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Lorentz-invarijantni interval u proizvoljnim koordinatama: 

što definiše 

metrički tenzor, 

Prelaskom u neki drugi koordinatni sistem, metrički tenzor je: 

Determinanta je 

Pošto je

…potsetnik/obnova
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9.1.2 Spacetime Geometry and General Coordinate Transformations

As Geroch shows in detail [203, p. 67–165], for every arrangement and scenario of particles mov-
ing in gravitational fields—there is a co-moving spacetime geometry for that. These are coordinate
systems, each with four coordinates xµ, µ = 0, 1, 2, 3, and a specified metric, gµn(x) of signature
(1, 3); see Definition 3.2 on p. 91, some of the more interesting ones we will explore in some detail
in Section 9.3. However—unlike in Chapter 3, these coordinates are inherently curvilinear in most
applications, as should be clear from the example in the right-hand side illustrations of Figure 9.2.

Away from certain exceptional locations (singularities) to be discussed in Section 9.3 and
in sufficiently small regions (so-called patches) of spacetime, these inherently curvilinear coor-
dinates can always be related to the Cartesian coordinates, much as every smooth curve can be
approximated by its tangent. In Cartesian coordinates, the generalization of Pythagoras’ theorem
to spacetime [+ relations (3.17)–(3.19)] define the (spatial) so-called line element

ds2 := �c2
dt2 = dxµ(�hµn)dxn

. (9.1)

The relation (3.12c) then provides the expression in arbitrary coordinates xµ 7! yµ = yµ(x):

ds2 := dxµ(�hµn)dxn = dyr
⇣∂xµ

∂yr

⌘
(�hµn)

⇣ ∂xn

∂ys

⌘

| {z }
dys = dyr grs(y)dys

, (9.2)

grs(y) :=
⇣∂xµ

∂yr

⌘
(�hµn)

⇣ ∂xn

∂ys

⌘
, the metric tensor. (9.3)

Comment 9.1 Note that the overall sign of the metric tensor (9.2) is opposite from the
overall sign of the metric tensor (3.21). This unfortunate difference in conventions stems
from the fact that the metric tensor (9.2) in general relativity defines a distance , while the
expression (3.19) defines the proper time of a particle that moves in spacetime.

The analogous computation for an arbitrary invertible coordinate substitution yµ ! zµ(y)
produces:

gµn(y) =
∂zr

∂yµ

∂zs

∂yn grs(z) (9.4)

proving that the metric tensor1 gµn is a rank-2, type-(0, 2) tensor. More precisely, we define:

Definition 9.1 Coordinate system transformations xµ ! yµ(x) that are (1) unambiguously
invertible, and (2) preserve the space/time character (signature) of spacetime [+ Defini-
tions 3.2 on p. 91 and 3.3 on p. 92] are general coordinate transformations .

Unless otherwise states, we only consider coordinate transformations that belong to this class.

Using the matrix notation, relation (9.4) may be written as
⇥

g..(x)
⇤
=

⇥
∂z
∂x

⇤⇥
g..(z)

⇤⇥
∂z
∂x

⇤T
, (9.5)

1 According to definition (9.2) of the quantity ds as a distance—which for purely spatial 4-vectors must agree with the
familiar notion of the Euclidean distance and owing to the “particle” convention (3.21) features the relative difference
in the overall sign between hµn and gµn: in flat spacetime is gµn ! �hµn. Both quantities are, however, called metric
tensors, and the Reader is expected to read from the context which of the two conventions are used.
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where the superscript T denotes matrix transposition2. Computing the determinants produces:

g(x) =
⇣

det

h ∂z
∂x

i⌘2

g(z), where g(x) := det
⇥
g..(x)

⇤
. (9.6)

Since the metric tensor in spacetime has an odd number of negative eigenvalues3, it follows that
the determinant of the metric tensor is negative, and

q
�g(x) = det

h ∂z
∂x

iq
�g(z), (9.7)

is a real scalar density of weight �1. The weight of
p�g being �1 signifies that it transforms

oppositely from the 4-fold differential (which then is a scalar density of weight +1):

d
4x = det

h∂x
∂y

i
d

4y, (9.8)

which is computed straightforwardly (B.37) in Appendix B.2.1.

Conclusion 9.2 The result (9.7) and the computation (B.37) in Appendix B.2 then imply
that q

�g(x)d
4x =

q
�g(z)d

4z, (9.9)

is an invariant with respect to the general coordinate transformations [+ Definition 9.1 on
p. 323], and provides the invariant (differential) 4-volume element .

Given the metric tensor gµn(y), the inverse metric tensor is defined by matrix inversion:

gµn(y) : gµn(y) gnr(y)
!

= d
µ
r

!

