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Sećate se fotonskog (dela) Lagranžijana?

…i 4-vektorske → (scalar, 3-vektor) notacije?

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A), ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)
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µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)
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( 1
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⌘
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⌘
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⌘
·
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R
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since Aj,i �Ai,j ' (Aj,i �
R
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R
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' �(
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A1)
2 � (

.
A2)

2 � (
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A3)
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� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
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1.1. Lorentz-ove transformacije i tenzori 83

veće kako bi (�t)2 � c�2(�⌅r)2 ostala konstanta, tj. invarijanta u odnosu na prelaz iz tog

inercijalnog sistema u sopstveni inercijalni sistem gde je �⌅r = 0.

Invarijantnu veličinu c2⇠2 možemo kompaktnije pisati i kao5

c2 ⇠2 = x2 = x·x := xµ �µ◆ x◆, (1.18)

gde koristimo
”
x·y“ notaciju za skalarni proizvod 4-vektora,

Definicija 1.2 Za 4-vektore x i y, invarijantan (skalarni) proizvod je

x·y = xµ �µ◆ yµ. (1.19)

Veličina x2 = x·x se zove, naprosto,
”
kvadrat 4-vektora x“. Matrica

���� = [�µ◆] =

"
1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

#
(1.20)

je metrički tenzor—ili metrika—praznog (ravnog) prostora. Broj pozitivnih i nega-
tivnih svojstvenih vrednosti matrice [�µ◆] se zove signatura , a kažemo da prostor-
vreme i metrika prostor-vremena imaju signaturu (1, 3).

Takode,

Definicija 1.3 4-vektor v u prostor-vremenu sa metričkim tenzorom �µ◆ zovemo

vremenski, ako je v2 > 0, (1.21a)

prostorni, ako je v2 < 0, (1.21b)

svetlosni, ako je v2 = 0. (1.21c)

Prilično je očigledno da ako svuda zamenimo t ⇣ (it), predznak �00 će postati negativan,

signatura će postati (0, 4), a boost-transformacije (1.13) će se takode promeniti. Kvalita-

tivnu prirodu te promene je najlakše uočiti u specijalnom slučaju kada koordinatni sistem

odaberemo tako da je u relaciji (1.13) ⌅v ⇣ v ê1:

[Lµ
◆] =

2

664

� �� v
c 0 0

�� v
c � 0 0

0 0 1 0
0 0 0 1

3

775 =

2

664

ch(�) � sh(�) 0 0
� sh(�) ch(�) 0 0

0 0 1 0
0 0 0 1

3

775

| {z }
hiperbolična

”
rotacija“

,

8
<

:

v =: c th(�),
� = ch(�),

v
c � = sh(�);

(1.22)

t⇣it��⇣

2

664

cos(�) � sin(�) 0 0
sin(�) cos(�) 0 0

0 0 1 0
0 0 0 1

3

775 , (1.23)

5 Za oznaku skalarnog proizvoda dva n-vektora a i b se koristi
”
a·b“; na Čitaocu je da iz konteksta ǐsčita da li se

radi o Euklid-skom, Lorentz-ovskom ili nekom drugom skalarnom proizvodu. Sledeći tu tradiciju, napomenimo
da je oznaka ovde nedvosmislena, pošto Euklid-ske 3-vektore dosledno označavamo strelicom a Lorentz-ovske

4-vektore
”
uspravnim“ latinskim slovima. Tako je⌅a·⌅b Euklid-ski skalarni proizvod, dok je a·b Lorentz-ovski.
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Izrazimo QED Lagranžijan eksplicitno:

Setimo se da je …Aμ ≃ Aμ−c(∂μλ)
…i odaberemo  ,  tako daλ = ∫ dt Φ

Sad ovim rezultatom pojednostavimo Lagranžijan 
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 i  su nefizički 
stepeni slobode, 
pa želimo da ih 
raspregnemo  
of fizičkih 

 i 

Φ A3

A1 A2
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i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B
FµnFµn = �(

.
A1 + F,1 )2 � (

.
A2 + F,2 )2 � (

.
A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i . i.e.,.
Ai '

.
Ai � F,i :

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2 + (A1,2 )2 + (A3,2 )2 + (A2,3 )2 + (A1,3 )2 + (A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

Φ≃ Φ−c(∂0 ∫ dt Φ) = Φ−c( ∂
∂(ct) ∫ dt Φ) = 0

−cAi ≃ −cAi−c(∂i ∫ dt Φ)
·Ai ≃

·Ai + (Φ,i :=∂iΦ) ·Ai ≃ ( ·Ai + Φ,i)   ⇒
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Dakle, QED Lagranžijan je kalibraciono ekvivalentan 
 
 

…pošto 
 

Kompletnim razvijanjem dobijamo:

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2 + (A1,2 )2 + (A3,2 )2 + (A2,3 )2 + (A1,3 )2 + (A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2 + (A1,2 )2 + (A3,2 )2 + (A2,3 )2 + (A1,3 )2 + (A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2+(A1,2 )2+(A3,2 )2+(A2,3 )2+(A1,3 )2+(A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

sprega fizičkih i nefizičkih komponenti
!
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Za foton koji se kreće brzinom svetlosti u smeru ose  ,̂e3
…  i  su fizičke (transverzalne) polarizacije,A1 A2
… a  nije. (≈ FitzGerald-Lorentz kontrakcija.) 
 
