
Zatvorene vremenske krive (ZVK ← CRC “closed timeline curves”) 

U Gödel-ovom Svemiru, veliki stepen simetrije omogućuje dokaz da ipak 
nema narušenja/kršenja kauzalnosti. 
Putovanje kroz ergoregion Kerr-ove geometrije, ili njen prstenast 
singularitet, ili mnoge druge konstrukcije… 
…su semi-klasični: narušenje kauzalnosti je verovatno sprečeno. 

1992, Stephen Hawking (hipoteza): 
 “opšti princip zaštite hronologije” 
1975, Igor Novikov: jedino samo-konzistentne ZVK su moguće. 
Set narušenja hronologije (SNH?) = tačke kroz koje ZVK prolaze 
Granica SNH je Cauchy-ev horizont, ispisan zatvorenim 
nul-geodezijskim krivama (kojima svetlost putuje).
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Koristi Einstein-ove jedančine kao da su Gauss-Ampère-ove: 

Zadaj geometriju, tj.  

Izračunaj Einstein-ov tenzor  

Identifikuj tenzor gustine energije-impulsa 
…kao sumu komponenti materije/energije. 

Koje su fizičke karakteristike tog 
rasporeda materje/energije? 
Može li se ta materija/energija 
sastaviti iz znanih tipova/ 
formi materije/energije? 
…ili ona zateva egzotičnu 
materiju/energiju? 

Izvrši!  (“Make it so!”)

{ (τ, ξ, η, ζ), gμν }
Gμν :=Rμν− 1

2 gμνR = 8πGN

c4 Tμν
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Za pomoć toj karakterizaciji, definišemo:

326 Poglavlje 7. Gravitacija i geometrizacija fizike

Sledeći ”energetski uslovi“ se koriste za tipizaciju materije/energije:

Uslov za svako

Dominantni gµnTµrTnszrzs 6 0 i g0 µTµnzn < 0 gµnzµzn 6 0, (z0 > 0)
Slabi Tµnxµxn 6 0 gµnxµxn < 0

Svetlosni (Nul) Tµnkµkn 6 0 gµnkµkn = 0

Jaki
⇥
Tµn � 1

2
gµnT

⇤
xµxn 6 0 gµnxµxn < 0

(7.97)

Zavisnost medu ovim uslovima je

Dominantni ) Slabi ) Svetlosni (Nul) ( Jaki, (7.98)

gde valja primetiti da, uprkos imenu, jaki uslov ne implicira slabi, a ni obratno. Takode, ovi
uslovi imaju i ”usrednjenu“ verziju, gde je integral uslova po nekoj oblasti zadovoljen mada
je taj isti uslov narušen negde unutar date oblasti.

Einstein-Rosen-ov ”most“
Schwarzschild-ov metrički tenzor (7.61) ispoljava dva patološka svojstva na razdaljini r =
rs:

1. vremenski element, g00 = gtt = �
�
1� rs

r
�

c2 ǐsčezava,

2. radijalni element, grr = �
�
1� rs

r
��1 divergira.

S druge strane, kao što smo diskutovali u odeljku 7.3.1, str. 314, divergencija ili ǐsčezavanje
pojedinog elementa metričkog tenzora ne ukazuje nužno na pravi singularitet u geometriji.
Štavǐse, Lemâıtre-ove koordinate (7.66) dokazuju da lokacija r = rs nije singularna. To
daje podstreka sumnji da uobičajene sferne koordinate (t, r, q, j)—pa možda čak možda ni
Lemâıtre-ove—ne opisuju kompletnu geometriju prostor-vremena u okolini crne rupe.

Takode, deteljna analiza raznih putanja čestica sa masom i svetlosnih zrakova koji pa-
daju kroz horizont dogadaja [259] ukazuju na jedno vrlo neobično svojstvo, prikazano u
dijagramu na levoj strani slike slici 7.3: Čestice usmerene prema crnoj rupi prate putanje
u prostor-vremenu koje su prividno prekinute pri prelasku kroz horizont dogadaja i zahte-
vaju da koordinatno vreme divergira u t ! +• (dok sopstveno vreme ostaje konačno), a
segment unutar horizonta dogadaja se kreće unazad u koordinatnom vremenu dok račun
pokazuje da sopstveno vreme i dalje teče unapred za čestice sa neǐsčezavajućom masom a
stagnira za svetlost.

Na slici 7.3 (a) pratimo svetlosni zrak koji je usmeren u crnu rupu iz početne tačke
A, prolazi kroz tačku C u koordinatnom vremenu t = 0, prolazi kroz horizont (r = rs) u
koordinatnom vremenu t = +• i ”tački“ D, pa se onda vraća u koordinatnom vremenu,
unutar horizonta, i pada u r = 0 singularitet u tački F. Naime,

za r < rs, fs(r) < 0 pa je gtt = � fs(r) > 0 a grr =
�

fs(r)
��1

< 0. (7.99)

Stoga je unutar horizonta koordinata t prostornog karaktera (čestice sa neǐsčezavajućom
masom mogu da se kreću u oba smera t) a koordinata r je vremenskog karaktera, i čestice
mogu da se kreću samo u smeru r ! 0, to jest, ka singularitetu. Slično svetlosnom zraku,
čestica sa neǐsčezavajućom masom usmerena u crnu rupu iz početne tačke B, prolazi kroz
tačku C u koordinatnom vremenu t = 0, prolazi kroz horizont (r = rs) u koordinatnom
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Sledeći ”energetski uslovi“ se koriste za tipizaciju materije/energije:

Uslov za svako

Dominantni gµnTµrTnszrzs 6 0 i g0 µTµnzn < 0 gµnzµzn 6 0, (z0 > 0)
Slabi Tµnxµxn 6 0 gµnxµxn < 0

Svetlosni (Nul) Tµnkµkn 6 0 gµnkµkn = 0

Jaki
⇥
Tµn � 1

2
gµnT

⇤
xµxn 6 0 gµnxµxn < 0

(7.97)

Zavisnost medu ovim uslovima je

Dominantni ) Slabi ) Svetlosni (Nul) ( Jaki, (7.98)

gde valja primetiti da, uprkos imenu, jaki uslov ne implicira slabi, a ni obratno. Takode, ovi
uslovi imaju i ”usrednjenu“ verziju, gde je integral uslova po nekoj oblasti zadovoljen mada
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u prostor-vremenu koje su prividno prekinute pri prelasku kroz horizont dogadaja i zahte-
vaju da koordinatno vreme divergira u t ! +• (dok sopstveno vreme ostaje konačno), a
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tačku C u koordinatnom vremenu t = 0, prolazi kroz horizont (r = rs) u koordinatnom

vremensko 4-vektorsko polje sa komponentama xµ(x)
za koje važi gµnxµxn < 0, 8x

svetlosno odnosno nul-4-vektorsko polje sa komponentama kµ(x)
za koje važi gµnkµkn = 0, 8x

kauzalno 4-vektorsko polje sa komponentama zµ(x)
za koje važi gµnzµzn 6 0, 8x
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Scwarzschild-ovo rešenje: 

@ r = rS, 

Za r < rS, 

Sa gledišta spoljašnjeg posmatrača, 
svo radijalno kretanje uspori do zaustavljanja blizu horizonta 
upadajućim objektima treba beskonačno dugo do horizonta 
izlazeće svetlo trpi crveni pomak do .λ → ∞

7.3. Special Solutions 353

7.3 Special Solutions

It is always pleasant to present exact solutions in a simple form.
— Karl Schwarzschild

Solutions of the Einstein equations (7.54) represent various spacetime geometries—various
Universes18—of which each one may serve as a background/arena in which all “other”
physics happens, including the elementary particle physics as it was analyzed so far. Be-
sides, the Einstein equations—as a system of differential equations for the metric tensor
components—are nonlinear, making the existence of a growing class of exact solutions all
the more interesting.