= grn(y) grµ(y), (9.10)

point-by-point y = (y0
, · · · , y3) in spacetime. Since

0 = ∂s
�
d

µ
r
�
= ∂s

�
grn grµ� =

�
∂sgrn

�
grµ + grn

�
∂sgrµ�

, (9.11)

it follows that
(∂sglµ) = �grµgln(∂sgrn). (9.12)

In turn, derivatives of the determinant g = det[g..] are computed using the Jacobi relation:

∂rg = g gµn ∂rgµn, (9.13)

from which it follows that

∂r
p
�g = � 1

2

∂rg
p�g

= � 1

2

p
�g

�
gµn ∂rgµn� = 1

2

p
�g

�
gµn ∂rgµn

�
. (9.14)

For more detail, see Appendix B.2.3.

2 The careful Reader will note that in the matrix representation of the components grs(z) one of the two indices must
be counting rows while the other then must be counting columns. In the contraction with the matrices of partial
derivatives in relation (9.4), the upper index (on the z-coordinate) in one of these two matrices must count columns
(being contracted with the rows of [grs ]), but in the other it must count rows, whence the matrix representation of one
of these matrices of partial derivatives is necessarily transposed in comparison with the other one.

3 The general coordinate transformations, by Definition 9.1, preserve the signature, i.e., the numbers of positive and
negative eigenvalues of the metric matrix.
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Bazisni vektori: 

tako 

i 

Onda 

Stoga, 

i

zbog	kompletnosti	bazisa

A0
µ = U Aµ U�1 + U ∂µ U�1

IG0
µ = [U]µ

n U IGn U�1 + U ∂µ U�1

~xµ := (∂µ~r) and ~x µ := gµn(x)~xn,

Aµ := ~xµ·~A, Aµ := ~x µ·~A, and ~A = Aµ~x µ = Aµ~xµ,

~xµ·~xn = gµn(x) and ~x µ·~x n = gµn(x).

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ ~A) =
⇥
(∂µ Ar) + Gr

µn An⇤~xr
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Sledi: 

Definišimo: 

Zahvaljujući Weyl-ovoj konstrukciji, 

onda sledi (po pravilu izvoda proizvoda) da:

A0
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IG0
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b/c ∂µ
�
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�
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~A := Ar~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ Ar) + Gr

µn An⇤~xr;

~B := Br~x r & (∂µ~x r) =: �Gr
µn~x n ) (∂µ~B) =

⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

T(p, q; w) := Cw⌦YS⇥
A ⌦ · · ·⌦ A| {z }
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⌦ B ⌦ · · ·⌦ B| {z }
q

⇤

A0
µ = U Aµ U�1 + U ∂µ U�1

IG0
µ = [U]µ

n U IGn U�1 + U ∂µ U�1

~xµ := (∂µ~r) and ~x µ := gµn(x)~xn,

Aµ := ~xµ·~A, Aµ := ~x µ·~A, and ~A = Aµ~x µ = Aµ~xµ,

~xµ·~xn = gµn(x) and ~x µ·~x n = gµn(x).

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ~x r) = �Gr
µn~x n

b/c ∂µ
�
~xµ·~x n = dn

µ

�
= 0.

~A := Ar~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ Ar) + Gr

µn An⇤~xr;

~B := Br~x r & (∂µ~x r) =: �Gr
µn~x n ) (∂µ~B) =

⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

Dµ Ar := (∂µ Ar) + Gr
µn An and DµBn := (∂µBn) + Gr

µnBr.

(!μ")ν1⋯νp
μ1⋯μq

=(∂μ")ν1⋯νp
μ1⋯μq

+
p

∑
i=1

Γνi
μσi

Tν1⋯σi⋯νp
μ1⋯⋯⋯μq

−
q

∑
i=1

Γσi
μρi

Tν1⋯⋯⋯νp
μ1⋯σi⋯μq

   i   !μAρ :=(∂μAρ)+Γρ
μν Aν !μBν :=(∂μBν)−Γρ

μν Bρ
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Čak, 

se transformiše kao tenzorska gustina tipa (p, q+1;w). 
Pošto se parcijalni izvod tenzora ranga ≥ 0 ne transformiše kao 
tenzor (proveriti), ne može ni -simbol—radi kompenzacije: 

je tenzor ako i samo ako je transformacija x → y linearna 

u kom slučaju,  ionako nije potrebno. ! 

Važi za rotacije i translacije dekartovskih koordinata.

IΓμ

IΓμ

A0
µ = U Aµ U�1 + U ∂µ U�1

IG0
µ = [U]µ

n U IGn U�1 + U ∂µ U�1

~xµ := (∂µ~r) and ~x µ := gµn(x)~xn,

Aµ := ~xµ·~A, Aµ := ~x µ·~A, and ~A = Aµ~x µ = Aµ~xµ,

~xµ·~xn = gµn(x) and ~x µ·~x n = gµn(x).

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ~x r) = �Gr
µn~x n

b/c ∂µ
�
~xµ·~x n = dn

µ

�
= 0.

~A := Ar~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ Ar) + Gr

µn An⇤~xr;

~B := Br~x r & (∂µ~x r) =: �Gr
µn~x n ) (∂µ~B) =

⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

Dµ Ar := (∂µ Ar) + Gr
µn An and DµBn := (∂µBn) + Gr

µnBr.

(Dµ T)
n1···np
r1···rq = ∂µTn1···np

r1···rq +
p

Â
i=1

Gni
µsi Tn1···si ···np

r1·········rq �
q

Â
i=1

Gsi
µri Tn1·········np

r1···si ···rq .

Xn1···np
r1···rq ; µ := (DµT)

n1···np
r1···rq

Gr
µn(x) =

∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y)

| {z }
tensorial

+
∂xr

∂ys

∂2ys

∂xµ∂xn
| {z }
inhomogeneous

,

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

tenzorski deo nehomogeni deo

Kovarijantni izvod

Xν1⋯νp
ρ1⋯ρq;μ := (!μ()ν1⋯νp

ρ1⋯ρq
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∂gij

∂xk = glj Gl
ik + gli Gl

jk,

∂gjk

∂x i = glk Gl
ji + glj Gl

ki,

∂gki
∂x j = gli Gl

kj + glk Gl
ij;

Gi
jk(x) =

∂x i

∂h`

∂hm

∂x j
∂hn

∂xk G`
mn(h)

| {z }
tensorial

+
∂x i

∂h`

∂2h`

∂x j∂xk
| {z }

inhomogeneous

,

=
∂x i

∂h`

∂hm

∂x j
∂hn

∂xk G`
mn(h) +

∂x i

∂h`

∂

∂x j
∂h`

∂xk .

Gr
µn is the

GCT-gauge

potential

gij Gk
ij =

1
2 gij gkl

⇣∂gil
∂x j +

∂gjl

∂x i �
∂gij

∂x l

⌘
= 1

2 gkl
⇣

2gij ∂gil
∂x j � gij ∂gij

∂x l

⌘
,

= 1
2 gkl

⇣
2gij ∂gil

∂x j � ∂ ln(g(x))
∂x j

⌘
.

A
0
µ = U Aµ U

�1 + U ∂µ U
�1

IG0
µ = [U]µ

n
U IGn U

�1 + U ∂µ U
�1

X

Stoga se  ponaša kao kalibracioni 4-vektorski potencijal, 
osim što ima jednu dodatnu transformacionu matricu: 

I, još jedna stvar: 

Tu se ogleda konceptualna nelinearnost: 
Transformacije faza zavise od prostor-vremena 

Transformacije prostor-vremenskih koordinata zavisi of prostor-vremena 

Yang-Mills )μ je prostor-vremenski 4-vektor matrica u prostoru “boje”. 

Christoffel  je prostor-vremenski 4-vektor matrica u prostor-vremenu.

IΓμ

IΓμ

[)μ ⋅ Ψ]α =[Aμ]β
α ⋅ Ψβ ↔ [IΓμ ⋅ V]ρ =[Γμ]ν

ρVν

Γρ
μν =Γρ

νμ
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Zadavanjem relacija 

sledi da mora da postoji relacija izmedju  i metrike. 
Stvarno, 

daje 

koje zadovoljava 

i obratno:  sa    implicira relaciju (✌). 

Ovaj (Christoffel-ov)  -simbol je metričan.

IΓμ

!μ gνρ =0 !μ =∂μ + IΓμ

IΓμ

A0
µ = U Aµ U�1 + U ∂µ U�1

IG0
µ = [U]µ

n U IGn U�1 + U ∂µ U�1

~xµ := (∂µ~r) and ~x µ := gµn(x)~xn,

Aµ := ~xµ·~A, Aµ := ~x µ·~A, and ~A = Aµ~x µ = Aµ~xµ,

~xµ·~xn = gµn(x) and ~x µ·~x n = gµn(x).

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ~x r) = �Gr
µn~x n

b/c ∂µ
�
~xµ·~x n = dn

µ

�
= 0.

~A := Ar~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ Ar) + Gr

µn An⇤~xr;

~B := Br~x r & (∂µ~x r) =: �Gr
µn~x n ) (∂µ~B) =

⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

Dµ Ar := (∂µ Ar) + Gr
µn An and DµBn := (∂µBn) + Gr

µnBr.

(Dµ T)
n1···np
r1···rq = ∂µTn1···np

r1···rq +
p

Â
i=1

Gni
µsi Tn1···si ···np

r1·········rq �
q

Â
i=1

Gsi
µri Tn1·········np

r1···si ···rq .

Xn1···np
r1···rq ; µ := (DµT)

n1···np
r1···rq

Gr
µn(x) =

∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y)

| {z }
tensorial

+
∂xr

∂ys

∂2ys

∂xµ∂xn
| {z }
inhomogeneous

,

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

A0
µ = U Aµ U�1 + U ∂µ U�1

IG0
µ = [U]µ

n U IGn U�1 + U ∂µ U�1

~xµ := (∂µ~r) and ~x µ := gµn(x)~xn,

Aµ := ~xµ·~A, Aµ := ~x µ·~A, and ~A = Aµ~x µ = Aµ~xµ,

~xµ·~xn = gµn(x) and ~x µ·~x n = gµn(x).