7.3.1 The Schwarzschild Solution

Only a month after the publication of Einstein’s theory of general relativity and gravitation,
in 1915, Karl Schwarzschild published the first and best known exact solution to the Einstein
equations. Six years later, the mathematician George David Birkhoff proved a theorem19

whereby any spherically symmetric solution of the Einstein equations without matter (7.49)
must be stationary and asymptotically flat, i.e., the geometry of the outer region of spacetime
must be described by the Schwarzschild metric tensor (see Refs. [298, 217, 79, 440, 105]
and also [102, 475, 101]), given here in spherical coordinates:

Schwarzschild:

⇢ [gµn] = diag
�
� fS(r), 1

fS(r)
, r2, r2 sin2(q)

�
,

ds2 = � fS(r)c2dt2 + 1
fS(r)

dr2 + r2�dq2 + sin2(q)dj2�,
(7.61a)

where
fS(r) :=

⇣
1 � rS

r

⌘
, rS =

2GN M
c2 . (7.61b)

As the metric tensor (7.61) satisfies the Einstein equations with Tµn = 0, it follows that
the Schwarzschild solution describes empty spacetime, in the sense that this is a possible
geometry of spacetime in absence of any matter. The mass M := c2rS

2GN
that may be ascribed to

the point-like object at the origin of the coordinate system then does not represent a particle
of matter that is placed there, but is a characteristic of spacetime itself [+ digression 7.6,
p. 360], that is for observers outside rS curved as if there existed an object of mass M.

The meaning of the Schwarzschild radius, rS, is as follows: The well-known expression
for the (first) escape velocity, i.e., the velocity of separation from a plane of mass M at a
distance r from the center of the planet is

v1 =

r
2GN M

r
. (7.62)

18 The distinction between a “spacetime geometry” and a “Universe”—as the latter word is used in this chapter—
is far from strict: the latter term is used merely for emphasis at its global meaning. A “Universe,” after all,
has an all-encompassing ring to it and so allows “spacetime geometry” to have either just a local reference,
if desired, or a fully global one. In recent times however, the terms “Multiverse” and “Metaverse” came into
vogue, denoting a collection—sometimes indefinitely large—of Universes [410, 411, 412, 447, for starters].
Especially when these Universes within a Multiverse are connected, the connotation of global-ness of a single
Universe is restricted in some way or another, at the least. Herein at least, a “Universe” will be used to denote
a closed, isolated and geodesically complete spacetime, unless explicitly stated otherwise.

19 It was recently discovered that this theorem, many years known under Birkhoff’s name, was proven two years
earlier (in 1919) by the Norwegian physicist Jørg Tofte Jebsen [240].
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E(x, h) :=
A(x, h)

p2d(x2�h2)d2 , F(x, h) :=
A(x, h)
B(x, h)

, G(x, h) :=
2L/mc
A(x, h)

(1�h2)C(x, h),

rS(e�) = 1.353⇥ 10�57 m ⌧ `P rq(e�) = 9.152⇥ 10�37 m < `P

dS2 = dr2 + S 2
K (r)dW2, SK(r) :=

8
>><

>>:

1p
K

sin(r
p

K) K > 0,
r K = 0,

1p
|K|

sinh(r
p
|K|) K < 0.

Rµn � 1
2 gµnR =

8p GN

c4 Tµn � gµnL
Z p

�gd4x L

Â3
i=1 pi = 1 = Â3

i=1(pi)
2.

X1,4 :=
1r

1 +
� r

rg

�2

h
rp
2c

cos f ∂t ±
rg
2
⇥
1 +

� r
rg

�2⇤� sin f
cos f

 
∂r

+
rg
2r
⇥
1 + 2

� r
rg

�2⇤� cos f
sin f

 
∂z

i

L1 := X4, L2 := X1,
L3 := �i(X0+X2),

⇢⇥
L j , Lk

⇤
= i# jk

`L`,⇥
L j , X0

⇤
= 0 =

⇥
L j , X3

⇤
,

[Rµn � 1
2 gµnR] = Tµn

= W2
g diag(�1, 1, 1, 1) + 2W2

g diag(1, 0, 0, 0)

1. a time-like 4-vector field with components xµ(x),
i.e., gµnxµxn < 0, 8x;

2. a light-like, i.e., null-vector field w/components kµ(x),
i.e., gµnkµkn = 0, 8x;

3. a causal 4-vector field with components zµ(x),
i.e., gµnzµzn 6 0, 8x.

fS(r) :=
�
1 � rS

r
�
, rS =

2GN M
c2 .

344 Poglavlje 7. Gravitacija i geometrizacija fizike

Einstein-Rosen-ov ”most“

Schwarzschild-ov metrički tenzor (7.61) ispoljava dva patološka svojstva na razdaljini r = rs:

1. vremenski element, g00 = gtt = �
�
1� rs

r
�

c2 ǐsčezava,

2. radijalni element, grr = �
�
1� rs

r
��1 divergira.

S druge strane, kao što smo diskutovali u odeljku 7.3.1, str. 327, divergencija ili ǐsčezavanje po-
jedinog elementa metričkog tenzora ne ukazuje nužno na pravi singularitet u geometriji. Štavǐse,
Lemâıtre-ove koordinate (7.66) dokazuju da lokacija r = rs nije singularna. To daje podstreka
sumnji da uobičajene sferne koordinate (t, r, q, j)—pa možda čak možda ni Lemâıtre-ove—ne
opisuju kompletnu geometriju prostor-vremena u okolini crne rupe.

Takode, deteljna analiza raznih putanja čestica sa masom i svetlosnih zrakova koji padaju
kroz horizont dogadaja [259] ukazuju na jedno vrlo neobično svojstvo, prikazano u dijagramu
na levoj strani slike slici 7.3: Čestice usmerene prema crnoj rupi prate putanje u prostor-vremenu
koje su prividno prekinute pri prelasku kroz horizont dogadaja i zahtevaju da koordinatno vreme

II I
III II
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IV
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(a)

(b)

(c)
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ng
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ite
t

t

r

D = E=•

A
B
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F

G
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A
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C

D
E

F G

u

v

�u

�v

r =
r s,

t =
+

•r =
rs , t =

�
•

Slika 7.3: Schwarzschild-ova geometrija u (a) izvornim, (t, r) koordinatama, (c) u Kruskal-Szekeres
koordinatama i (b) prelazni stadijum preslikavanja iz (a) u (c). Svetlosni zrak usmeren prema crnoj
rupi sledi putanju A-C-D-F dok čestica sa neǐsčezavajućom masom usmerena prema crnoj rupi sledi
putanju B-C-E-G. Rešenje (7.61) je sferno-simetrično i ugaone koordinate q, j nisu prikazane; svaka
tačka na slici predstavlja sferu datog radijusa. Dijagram (b) pokazuje kako se dijagram (a) ”otvara“
pri preslikavanju u dijagram (c).

divergira u t ! +• (dok sopstveno vreme ostaje konačno), a segment unutar horizonta dogadaja
se kreće unazad u koordinatnom vremenu dok račun pokazuje da sopstveno vreme i dalje teče
unapred za čestice sa neǐsčezavajućom masom a stagnira za svetlost.

Na slici 7.3 (a) pratimo svetlosni zrak koji je usmeren u crnu rupu iz početne tačke A, prolazi
kroz tačku C u koordinatnom vremenu t = 0, prolazi kroz horizont (r = rs) u koordinatnom
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vremenu t = +• i ”tački“ D, pa se onda vraća u koordinatnom vremenu, unutar horizonta, i
pada u r = 0 singularitet u tački F. Naime,

za r < rs, fs(r) < 0 pa je gtt = � fs(r) > 0 a grr =
�

fs(r)
��1

< 0. (7.99)

Stoga je unutar horizonta koordinata t prostornog karaktera (čestice sa neǐsčezavajućom ma-
som mogu da se kreću u oba smera t) a koordinata r je vremenskog karaktera, i čestice mogu
da se kreću samo u smeru r ! 0, to jest, ka singularitetu. Slično svetlosnom zraku, čestica sa
neǐsčezavajućom masom usmerena u crnu rupu iz početne tačke B, prolazi kroz tačku C u koordi-
natnom vremenu t = 0, prolazi kroz horizont (r = rs) u koordinatnom vremenu t = +• i ”tački“
E, pa se onda vraća u koordinatnom vremenu, unutar horizonta i pada u r = 0 singularitet (G).
U toku čitavog tog puta, sopstveno vreme čestice teče unapred, i ostaje konačno.

Osim pojave nestvarne singularnosti u r = rs, isprekidanost putanja—duž kojih znamo da
sopstveno vreme putovanja nije isprekidano—takode ukazuje na nepogodnost izvornog Schwarz-
schild-ovog izbora koordinata (t, r, q, j). Eddington-Lemâıtre-ove koordinate (7.66) otklanjaju
prvi ali ne i drugi od ta dva problema. John L. Synge je 1950. godine otkrio nekompletnost
Schwarzschild-ovih koordinata, kao i sistem koordinata koji jeste kompletan. Nezavisno i ne
znajući za Synge-ove rezultate, Christian Fronsdal je 1959. godine (tada u CERN-u) ponovo do-
kazao nekompletnost Schwarzschild-ovih koordinata i našao kompletan analitički opis Schwarz-
schild-ove geometrije u vidu vǐse-dimenzionog koordinatnog sistema sa nametnutim algebar-
skim uslovom. Za ovo rešenje se ispostavlja da je vrlo slično rešenju koje je Martin Kruskal
(na Princeton-skom universitu) našao još ranije ali nije publikovao, a za koje su D. Finkelstein i
J.A. Wheeler (tada profesori na Princeton-skom univerzitetu) znali i kome se Fronsdal, u svom
izvornom radu [125], zahvaljuje na obaveštenju o tome. Nezavisno od ove grupe istraživača, isto
rešenje je otkrio i Szekeres György, u Australiji; nezavisni radovi Kruskal-a i Szekeres-a su objav-
ljeni 1960. godine i ta konačna—i eksplicitna—verzija opisa se danas naziva Kruskal-Szekeres
dijagram, a u i v na slici 7.3 (c) su Kruszkal-Szekeres koordinate. S druge strane, Fronsdal-ov
implicitni opis se danas retko spominje.

Relacije izmedu Schwarzschild-ovih i Kruskal-Szekeres-evih koordinata je sledeća:

K-Sz Schwarzschild

uI , �uII I =
q

r
rs
�1 er/rs ch

� ct
2rs

�

vI , �vII I =
q

r
rs
�1 er/rs sh

� ct
2rs

�

K-Sz Schwarzschild

uII , �uIV =
q

1� r
rs

er/rs sh
� ct

2rs

�

vII , �vIV =
q

1� r
rs

er/rs ch
� ct

2rs

�
(7.100a)

� r
rs
�1

�
er/rs = u2 � v2

, t =

(
2rs
c arth

� v
u
�

u oblastima I i III;
2rs
c arth

�u
v
�

u oblastima II i IV;
(7.100b)

gde supskript na Kruskal-Szekeres koordinatama označava oblast za koju relacija važi. Po defini-
ciji, r > 0, pa poluravan (t, r)r<0 nema fizičkog smisla. Medutim, konačna poluravan (t, r)r>0 nije
geodezijski kompletna—kao što smo videli: putanje čestica koje kreću izvan horizonta, prolaze
kroz horizont pa se survavaju u singularnost ”prolaze“ kroz tačku u beskonačnosti i vraćaju se
iz nje. S druge strane, domen Kruskal-Szekeres-evih koordinata (prikazan na slici 7.3 (c) kao
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Nekoliko slikovitih prikaza Scwarzschild-ovog rešenja:

http://cosmology.com/BlackHoles.html

http://cosmology.com/BlackHoles.html
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Scwarzschild-ovo rešenje, u Kruskal-Szekeres koordinatama:

7.3. Special Solutions 371

his original work [144], thanks for the communication. Independently from this group
of explorers, the same solutions was discovered also by Szekeres György, in Australia; the
independent works by Kruskal and Szekeres were published in 1960 and this finite—and ex-
plicit—version of the description is today called the Kruskal-Szekeres diagram, and u and v
in figure 7.3 (c) are the Kruskal-Szekeres coordinates. In turn, Fronsdal’s implicit description
is today rarely mentioned.

The Schwarzschild and Kruskal-Szekeres coordinates are related as follows:

K-Sz Schwarzschild

uI , � uII I =
q

r
rS
�1 er/rS cosh

� ct
2rS

�

vI , � vII I =
q

r
rS
�1 er/rS sinh

� ct
2rS

�

K-Sz Schwarzschild

uII , � uIV =
q

1� r
rS

er/rS sinh
� ct

2rS

�

vII , � vIV =
q

1� r
rS

er/rS cosh
� ct

2rS

�

(7.101a)

� r
rS
�1

�
er/rS = u2 � v2, t =

⇢ 2rS
c arth

� v
u
�

in regions I and III;
2rS
c arth

� u
v
�

in regions II and IV;
(7.101b)

where the subscript to Kruskal-Szekeres coordinates denotes the region in which the stated
relation holds. By definition, r > 0, so the half-plane (t, r)r<0 has no physical meaning.
however, the half-plane (t, r)r>0 with the boundary (r = 0) is not geodesically complete—as
was shown: paths that start outside the horizon, pass through the horizon and then fall
into the singularity “pass” through the point at infinity and come back from it. In turn, the
domain of Kruskal-Szekeres coordinates (shown in figure 7.3 (c) as the part of the (u, v)-
plane bounded by the singularity hyperbolas) is geodesically complete: All geodesic lines
are either completely contained within this region or have a limiting point at infinity and
outside the singularity hyperbolas. Also, every finite part of every geodesic path is entirely
contained within the domain of Kruskal-Szekeres coordinates.

figure 7.3 (c) is the Schwarzschild geometry presented in Kruskal-Szekeres coordinates
(u, v): the half-plane (t, r)r>0 from figure 7.3 (a) is mapped into the region bounded by the
“r = rS, t = �•” diagonal and the upper singularity hyperbola. figure 7.3 (b) shows the
“intermediate phase” between the Schwarzschild picture and the Kruskal-Szekeres picture,
where one sees that:

1. the diagonal “r = rS, t = �•” appears by “splitting” the lower Schwarzschild semi-
axis r = rS, t 2 (�•, 0] into two semi-axes that then open into the “r = rS, t = �•”
diagonal;

2. the “splitting” of the lower Schwarzschild semi-axis r = rS, t 2 (�•, 0] provides the
space of regions III and IV;

3. the upper Schwarzschild semi-axis r = rS, t 2 [0,+•) becomes the semi-axis that
divides the regions I and II, and its copy divides the regions III and IV.