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ~x r) = �Gr
µn~x n

b/c ∂µ
�
~xµ·~x n = dn

µ

�
= 0.

~A := Ar~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ Ar) + Gr

µn An⇤~xr;

~B := Br~x r & (∂µ~x r) =: �Gr
µn~x n ) (∂µ~B) =

⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

Dµ Ar := (∂µ Ar) + Gr
µn An and DµBn := (∂µBn) + Gr

µnBr.

(Dµ T)
n1···np
r1···rq = ∂µTn1···np

r1···rq +
p

Â
i=1

Gni
µsi Tn1···si ···np

r1·········rq �
q

Â
i=1

Gsi
µri Tn1·········np

r1···si ···rq .

Xn1···np
r1···rq ; µ := (DµT)

n1···np
r1···rq

Gr
µn(x) =

∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y)

| {z }
tensorial

+
∂xr

∂ys

∂2ys

∂xµ∂xn
| {z }
inhomogeneous

,

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

i

∂gij

∂xk = glj Gl
ik + gli Gl

jk,

∂gjk

∂x i = glk Gl
ji + glj Gl

ki,

∂gki
∂x j = gli Gl

kj + glk Gl
ij;

Gi
jk(x) =

∂x i

∂h`

∂hm

∂x j
∂hn

∂xk G`
mn(h)

| {z }
tensorial

+
∂x i

∂h`

∂2h`

∂x j∂xk
| {z }

inhomogeneous

,

=
∂x i

∂h`

∂hm

∂x j
∂hn

∂xk G`
mn(h) +

∂x i

∂h`

∂

∂x j
∂h`

∂xk .

Gr
µn is the

GCT-gauge
potential

gij Gk
ij =

1
2 gij gkl

⇣∂gil
∂x j +

∂gjl

∂x i �
∂gij

∂x l

⌘
= 1

2 gkl
⇣

2gij ∂gil
∂x j � gij ∂gij

∂x l

⌘
,

= 1
2 gkl

⇣
2gij ∂gil

∂x j � ∂ ln(g(x))
∂x j

⌘
.

A0
µ = U Aµ U�1 + U ∂µ U�1

IG0
µ = [U]µ

n U IGn U�1 + U ∂µ U�1

~xµ := (∂µ~r) and ~x µ := gµn(x)~xn,

Aµ := ~xµ·~A, Aµ := ~x µ·~A, and ~A = Aµ~x µ = Aµ~xµ,
~xµ·~xn = gµn(x) and ~x µ·~x n = gµn(x).

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ~x r) = �Gr
µn~x n

b/c ∂µ
�
~xµ·~x n = dn

µ

�
= 0.

~A := Ar~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ Ar) + Gr

µn An⇤~xr;
~B := Br~x r & (∂µ~x r) =: �Gr

µn~x n ) (∂µ~B) =
⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

Dµ Ar := (∂µ Ar) + Gr
µn An and DµBn := (∂µBn) + Gr

µnBr.

(Dµ T)
n1···np
r1···rq = ∂µTn1···np

r1···rq +
p

Â
i=1

Gni
µsi Tn1···si ···np

r1·········rq �
q

Â
i=1

Gsi
µri Tn1·········np

r1···si ···rq .

Xn1···np
r1···rq ; µ := (DµT)

n1···np
r1···rq

Gr
µn(x) =

∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y)

| {z }
tensorial

+
∂xr

∂ys

∂2ys

∂xµ∂xn
| {z }
inhomogeneous

,

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

metrika je 
kovarijantno konstantna

(✌)

!μ gνρ =0=!μ gνρ
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Baš kao   

definišemo 

Geometrijska interpretacija:

[-μν]α
β := ℏc

igc
[!μ, !ν]α

β

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Rμνρ
σ :=[!μ, !ν]ρ

σ = [(δσ
λ ∂ν+Γσ

νλ)Γλ
μρ]−[(δσ

λ ∂μ+Γσ
μλ)Γλ

νρ]
= ∂νΓσ

μρ−∂μΓσ
νρ+Γσ

νλΓλ
μρ−Γσ

μλΓλ
νρ

!μ

!μ
!ν !ν
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Definišemo   
Riemann-ov tenzor zadovoljava sledeće identitete: 
 
 
 
 
 
 
 

Riemann-ov tenzor je delom prvi izvod  , delom “kvadrat”   

…kao što je    delom prvi izvod  , delom “kvadrat”   

…a drugog reda po izvodima metrike, , i homogen!

Rμνρσ :=Rμνρ
λ gλσ

IΓμ [IΓμ, IΓν]
-μν )μ [)μ, )ν]

gμν

(za    to ne postoji)-μν

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ #klµnDlFµn = 0

(neabelovski)

Takodje zavisi of , što je veoma nelinearno po !gμν gμν

Rμνρ
ρ = 0

Rμνρσ = − Rνμρσ

Rμνρσ = − Rμνσρ

Rμνρσ = + Rρσμν

ελμνρRμνρ
σ = 0 1. Bianchi-ev identitet

εκλμν!λRμνρ
σ = 0 2. Bianchi-ev identitet

—
—
—
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Za tenzor polja Yang-Mills tipa, 
 

Pošto su sva 4 indeksa  istog tipa, možemo da definišemo: 
 

Stoga je moguće definisati: 
 , deo “čisti trag”,  . 

 , deo “polu-bestraga”, ; . 

 , deo bez traga, tzv. Weyl-ov tenzor (conformne zakrivljenosti). 

Takodje:

Rμνρσ

Sμνρσ = 1
2 R(gμρgνσ−gμσgνρ)

Eμνρσ = (gμ[ρSν]σ−gν[ρSσ]μ) Sμν :=Rμν− 1
2 gμνR

Cμνρσ

354 Chapter 7. Gravity and the Geometrization of Physics

It follows that the separation velocity at the Schwarzschild radius becomes v1(rS) = c. This
literally means that Schwarzschild’s solution (7.61) holds for r > rS. For observers that
are outside the Schwarzschild radius, objects that pass through the surface of the sphere
of radius rS no longer can return. This sphere is thus called the “event horizon” and effec-
tively separates the exterior from the interior. As the same conclusion holds also for light,
classical physics predicts that the interior of this horizon is completely black for observers
in the exterior—whence the popular name “black hole”. Formally, the metric tensor (7.61)
is applicable also in the interior of the event horizon, but here the coordinate t becomes
space-like and r becomes time-like; the physical meaning of this change remains uncertain,
and foremost because—at least within classical physics20—it is not possible to design an
experiment (even if a thought-experiment) with which one could compare the evolution of
physical phenomena outside the event horizon with those unfolding within the horizon.

Singularities

The functional dependence of the Schwarzschild metric on the radius indicates that there
exist two special places within the space with the geometry (7.61):

1. the Schwarzschild radius, where fS(r) = 0, so the metric tensor has a singularity: The
coefficient of the dt2 term vanishes, and the coefficient of the dr2 term diverges;

2. the coordinate origin, where fS(r) diverges, so the coefficient of the dt2 term diverges,
and the coefficient of the dr2 term vanishes.

However, the metric tensor transforms under general coordinate transformations as a rank-2
and type-(0, 2) tensor, and it is not clear a priori if these special places are indeed singulari-
ties. As the metric tensor is of type (0, 2), this transformation has the form [+ definition 7.1,
p. 336]

gµn(x) =
∂zr

∂xµ grs(z)
∂zs

∂xs () gggg0 = PPPPT gggg PPPP (in matrix form), (7.63)

which is not a similarity transformation. Thus, neither the characteristic polynomial, det[gggg�
l1], nor the eigenvalues of the matrix gggg are invariants. The only invariant that can be
constructed from the metric tensor is d

r
µ = gµngrn, which produces no information about

possible singularities.

However, recall that the Riemann curvature tensor also contains information about
any (non)analyticity of the metric tensor, and one only needs to find a way to extract that
information in an invariant fashion. The scalar curvature (7.45) is one such invariant. As
the Riemann tensor has 20 independent degrees of freedom [+ exercise 7.3.1], this leaves
precisely 19 independent invariants, but an explicit listing of such invariants remains an
open problem + . However, there do exist two simple quadratic invariants

kRµnk2 := Rµn gµrgns Rrs and kRµnr
sk2 := Rµnr

s gµagnbgrggsd Rabg
d, (7.64)

20 Quantum theory of gravity is not a complete theory, and this analysis is not without debate. However, since
the early 1970’s, Stephen Hawking was among the first to apply the “semi-classical” analysis and so discover
that black holes radiate, the so-called Hawking radiation. The same methods lead to the derivation of the
Bekenstein-Hawking formula according to which the entropy of a black hole is proportional to the surface
area of the event horizon. A recent application of stringy methods and the gravity-gauge duality [+ str. 468]
discovered also newer, and not just semi-classical results.

D
R

A
FT

—
co

nt
ac

td
ir

ec
tly

Tr
is

ta
n

H
üb
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It follows that the separation velocity at the Schwarzschild radius becomes v1(rS) = c. This
literally means that Schwarzschild’s solution (7.61) holds for r > rS. For observers that
are outside the Schwarzschild radius, objects that pass through the surface of the sphere
of radius rS no longer can return. This sphere is thus called the “event horizon” and effec-
tively separates the exterior from the interior. As the same conclusion holds also for light,
classical physics predicts that the interior of this horizon is completely black for observers
in the exterior—whence the popular name “black hole”. Formally, the metric tensor (7.61)
is applicable also in the interior of the event horizon, but here the coordinate t becomes
space-like and r becomes time-like; the physical meaning of this change remains uncertain,
and foremost because—at least within classical physics20—it is not possible to design an
experiment (even if a thought-experiment) with which one could compare the evolution of
physical phenomena outside the event horizon with those unfolding within the horizon.