The comparative examination of these two coordinates of the Schwarzschild geometry clearly
demonstrates that the mapping (t, r)r>0

1�2��! (u, v) is two-valued, i.e., that the Kruskal-
Szekeres picture is a double covering of the Schwarzschild picture.
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his original work [144], thanks for the communication. Independently from this group
of explorers, the same solutions was discovered also by Szekeres György, in Australia; the
independent works by Kruskal and Szekeres were published in 1960 and this finite—and ex-
plicit—version of the description is today called the Kruskal-Szekeres diagram, and u and v
in figure 7.3 (c) are the Kruskal-Szekeres coordinates. In turn, Fronsdal’s implicit description
is today rarely mentioned.

The Schwarzschild and Kruskal-Szekeres coordinates are related as follows:

K-Sz Schwarzschild

uI , � uII I =
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� ct
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⇢ 2rS
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�

in regions I and III;
2rS
c arth

� u
v
�

in regions II and IV;
(7.101b)

where the subscript to Kruskal-Szekeres coordinates denotes the region in which the stated
relation holds. By definition, r > 0, so the half-plane (t, r)r<0 has no physical meaning.
however, the half-plane (t, r)r>0 with the boundary (r = 0) is not geodesically complete—as
was shown: paths that start outside the horizon, pass through the horizon and then fall
into the singularity “pass” through the point at infinity and come back from it. In turn, the
domain of Kruskal-Szekeres coordinates (shown in figure 7.3 (c) as the part of the (u, v)-
plane bounded by the singularity hyperbolas) is geodesically complete: All geodesic lines
are either completely contained within this region or have a limiting point at infinity and
outside the singularity hyperbolas. Also, every finite part of every geodesic path is entirely
contained within the domain of Kruskal-Szekeres coordinates.

figure 7.3 (c) is the Schwarzschild geometry presented in Kruskal-Szekeres coordinates
(u, v): the half-plane (t, r)r>0 from figure 7.3 (a) is mapped into the region bounded by the
“r = rS, t = �•” diagonal and the upper singularity hyperbola. figure 7.3 (b) shows the
“intermediate phase” between the Schwarzschild picture and the Kruskal-Szekeres picture,
where one sees that:

1. the diagonal “r = rS, t = �•” appears by “splitting” the lower Schwarzschild semi-
axis r = rS, t 2 (�•, 0] into two semi-axes that then open into the “r = rS, t = �•”
diagonal;

2. the “splitting” of the lower Schwarzschild semi-axis r = rS, t 2 (�•, 0] provides the
space of regions III and IV;

3. the upper Schwarzschild semi-axis r = rS, t 2 [0,+•) becomes the semi-axis that
divides the regions I and II, and its copy divides the regions III and IV.

The comparative examination of these two coordinates of the Schwarzschild geometry clearly
demonstrates that the mapping (t, r)r>0

1�2��! (u, v) is two-valued, i.e., that the Kruskal-
Szekeres picture is a double covering of the Schwarzschild picture.
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1950. je J.L. Synge otkrio 
nekompletnost, kao i jedan 
kompletan sistem koordinata.

1959. je C. Fronsdal (ponovo) 
otkrio nekompletnost, kao i 
jedan opis sa algeb. uslovom.
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vremenu t = +• i ”tački“ D, pa se onda vraća u koordinatnom vremenu, unutar horizonta, i
pada u r = 0 singularitet u tački F. Naime,

za r < rs, fs(r) < 0 pa je gtt = � fs(r) > 0 a grr =
�

fs(r)
��1

< 0. (7.99)

Stoga je unutar horizonta koordinata t prostornog karaktera (čestice sa neǐsčezavajućom ma-
som mogu da se kreću u oba smera t) a koordinata r je vremenskog karaktera, i čestice mogu
da se kreću samo u smeru r ! 0, to jest, ka singularitetu. Slično svetlosnom zraku, čestica sa
neǐsčezavajućom masom usmerena u crnu rupu iz početne tačke B, prolazi kroz tačku C u koordi-
natnom vremenu t = 0, prolazi kroz horizont (r = rs) u koordinatnom vremenu t = +• i ”tački“
E, pa se onda vraća u koordinatnom vremenu, unutar horizonta i pada u r = 0 singularitet (G).
U toku čitavog tog puta, sopstveno vreme čestice teče unapred, i ostaje konačno.

Osim pojave nestvarne singularnosti u r = rs, isprekidanost putanja—duž kojih znamo da
sopstveno vreme putovanja nije isprekidano—takode ukazuje na nepogodnost izvornog Schwarz-
schild-ovog izbora koordinata (t, r, q, j). Eddington-Lemâıtre-ove koordinate (7.66) otklanjaju
prvi ali ne i drugi od ta dva problema. John L. Synge je 1950. godine otkrio nekompletnost
Schwarzschild-ovih koordinata, kao i sistem koordinata koji jeste kompletan. Nezavisno i ne
znajući za Synge-ove rezultate, Christian Fronsdal je 1959. godine (tada u CERN-u) ponovo do-
kazao nekompletnost Schwarzschild-ovih koordinata i našao kompletan analitički opis Schwarz-
schild-ove geometrije u vidu vǐse-dimenzionog koordinatnog sistema sa nametnutim algebar-
skim uslovom. Za ovo rešenje se ispostavlja da je vrlo slično rešenju koje je Martin Kruskal
(na Princeton-skom universitu) našao još ranije ali nije publikovao, a za koje su D. Finkelstein i
J.A. Wheeler (tada profesori na Princeton-skom univerzitetu) znali i kome se Fronsdal, u svom
izvornom radu [125], zahvaljuje na obaveštenju o tome. Nezavisno od ove grupe istraživača, isto
rešenje je otkrio i Szekeres György, u Australiji; nezavisni radovi Kruskal-a i Szekeres-a su objav-
ljeni 1960. godine i ta konačna—i eksplicitna—verzija opisa se danas naziva Kruskal-Szekeres
dijagram, a u i v na slici 7.3 (c) su Kruszkal-Szekeres koordinate. S druge strane, Fronsdal-ov
implicitni opis se danas retko spominje.

Relacije izmedu Schwarzschild-ovih i Kruskal-Szekeres-evih koordinata je sledeća:

K-Sz Schwarzschild

uI , �uII I =
q

r
rs
�1 er/rs ch

� ct
2rs

�

vI , �vII I =
q

r
rs
�1 er/rs sh

� ct
2rs

�

K-Sz Schwarzschild

uII , �uIV =
q

1� r
rs

er/rs sh
� ct

2rs

�

vII , �vIV =
q

1� r
rs

er/rs ch
� ct

2rs

�
(7.100a)

� r
rs
�1

�
er/rs = u2 � v2

, t =

(
2rs
c arth

� v
u
�

u oblastima I i III;
2rs
c arth

�u
v
�

u oblastima II i IV;
(7.100b)

gde supskript na Kruskal-Szekeres koordinatama označava oblast za koju relacija važi. Po defini-
ciji, r > 0, pa poluravan (t, r)r<0 nema fizičkog smisla. Medutim, konačna poluravan (t, r)r>0 nije
geodezijski kompletna—kao što smo videli: putanje čestica koje kreću izvan horizonta, prolaze
kroz horizont pa se survavaju u singularnost ”prolaze“ kroz tačku u beskonačnosti i vraćaju se
iz nje. S druge strane, domen Kruskal-Szekeres-evih koordinata (prikazan na slici 7.3 (c) kao

Fronsdal-ovo rešenje je slično 
M. Kruskal-ovom (posredst–
vom Wheeler-a i Finkelstein-a)

1960 je G. Szekeres nezavisno 
otkrio isto rešenje.
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Einstein-Rosen-ov ”most“

Schwarzschild-ov metrički tenzor (7.64) ispoljava dva patološka svojstva na razdaljini r = rs:

1. vremenski element, g00 = gtt = �
�
1� rs

r
�

c2 ǐsčezava,

2. radijalni element, grr = �
�
1� rs

r
��1 divergira.

S druge strane, kao što smo diskutovali u odeljku 7.3.1, str. 295, divergencija ili ǐsčezavanje pojedinog
elementa metričkog tenzora ne ukazuje nužno na pravi singularitet u geometriji. Štavǐse, Lemâıtre-ove
koordinate (7.69) dokazuju da lokacija r = rs nije singularna. To daje podstreka sumnji da uobičajene
sferne koordinate (t, r, q, j)—pa možda čak možda ni Lemâıtre-ove—ne opisuju kompletnu geometriju
prostor-vremena u okolini crne rupe.

Takode, deteljna analiza raznih putanja čestica sa masom i svetlosnih zrakova koji padaju kroz hori-
zont dogadaja [266] ukazuju na jedno vrlo neobično svojstvo, prikazano u dijagramu na levoj strani slike
slici 7.3: Čestice usmerene prema crnoj rupi prate putanje u prostor-vremenu koje su prividno prekinute
pri prelasku kroz horizont dogadaja i zahtevaju da koordinatno vreme divergira u t ! +• (dok sopstveno
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Slika 7.3: Schwarzschild-ova geometrija u (a) izvornim, (t, r) koordinatama, (c) u Kruskal-Szekeres koordinata-
ma i (b) prelazni stadijum preslikavanja iz (a) u (c). Svetlosni zrak usmeren prema crnoj rupi sledi putanju A-C-
D-F dok čestica sa neǐsčezavajućom masom usmerena prema crnoj rupi sledi putanju B-C-E-G. Rešenje (7.64) je
sferno-simetrično i ugaone koordinate q, j nisu prikazane; svaka tačka na slici predstavlja sferu datog radijusa.
Dijagram (b) pokazuje kako se dijagram (a) ”otvara“ pri preslikavanju u dijagram (c).

vreme ostaje konačno), a segment unutar horizonta dogadaja se kreće unazad u koordinatnom vreme-
nu dok račun pokazuje da sopstveno vreme i dalje teče unapred za čestice sa neǐsčezavajućom masom a
stagnira za svetlost.

Na slici 7.3 (a) pratimo svetlosni zrak koji je usmeren u crnu rupu iz početne tačke A, prolazi kroz
tačku C u koordinatnom vremenu t = 0, prolazi kroz horizont (r = rs) u koordinatnom vremenu t = +• i

”tački“ D, pa se onda vraća u koordinatnom vremenu, unutar horizonta, i pada u r = 0 singularitet u tački
F. Naime,

za r < rs, fs(r) < 0 pa je gtt = � fs(r) > 0 a grr =
�

fs(r)
��1

< 0. (7.102)

Stoga je unutar horizonta koordinata t prostornog karaktera (čestice sa neǐsčezavajućom masom mogu da
se kreću u oba smera t) a koordinata r je vremenskog karaktera, i čestice mogu da se kreću samo u smeru

Einstein-Rosen most
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Schwarzschild-ovo rešenje:

Schwarzschild-ove 
koordinate

Kruskal-Szekeres 
koordinate

prelaz
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Scwarzschild-ovo rešenje ima dve “grane”:
370 Chapter 7. Gravity and the Geometrization of Physics
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Figure 7.3: The Schwarzschild geometry (a) in the original, (t, r) coordinates, (c) in Kruskal-
Szekeres coordinates and (b) the transitionary stadium of the mapping from (a) to (c). A light
ray directed toward the black hole follows the A-C-D-F path, while a particle with a non-
vanishing mass directed toward the black hole follows the B-C-E-G path. The depiction (7.61)
is spherically-symmetric and angular coordinates q, j are not shown; every point in the figure
lies on a sphere of the given radius. The diagram (b) shows how the diagram (a) “opens” in the
mapping to the diagram (c).

Thus, within the horizon, the coordinate t has a space-like character (massive particles may
move in both directions of t) and the coordinate r has a time-like character, and particles
may move only in the direction r ! 0, i.e., towards the singularity. Similarly to a light
ray, a massive particle directed towards the black hole from the initial spacetime point B,
passes through the point C in coordinate time t = 0, passes through the horizon (r = rS) in
coordinate time t = +• and the “point” E, and then returns in coordinate time, within the
horizon and falls into the r = 0 singularity (G). Throughout the whole trip, the proper time
of a massive particle passes forward, and remains finite.

Besides the appearance of a fictitious singularity at r = rS, the discontinuity of the
path—along which we know that the proper time is not discontinuous—also indicates that
the choice of Schwarzschild coordinates (t, r, q, j) is not appropriate. the Eddington-Lemâıtre
coordinates (7.66) do remove the first but not also the second of these two problems. In
1950, John L. Synge discovered the incompleteness of the Schwarzschild coordinates, as
well as a system of coordinates that is complete. Independently and unaware of Synge’s
results, Christian Fronsdal again proved the incompleteness of Schwarzschild coordinates in
1959 (at CERN), and found a complete analytical description of the Schwarzschild geom-
etry in the form of a higher-dimensional coordinate system with an algebraic constraint26.
This solutions turned out to be very similar to the solution that Martin Kruskal (at Prince-
ton University) found a little earlier but has not published, and which D. Finkelstein and
J.A. Wheeler (then professors at Princeton University) knew and to whom Fronsdal, in

26 By definition, spaces of solutions of systems of algebraic equations are called algebraic varieties and form a
major subject in the mathematical discipline of algebraic geometry. This connection between mathematics and
physics will recur later, and much more vigorously, with the exploration of (super)strings.
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šav čini “grlo”

I

III

Regioni I i III su fizički, a II i IV 
nisu. “Šav” je u stvari tačka: 
koord. početak U K-Sz sistemu.
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Mada statično, Scwarzschild-ovo rešenje ima dinamiku:

Einstein-Rosen-ov most je zatvoren za sve realne čestice.