Singularities

The functional dependence of the Schwarzschild metric on the radius indicates that there
exist two special places within the space with the geometry (7.61):

1. the Schwarzschild radius, where fS(r) = 0, so the metric tensor has a singularity: The
coefficient of the dt2 term vanishes, and the coefficient of the dr2 term diverges;

2. the coordinate origin, where fS(r) diverges, so the coefficient of the dt2 term diverges,
and the coefficient of the dr2 term vanishes.

However, the metric tensor transforms under general coordinate transformations as a rank-2
and type-(0, 2) tensor, and it is not clear a priori if these special places are indeed singulari-
ties. As the metric tensor is of type (0, 2), this transformation has the form [+ definition 7.1,
p. 336]

gµn(x) =
∂zr

∂xµ grs(z)
∂zs

∂xs () gggg0 = PPPPT gggg PPPP (in matrix form), (7.63)

which is not a similarity transformation. Thus, neither the characteristic polynomial, det[gggg�
l1], nor the eigenvalues of the matrix gggg are invariants. The only invariant that can be
constructed from the metric tensor is d

r
µ = gµngrn, which produces no information about

possible singularities.

However, recall that the Riemann curvature tensor also contains information about
any (non)analyticity of the metric tensor, and one only needs to find a way to extract that
information in an invariant fashion. The scalar curvature (7.45) is one such invariant. As
the Riemann tensor has 20 independent degrees of freedom [+ exercise 7.3.1], this leaves
precisely 19 independent invariants, but an explicit listing of such invariants remains an
open problem + . However, there do exist two simple quadratic invariants

kRµnk2 := Rµn gµrgns Rrs and kRµnr
sk2 := Rµnr

s gµagnbgrggsd Rabg
d, (7.64)

20 Quantum theory of gravity is not a complete theory, and this analysis is not without debate. However, since
the early 1970’s, Stephen Hawking was among the first to apply the “semi-classical” analysis and so discover
that black holes radiate, the so-called Hawking radiation. The same methods lead to the derivation of the
Bekenstein-Hawking formula according to which the entropy of a black hole is proportional to the surface
area of the event horizon. A recent application of stringy methods and the gravity-gauge duality [+ str. 468]
discovered also newer, and not just semi-classical results.
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zadovoljava relacije:

Rµn rs = �Rnµ rs, Rµn rs = �Rµn sr, (7.42b)
Rµn rs = +Rrs µn, (7.42c)

#µnrsRµn rs = 0. Bianchi-jev identitet (7.42d)

Ovaj poslednji, Bianchi-jev identitet je i formalno a i konceptualno analogan Bianchi-jevom
identitetu (3.85) u elektrodinamici i (4.19) za ne-abelovska kalibraciona polja.

Relacija (7.41) je analogna zahtevu da su u razvoju Fµn = Fa
µn Qa generatori ne-

abelovskih faktora u kalibracionoj grupi Qa bez traga: Tr[Qa] = [Qa]aa = 0; to je u svakom
slučaju tačno za kalibraciono polje grupe SU(3)⇥ SU(2)w, ali nije tačno za elektromag-
netno U(1) polje Fµn. Riemann-ov tenzor Rµnr

s možemo smatrati specijalnim tenzorom
ranga 2 i tipa (0, 2), čije su komponente matrice takode tenzori ranga 2 a tipa (1, 1) i bez
traga, Rµnr

s = [Rµn]rs, uz dodatne uslove (7.42b)–(7.42d). Činjenica da su i Fµn i Rµnr
s

definisani kao komutatori odgovarajućih kovarijantnih izvoda onda garantuje prvu od rela-
cija (7.42b). Ta sličnost dozvoljava interpretaciju Riemann-ovog tenzora kao gravitacionog
pandana tenzora Fµn, pa Rµnr

s možemo identifikovati sa opšte-relativističkim uopštenjem
gravitacionog polja.

Medutim, već i sama mogućnost definicije (7.42a) ukazuje na razliku izmedu Rµnr
s i

Fµn gde je takva definicija moguća samo ako je kalibraciona grupa direktni proizvod ortogo-
nalnih i simplektičkih grupa10, od kojih svaka ima metrički tenzor i koji onda igra ulogu gls.
Unitarne grupe (kao SU(3)c ⇥ SU(2)w) nemaju takav tenzor, pa za njih ne postoji definicija
analogna definiciji (7.42a). Samim tim, za unitarne kalibracione grupe ne postoje ni relacije
analogne relacijama (7.42b)–(7.42d).