Ali nije za virtuelne čestice.

7.3. Specijalna rešenja 329

koji povezuje prostor-vremenske oblasti I i III. Ovaj proces, su Albert Einstein i Nathan Rosen
otkrili 1935. godine pa se po njima i zove. Tek 1962. godine su John A. Wheeler i Robert
W. Fuller otkrili da je ovaj most u stvari nestabilna konfiguracija i da nikakav materijalni
objekat pa ni svetlost ne može kroz njega da prode. Zbog ove neprolaznosti i topološkog
oblika S2 ⇥R1 koji je 3-dimenziona generalizacija cilindra (S1 ⇥R1), odomaćio se naziv

”crvotočina“ (wormhole).
Slika 7.4 pokazuje Schwarzschild-ovu geometriju u Kruskal-Szekeres koordinatama,

gde su Schwarschild-simultane hiperpovrši predstavljene pretežno horizontalnim linijama,
koje na desnoj strani pokazuju stanje Einstein-Rosen-ovog mosta skicom poprečnog pre-
seka. Linije C koje povezuju oblast I i III kroz Einstein-Rosen-ov most su uvek prostornog

II

I IIII

IV

III

posmatrač
F

Dve razdvojene ”strane“ crne rupe, jedna strana
videna iz oblasti I, druga iz oblasti III

Dve ”strane“ crne rupe, spojene u jednoj tački.

Einstein-Rosen-ov most delimično otvoren;
oblast I i III su prostorno povezane.

Einstein-Rosen-ov most maksimalno otvoren.

Einstein-Rosen-ov most počinje da se zatvara;
oblast I i III su još uvek prostorno povezane.

Einstein-Rosen-ov most je zatvoren.

Dve razdvojene ”strane“ crne rupe, jedna strana
videna iz oblasti I, druga iz oblasti III

Slika 7.4: Einstein-Rosen-ov ”most“ kao dinamički proces. Razmak u približno vremenskoj
koordinati v izmedu donjeg (ranijeg) i gornjeg (kasnijeg) singulariteta nije merodavan. Svaka
čestica usmerena prema ”mostu“ završava u gornjem (budućem) singularitetu: čestica sa masom
prati putanju označenu punom linijom a svetlosni zrak pravu označenu isprekidanom linijom.

karaktera, odnosno tangentni 4-vektori V 2 Tx(C ) duž tih linija (x 2 C ) su prostorni,
gµn(x)Vµ(x)Vn(x) > 0 za svako x 2 C . Sa dijagrama na slici 7.4 se vidi da ni svetlosni
zraci—koji u Kruskal-Szekeres koordinatnom sistemu putuju duž pravih linija pod nagibom
od 45

�—pa onda ni realne čestice sa neǐsčezavajućom masom—ne mogu da stignu ni iz
unutrašnjosti oblasti I u unutrašnjost oblasti III, niti obratno.

Jedino svetlosne putanje koje u potpunosti leže u horizontu dogadaja (dijagonalne
linije koje se presecaju u centru dijagrama na slici 7.4) prelaze iz granice oblasti I u granicu
oblasti III i obratno. No, te putanje (svetlosnog karaktera) su zauvek zarobljene u horizontu
dogadaja.

Zaključak 7.8 Uprkos postojanju prostorne povezanosti (putanjama čiji su svi tan-
gentni vektori prostornog karaktera) izmedu oblasti I i III, Einstein-Rosen-ov ” most“
je zauvek zatvoren za realne čestice (koje putuju putanjama vremenskog karaktera),
uključujući tu i svetlost i sva druga kalibraciona polja.

Napomena 7.6 Einstein-Rosen-ov most, medutim, nije zatvoren za virtuelne čestice.
To u principu dozvoljava interferenciju talasnih funkcija prostiranjem kroz Einstein-
Rosen-ov most, i daje vrstu Aharonov-Bohm-ovog efekta: prostor-vreme za Feyman-
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Dinamička priča Scwarzschild-ovog rešenja, tj. Einstein-Rosen-
ovog mosta povezuje dva regiona prostor-vremena koji: 

Prirodno je upitati se: da li postoje prolazni “mostovi”? 
Takozvane “Lorentz-ijanske crvotočine” 
Tipično zahtevaju materiju za potporu. 
Tipično zahtevaju egzotičnu materiju — u “grlu” (sprečava kolaps).

1. imaju po jednu crnu rupu 
2. te se dve crne rupe u trenutku spoje; 
3. spoj tih crnih rupa se otvori u prostorni “most” 

(crvotočinu) topologije (“oblika”)  ; 
4. taj “most“ se zatvori pre nego što bi i svetlost mogla 

kroz njega da prodje; 
5. ostanu dve razdvojene oblasti, sa po jednom crnom rupom. 

S2×ℝ1
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Jednostavan primer: 

Ovo daje Einstein-ov tenzor 

…koji može da pripada samo 
egzotičnoj materiji 
…koju moramo obezbediti da 
(p)održi prostor-vremensku 
zakrivljenost ove geometrije.
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Figure 7.5: The torus surface with three topologically distinct closed paths: neither A nor B
can be continuously deformed into a point as can be done with the path C. Besides, the path
A cannot be continuously deformed into the path B. The same holds for the “sphere with a
handle” to the right, that is topologically equivalent to the torus.

of spacetime are connected through that tunnel by time-like paths. For solutions of this type
the popular name “wormhole” was kept, but unlike the Einstein-Rosen space-like “bridge,”
these time-like wormholes are named Lorentzian wormholes [434, 436].

The simplest example is provided by the metric tensor

ds2 = �c2dt2 + d`2 + (k2+`2)
�
dq2 + sin2(q)dj2�, (7.102)

where r = ±
p

k2+`2 is the “true” radial coordinate, and k > 0 is a constant. For this metric
tensor one computes the Einstein tensor, and still in spherical coordinates:

[Gµn = Rµn � 1
2 gµnR] =

k2

(k2 + `2)2 diag
⇥
�c2,�1, (k2+`2), (k2+`2) sin2(q)

⇤
. (7.103)

The Einstein equations then equate this tensor with the energy-momentum tensor density of
the matter/energy that is necessary at the connection of the two “branches” of the solution
to maintain this geometry.

This use of the Einstein equations identical to the use of the Gauss-Ampère equations
in electrodynamics, where the spherically symmetric electric field, for example, with a mag-
nitude that decays as 1/r2 implies that there must exist an electric charge at the coordinate
origin that maintains this field.

As the physical meaning of the Ttt component of the energy-momentum tensor density
is the usual matter/energy density (including all non-gravitational fields), and Trr is the ra-
dial pressure of this matter density, we see that the energy-momentum tensor density that is
being equated with the result (7.103) must represent a very unusual matter/energy: both its
density and its radial pressure are negative. However, already in the original paper in 1989,
Matt Visser [434] pointed out that there do exist physical systems that have been realized
in laboratories, such as is for example the Casimir effect, and which exhibit at least some
of these exotic properties. Later research in this respect discovered several other physical
systems the combinations of which could—in principle—be used to open and stabilize such
Lorentz wormholes.
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Figure 7.5: The torus surface with three topologically distinct closed paths: neither A nor B
can be continuously deformed into a point as can be done with the path C. Besides, the path
A cannot be continuously deformed into the path B. The same holds for the “sphere with a
handle” to the right, that is topologically equivalent to the torus.

of spacetime are connected through that tunnel by time-like paths. For solutions of this type
the popular name “wormhole” was kept, but unlike the Einstein-Rosen space-like “bridge,”
these time-like wormholes are named Lorentzian wormholes [434, 436].