Takode, za kalibraciona polja Yang-Mills-ovog tipa [Fµn]ab nije moguće izvršiti kon-
trakciju izmedu ”matričnih“ indeksa a ili b i ”tenzorskih“ indeksa µ ili n. S druge strane,
kontrakcije koje možemo napisati

gµnFµn ⌘ 0,

⇢
Tr[Fµn] = [Fµn]aa = 0, za poluproste Lie-jeve grupe,
Tr[Fµn] = Fµn, za U(1) faktore.

(7.43)

su trivijalne: Prva jednakost sledi iz činjenica da je gµn = +gnµ a Fµn = �Fnµ. Druga sledi
iz činjenice da je Tr[Qa] 6= 0 samo za U(1) faktore.

Medutim, situacija je drugačija za Riemann-ov tenzor:

Ricci-jev tenzor: Rµr := Rµnr
n
, (7.44)

nije trivijalan, niti je njegov trag,

skalarna zakrivljenost: R := gµr Rµr = gµr Rµnr
n
. (7.45)

Takode je korisno znati da, sledeći zaključak 7.2, str. 304, imamo da diferencijalna 2-forma11

RRRR :=
⇥

dxµDµ , dxnDn
⇤
, odnosno [RRRR]r

s := dxµ
dxn Rµnr

s (7.46)
10 Ortogonalne i simplektičke grupe se mogu definisati kao grupe linearnih transformacija nekog zadatog realnog

vektorskog prostora koje čuvaju (pseudo-)euklidsku odnosno simplektičku kvadratnu formu [v. dodatak A]. No,
za razliku od (7.35), ta invarijantna kvadratna forma ne odreduje kalibracioni potencijal Yang-Mills-ovih teorija
sa ortogonalnom i simplektičkom grupom simetrija.

11 Kod definicije diferencijalnih p-formi automatski koristimo antisimetričan proizvod bazisnih elemenata i bez
posebne notacione naznake: (· · ·dxµ

dxn· · ·) = �(· · ·dxn
dxµ· · ·).
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gµnFµn ⌘ 0,

⇢
Tr[Fµn] = [Fµn]aa = 0, za poluproste Lie-jeve grupe,
Tr[Fµn] = Fµn, za U(1) faktore.

(7.43)
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10 Ortogonalne i simplektičke grupe se mogu definisati kao grupe linearnih transformacija nekog zadatog realnog
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11 Kod definicije diferencijalnih p-formi automatski koristimo antisimetričan proizvod bazisnih elemenata i bez
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Einstein-Hilbert-ovo dejstvo
Zakrivljenost prostor-vremena

12

Za slučaj Yang-Mills polja, jedini član pogodan za Lagranžijansku 
gustinu a kvadratan po  je  . 

Po istom rezonu, pogledajmo: 

Variranjem po komponentama    daje PDJ po    2. reda

Variranjem po komponentama gμν daje PDJ po  gμν  4. reda 

Za razliku od Yang-Mills -μν, sada imamo i linearnu invarijantu R, pa: 

je Einstein-Hilbert-ovo dejstvo. 
Tako da su jedinice ML2/T, gde su E-jedinice [d4x] = 4 i [gμν] = 0 

Variranjem po komponentama  gμν  daje PDJ po  gμν  2. reda.

-μν ∝Tr[-μν- μν]

IΓμ IΓμ
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then plays the role of gls. The unitary groups (such as SU(3)c ⇥ SU(2)w) have no such
tensor, and for them there is nothing analogous to definition (7.42a). Thus, for unitary
gauge groups there are no analogues of relations (7.42c)–(7.42e).

Also, for Yang-Mills gauge fields [Fµn]ab, there is no way to perform the contraction
between one of the “matrix” indices a or b and one of the “tensor” indices µ or n. In turn,
the contractions that can be performed

gµnFµn ⌘ 0,
⇢ Tr[Fµn] = [Fµn]aa = 0, for semisimple Lie groups,

Tr[Fµn] = Fµn, for U(1) factors,
(7.43)

are trivial: The first equality holds owing to the facts that gµn = +gnµ but Fµn = �Fnµ. The
second follows from the fact that Tr[Qa] 6= 0 only for U(1) factors.

The situation is however different for the Riemann tensor:

Ricci tensor: Rµr := Rµnr
n, (7.44)

is not trivial, nor is its trace,

scalar curvature: R := gµr Rµr = gµr Rµnr
n. (7.45)

It is also useful to know that, following conclusion 7.2, p. 344, we have that the differential
2-form12

RRRR :=
⇥

dxµ
Dµ , dxn

Dn
⇤
, i.e., [RRRR]r

s := dxµ dxn Rµnr
s (7.46)

also has values in the algebra of the Lorentz group Spin(1, 3).

Definition (7.40) shows that the components of the Riemann tensor Rµnr
s are deriva-

tives of the second order (or are quadratic in derivatives of the first order) of the metric
tensor components13, but contains also the inverse metric tensor. Rµnr

s is therefore a non-
linear function14 of the metric tensor components, gµn, but are precisely of second order
in spacetime derivatives of those components. The same is then true also of the Ricci ten-
sor (7.44), as well as the scalar curvature (7.45).

Yang-Mills gauge theories have nothing analogous to the expressions (7.44)–(7.45).
There, the Lagrangian density (4.25) is found in the form � 1

4 Tr[Fµn Fµn], which is quadratic
in the derivatives of Aµ. This Lagrangian density then yields equations of motion (4.26)
that are analogous to Gauss’s law for the electric field and Ampère’s law for electromagnetic
field (4.39).

Analogously to the expression � 1
4 Tr[FµnFµn] in (4.25), the Hamilton action with the

Riemann tensor would be proportional to the integral
Z p

�g d4x Rµnr
s gµk gnl Rkls

r. (7.47)

12 When defining differential p-forms, one automatically uses the antisymmetric product of basis elements and
without any notational distinction: (· · ·dxµdxn· · ·) = �(· · ·dxndxµ· · ·).

13 All told, every summand in the defining expression (7.40) contains precisely two spacetime derivatives.
14 Unlike the quadratic, cubic or another expression of a relatively low degree, the components of the inverse

metric tensor are by definition ratios of the determinants of various cofactors and the determinant of the entire
metric tensor. A Taylor expansion in the components of the original metric tensor is then an infinite series,
containing arbitrarily high powers of the components of the original metric tensor. This makes the inverse
metric tensor, and then also the Riemann and other curvature tensors, very nonlinear.
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Since both
p�g d4x and Rµnr

s gµk gnl Rkls
r are scalar quantities, this integral is invari-

ant under general coordinate transformations. Varying this action by the components of
the Christoffel symbol would, in the standard fashion, produce Euler-Lagrange equations
of the second order in derivatives of the Christoffel symbol, IG. However, the Christoffel
symbol is itself a derivative of the metric tensor, and varying this action by components of
the metric tensor (which is more fundamental than the Christoffel symbol) would produce
Euler-Lagrange equations of motion for the metric tensor components that are of the fourth
order in spacetime derivatives, which agrees with neither classical (non-quantum) theory of
gravity nor with experimental facts about gravity.

Fortunately—and unlike in Yang-Mills gauge theory—with the Riemann tensor it is
possible to define another, so-called Einstein-Hilbert action:

c3

16p GN

Z p
�g d4x R, where R (7.45)

= gµr Rµnr
n, (7.48)

as it was first proposed by Albert Einstein and David Hilbert. The powers of the natural
constants c, h̄ and GN in the prefactor are determined:

1. by requiring the Hamilton action to have the dimensions ML2

T
[+ sections –1.2.3 and –1.2.2],

2. by definition15 (1.11) whereby [d4x] = L4 (note: d4x = cdt d3~r ),

3. by definitions (7.15), (7.35) and (7.40), from which it follows that [gµn] = 1,
[Gr

µn] = L�1 and [Rµnr
s] = L�2, respectively.

The conventional numerical prefactor 1
16p simplifies many derivations and many final re-

sults. Varying this action by the metric tensor components produces [407, 49, 298, 440, 52,
75]:

Rµn � 1
2 gµnR = 0. (7.49)

This system of differential equations, the Einstein equations, determine the metric tensor
components as functions of the spacetime coordinates, and in the absence of all matter, i.e.,
in empty space. The combination Gµn := Rµn � 1

2 gµnR is called the Einstein tensor.

Already the writing of the Einstein equations (7.49) using (7.40) and (7.35) indicates
the essential differences from Yang-Mills gauge theories: The differential equations (4.39)
are at most cubic in the 4-vector potentials Aµ, while the Einstein equations (7.49) are very
nonlinear in the metric tensor components. The definition of the Christoffel symbol and the
scalar curvature involve the inverse metric tensor, the components of which are ratios of
cubic polynomials in the components gµn and the determinant det[gµn]. This much more
radical nonlinearity of the differential equations (7.49)—and also the action (7.48) from
which the Einstein equations follow—is the root of the technical differences between the
general theory of relativity and Yang-Mills gauge theories.

15 Some Authors imply d4x := dt d3~r, so that the prefactor in (7.48) contains c4 instead of c3 as given here.
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Variranje Einstein-Hilbert-ovog dejstva daje 

Ovo je PDJ kretanja za gμν 2. reda. 

Kako su i Rμνρσ i Rμν i R su svi (vrlo) nelinearni po gμν, ovo je 
vrlo netrivijalan, nelinearan sistem PDJ. 
Sprezanje svega ostalog sa ovom kalibracionom teorjom OKT:

=
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∂xn .
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�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ #klµnDlFµn = 0

Gµn := Rµn � 1
2 gµnR = 0.

Prazno prostor-vreme!
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svako ne-metričko/ne-Christoffel-ovo polje
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