The simplest example is provided by the metric tensor

ds2 = �c2dt2 + d`2 + (k2+`2)
�
dq2 + sin2(q)dj2�, (7.102)

where r = ±
p

k2+`2 is the “true” radial coordinate, and k > 0 is a constant. For this metric
tensor one computes the Einstein tensor, and still in spherical coordinates:

[Gµn = Rµn � 1
2 gµnR] =

k2

(k2 + `2)2 diag
⇥
�c2,�1, (k2+`2), (k2+`2) sin2(q)

⇤
. (7.103)

The Einstein equations then equate this tensor with the energy-momentum tensor density of
the matter/energy that is necessary at the connection of the two “branches” of the solution
to maintain this geometry.

This use of the Einstein equations identical to the use of the Gauss-Ampère equations
in electrodynamics, where the spherically symmetric electric field, for example, with a mag-
nitude that decays as 1/r2 implies that there must exist an electric charge at the coordinate
origin that maintains this field.

As the physical meaning of the Ttt component of the energy-momentum tensor density
is the usual matter/energy density (including all non-gravitational fields), and Trr is the ra-
dial pressure of this matter density, we see that the energy-momentum tensor density that is
being equated with the result (7.103) must represent a very unusual matter/energy: both its
density and its radial pressure are negative. However, already in the original paper in 1989,
Matt Visser [434] pointed out that there do exist physical systems that have been realized
in laboratories, such as is for example the Casimir effect, and which exhibit at least some
of these exotic properties. Later research in this respect discovered several other physical
systems the combinations of which could—in principle—be used to open and stabilize such
Lorentz wormholes.
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Figure 7.5: The torus surface with three topologically distinct closed paths: neither A nor B
can be continuously deformed into a point as can be done with the path C. Besides, the path
A cannot be continuously deformed into the path B. The same holds for the “sphere with a
handle” to the right, that is topologically equivalent to the torus.

of spacetime are connected through that tunnel by time-like paths. For solutions of this type
the popular name “wormhole” was kept, but unlike the Einstein-Rosen space-like “bridge,”
these time-like wormholes are named Lorentzian wormholes [434, 436].

The simplest example is provided by the metric tensor

ds2 = �c2dt2 + d`2 + (k2+`2)
�
dq2 + sin2(q)dj2�, (7.102)

where r = ±
p

k2+`2 is the “true” radial coordinate, and k > 0 is a constant. For this metric
tensor one computes the Einstein tensor, and still in spherical coordinates:

[Gµn = Rµn � 1
2 gµnR] =

k2

(k2 + `2)2 diag
⇥
�c2,�1, (k2+`2), (k2+`2) sin2(q)

⇤
. (7.103)

The Einstein equations then equate this tensor with the energy-momentum tensor density of
the matter/energy that is necessary at the connection of the two “branches” of the solution
to maintain this geometry.

This use of the Einstein equations identical to the use of the Gauss-Ampère equations
in electrodynamics, where the spherically symmetric electric field, for example, with a mag-
nitude that decays as 1/r2 implies that there must exist an electric charge at the coordinate
origin that maintains this field.

As the physical meaning of the Ttt component of the energy-momentum tensor density
is the usual matter/energy density (including all non-gravitational fields), and Trr is the ra-
dial pressure of this matter density, we see that the energy-momentum tensor density that is
being equated with the result (7.103) must represent a very unusual matter/energy: both its
density and its radial pressure are negative. However, already in the original paper in 1989,
Matt Visser [434] pointed out that there do exist physical systems that have been realized
in laboratories, such as is for example the Casimir effect, and which exhibit at least some
of these exotic properties. Later research in this respect discovered several other physical
systems the combinations of which could—in principle—be used to open and stabilize such
Lorentz wormholes.
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u tačku. Ovako ”topološki“ gledano, plašt torusa je ekvivalentan površini 2-sfere kojoj smo dodali
cilindričnu ”ručku“, kao što je to prikazano na slici 7.5.

A

A

B

B

C

C

'

Slika 7.5: Plašt torusa sa tri topološki različite zatvorene putanje: ni A ni B se ne mogu kontinualno
deformisati u tačku kao što je to moguće sa putanjom C. Osim toga, putanju A nije moguće konti-
nualno deformisati u putanju B. Isto važi i za ”sferu sa ručkom“ na desnoj strani, koja je topološki
ekvivalentna torusu.

S druge strane, ta vǐsestruka povezanost—za realne čestice, polja i objekte—nema praktičnog
značaja jer je Einstein-Rosen-ov ”most“ za njih neprolazan.

Prirodno je onda pitati da li može da postoji neka deformacija Schwarzschild-ove (ili slične)
geometrije, u kojoj bi tako nekakav most izmedu inače udaljenih oblasti prostor-vremena postojao
i koji bi bio prolazan za realne čestice, polja i objekte.

Metrički tenzor koji opisuje upravo tako nekakvu geometriju očigledno mora da ima ele-
mente koji su bar kvadratne funkcije bar nekih prostornih koordinata tako da bi rešenje prostor-
vremensko imalo dve ”grane“ odnosno ”plašta“, koji su onda spojeni putem nekog tunela, i to tako
da su u adekvatnom geodezijski kompletnom prostor-vremenskom dijagramu (kao što je Kruskal-
Szekeres dijagram za Schwarzshild-ovu geometriju) inače razdvojene oblasti prostor-vremena
spojene kroz taj tunel putanjama koje su vremenskog karaktera. Za rešenja takvog tipa se zadržao
popularni naziv ”crvotočine“, ali za razliku od Einstein-Rosen-ovog prostornog ”mosta“, ove cr-
votočine vremenskog karaktera su nazvane Lorentz-ovske crvotočine [373, 375].

Najjednostavniji primer je metrički tenzor

ds2 = �c2
dt2 + d`2 + (k2+`2)

�
dq2 + sin

2(q)dj2
�
, (7.101)

gde je r = ±
p

k2+`2

”prava“ radijalna koordinata, a k > 0 je konstanta. Za ovaj metrički tenzor
se može izračunati Einstein-ov tenzor, i dalje u sfernim koordinatama:

[Gµn = Rµn � 1

2
gµnR] =

k2

(k2 + `2)2
diag

�
�c2

,�1, (k2+`2), (k2+`2) sin
2(q)

�
. (7.102)

Einstein-ove jednačine onda izjednačavaju ovaj tenzor sa tenzorom gustine energije-impulsa ma-
terije/energije koja je neophodna na spoju dve ”grane“ rešenja da održi ovu geometriju.

Prohodne crvotočine
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Jednostavan primer: 

Ovo daje Einstein-ov tenzor 

i tako daje tenzor gustine 
energije-impulsa. 
Pošto Trr < 0, znači da je 
ova materija/energija 
egzotična 
održava otvoreno grlo.
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Figure 7.5: The torus surface with three topologically distinct closed paths: neither A nor B
can be continuously deformed into a point as can be done with the path C. Besides, the path
A cannot be continuously deformed into the path B. The same holds for the “sphere with a
handle” to the right, that is topologically equivalent to the torus.

of spacetime are connected through that tunnel by time-like paths. For solutions of this type
the popular name “wormhole” was kept, but unlike the Einstein-Rosen space-like “bridge,”
these time-like wormholes are named Lorentzian wormholes [434, 436].

The simplest example is provided by the metric tensor

ds2 = �c2dt2 + d`2 + (k2+`2)
�
dq2 + sin2(q)dj2�, (7.102)

where r = ±
p

k2+`2 is the “true” radial coordinate, and k > 0 is a constant. For this metric
tensor one computes the Einstein tensor, and still in spherical coordinates:

[Gµn = Rµn � 1
2 gµnR] =

k2

(k2 + `2)2 diag
⇥
�c2,�1, (k2+`2), (k2+`2) sin2(q)

⇤
. (7.103)

The Einstein equations then equate this tensor with the energy-momentum tensor density of
the matter/energy that is necessary at the connection of the two “branches” of the solution
to maintain this geometry.

This use of the Einstein equations identical to the use of the Gauss-Ampère equations
in electrodynamics, where the spherically symmetric electric field, for example, with a mag-
nitude that decays as 1/r2 implies that there must exist an electric charge at the coordinate
origin that maintains this field.

As the physical meaning of the Ttt component of the energy-momentum tensor density
is the usual matter/energy density (including all non-gravitational fields), and Trr is the ra-
dial pressure of this matter density, we see that the energy-momentum tensor density that is
being equated with the result (7.103) must represent a very unusual matter/energy: both its
density and its radial pressure are negative. However, already in the original paper in 1989,
Matt Visser [434] pointed out that there do exist physical systems that have been realized
in laboratories, such as is for example the Casimir effect, and which exhibit at least some
of these exotic properties. Later research in this respect discovered several other physical
systems the combinations of which could—in principle—be used to open and stabilize such
Lorentz wormholes.
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Figure 7.5: The torus surface with three topologically distinct closed paths: neither A nor B
can be continuously deformed into a point as can be done with the path C. Besides, the path
A cannot be continuously deformed into the path B. The same holds for the “sphere with a
handle” to the right, that is topologically equivalent to the torus.

of spacetime are connected through that tunnel by time-like paths. For solutions of this type
the popular name “wormhole” was kept, but unlike the Einstein-Rosen space-like “bridge,”
these time-like wormholes are named Lorentzian wormholes [434, 436].

The simplest example is provided by the metric tensor

ds2 = �c2dt2 + d`2 + (k2+`2)
�
dq2 + sin2(q)dj2�, (7.102)

where r = ±
p

k2+`2 is the “true” radial coordinate, and k > 0 is a constant. For this metric
tensor one computes the Einstein tensor, and still in spherical coordinates:

[Gµn = Rµn � 1
2 gµnR] =

k2

(k2 + `2)2 diag
⇥
�c2,�1, (k2+`2), (k2+`2) sin2(q)

⇤
. (7.103)

The Einstein equations then equate this tensor with the energy-momentum tensor density of
the matter/energy that is necessary at the connection of the two “branches” of the solution
to maintain this geometry.

This use of the Einstein equations identical to the use of the Gauss-Ampère equations
in electrodynamics, where the spherically symmetric electric field, for example, with a mag-
nitude that decays as 1/r2 implies that there must exist an electric charge at the coordinate
origin that maintains this field.

As the physical meaning of the Ttt component of the energy-momentum tensor density
is the usual matter/energy density (including all non-gravitational fields), and Trr is the ra-
dial pressure of this matter density, we see that the energy-momentum tensor density that is
being equated with the result (7.103) must represent a very unusual matter/energy: both its
density and its radial pressure are negative. However, already in the original paper in 1989,
Matt Visser [434] pointed out that there do exist physical systems that have been realized
in laboratories, such as is for example the Casimir effect, and which exhibit at least some
of these exotic properties. Later research in this respect discovered several other physical
systems the combinations of which could—in principle—be used to open and stabilize such
Lorentz wormholes.
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Figure 7.5: The torus surface with three topologically distinct closed paths: neither A nor B
can be continuously deformed into a point as can be done with the path C. Besides, the path
A cannot be continuously deformed into the path B. The same holds for the “sphere with a
handle” to the right, that is topologically equivalent to the torus.

of spacetime are connected through that tunnel by time-like paths. For solutions of this type
the popular name “wormhole” was kept, but unlike the Einstein-Rosen space-like “bridge,”
these time-like wormholes are named Lorentzian wormholes [434, 436].

The simplest example is provided by the metric tensor

ds2 = �c2dt2 + d`2 + (k2+`2)
�
dq2 + sin2(q)dj2�, (7.102)

where r = ±
p

k2+`2 is the “true” radial coordinate, and k > 0 is a constant. For this metric
tensor one computes the Einstein tensor, and still in spherical coordinates:

[Gµn = Rµn � 1
2 gµnR] =

k2

(k2 + `2)2 diag
⇥
�c2,�1, (k2+`2), (k2+`2) sin2(q)

⇤
. (7.103)

The Einstein equations then equate this tensor with the energy-momentum tensor density of
the matter/energy that is necessary at the connection of the two “branches” of the solution
to maintain this geometry.

This use of the Einstein equations identical to the use of the Gauss-Ampère equations
in electrodynamics, where the spherically symmetric electric field, for example, with a mag-
nitude that decays as 1/r2 implies that there must exist an electric charge at the coordinate
origin that maintains this field.

As the physical meaning of the Ttt component of the energy-momentum tensor density
is the usual matter/energy density (including all non-gravitational fields), and Trr is the ra-
dial pressure of this matter density, we see that the energy-momentum tensor density that is
being equated with the result (7.103) must represent a very unusual matter/energy: both its
density and its radial pressure are negative. However, already in the original paper in 1989,
Matt Visser [434] pointed out that there do exist physical systems that have been realized
in laboratories, such as is for example the Casimir effect, and which exhibit at least some
of these exotic properties. Later research in this respect discovered several other physical
systems the combinations of which could—in principle—be used to open and stabilize such
Lorentz wormholes.

D
R

A
FT

—
co

nt
ac

td
ir

ec
tly

Tr
is

ta
n

H
üb
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Prohodne crvotočine
Inžinjering prostor-vremena i crvotočine

23

Primetimo da je metrika zadata preko kvadrata radijalne 
koordinate, dozvoljavajući dve “grane/sloja” rešenja. 
Ovo se jednako dogadja ako metrika zavisi od bilo koje druge 
parne/simetrične funkcije radijalne koordinate. 
Na primer, ako metrika zavisi of , onda: 

postoje dve “grane/sloja” rešenja 
koje se sreću u lokaciji gde je   
Christoffel-ov simbol će zavisiti od stepenaste funkcije  

Riemann-ov tenzor će zavisiti od Dirac-ove delta-funkcije  
…kao i Ricci-jev tenzor, skalarna zakrivljenost, i Einstein-ov tenzor 
…pa onda i gustina tenzora energije-impulsa! 
Onda, glatki deo predstavlja “zapreminsku” materiju/energiju 
a deo sa -funkcijom materiju/energiju lokalizovanu na mestu  .

|ξ−ξ* |

ξ=ξ*
ϑ(ξ−ξ*)

δ(ξ−ξ*)

δ ξ=ξ*
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