 
 

A3

Takodje, longitudinalna (u smeru ) promena  i  iščezava…̂e3 A1 A2
…tako da . (≈ FitzGerald-Lorentz kontrakcija.)A1,3 =0=A2,3

Stoga:

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2+(A1,2 )2+(A3,2 )2+(A2,3 )2+(A1,3 )2+(A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2+(A2,3)2+(A1,3)2

� 2A3,2 A2,3 � 2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2⇤

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2+(A1,2 )2+(A3,2 )2+(A2,3 )2+(A1,3 )2+(A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2+(A2,3)2+(A1,3)2

� 2A3,2 A2,3 � 2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2⇤
se raspregnu

fizičke promenljive nefizičke promenljive
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A zašto klasično rasprezanje ukazuje na rasprezanje i u punoj 
kvantnoj teoriji?
Zbog Feynman-Hibbs-ove konstrukcije.
Particioni funkcional

…su korelacione funkcije, koje daju korelaciju perturbacija u 
polju ) u prostor-vremenskim tačkama .x1, ⋯, xn

 je dobro poznata Green-ova funkcija.G(x1, x2)

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2+(A1,2 )2+(A3,2 )2+(A2,3 )2+(A1,3 )2+(A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2+(A2,3)2+(A1,3)2

� 2A3,2 A2,3 � 2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2⇤

Z [J] :=
Z

D[ f ] e ih̄�1
R

d4x (L (f)+J·f)

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �c Ai ' �cAi + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2+(A1,2 )2+(A3,2 )2+(A2,3 )2+(A1,3 )2+(A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2+(A2,3)2+(A1,3)2

� 2A3,2 A2,3 � 2A1,3 A3,1
⇤

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2+(A3,2 )2+(A3,1 )2⇤

Z [J] :=
Z

D[ f ] e ih̄�1
R

d4x (L (f)+J·f)

h d

dJ(x1)
· · · d

dJ(xn)
Z [J]

i

J=0
=

h Z
D[ f ] f(x1) · · · f(xn) e ih̄�1

R
d4x (L (f)+J·f)

i

J=0

= G(x1, · · · , xn)

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
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Neabelovska (nekomutativna) QCD ima sličan Lagranžijan

neabelovska struktura 
grupe SU(3)c

Gluonske petlje i nekomutativnost
Renormalizacija u QCD u poredjenju sa QED
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quark: qjn, a n0, b �! idn,n0
d

b
a

/qj � mjc
= idn,n0

d
b
a

/qj + mjc1

q2
j � m2

j c2 , (1.116)

gluon: µ, a n, bqg
�! � i

hµn

q2
g

dab (1.117)
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Example 4.3: To compute the functions fc(8|8), fc(80|8) and fc(1|1), we pick the simplest partic-
ular cases for each; the diligent Student will convince themselves by direct computation that all
cases give the same quantitative results.

For fc(8|8), the incoming and the outgoing quark-antiquark pair have the same combina-
tion of color-anticolor; take, e.g., red-antiblue (8 7! (d1

gdd
3)) combination:

� 1
4 (c†

3g cd
4)8 (l

a)a
g (la)d

b (ca
1 c†

2b)8
 
� 1

4 (d1
gdd

3) (l
a)a

g (la)d
b (da

1 d3
b),

= 1
4 la

1
1 la3

3 = 1
4 l8

1
1 l83

3 = 1
4

1p
3

�2p
3
= � 1

6 , (4.70)

since only the eighth Gell-Mann matrix has (la
1

1 6= 0 6= la3
3). For fc(80|8) we take, e.g.,

8 7! (d1
gdd

3) and 80 7! (d3
gdd

1):
� 1

4 (c†
3g cd

4)80 (l
a)a

g (la)d
b (ca

1 c†
2b)8

 
� 1

4 (d3
gdd

1) (l
a)a

g (la)d
b (da

1 d3
b),

= 1
4 la

1
3 la1

3 = 1
4 (l

4
1

3 l41
3 + l5

1
3 l51

3) = 1
4 (1·1 + (�i)·(�i)) = 0, (4.71)

Since the representation 1 has only one dimension, for fc(1|1) there is a single contribution:

1
4 (c†

3g cd
4)1 (l

a)a
g (la)d

b (ca
1 c†

2b)1

= 1
4

1p
3
(d1

gdd
1 + d2

gdd
2 + d3

gdd
3) (l

a)a
g (la)d

b 1p
3
(da

1 d1
b + da

2 d2
b + da

3 d3
b),

= 1
12 la

a
g lag

a = 1
12 dab Tr(lllla llllb) = 1

12 dab 2dab = 1
6 8 = 4

3 , (4.72)

where we used the relation (A.73). This coefficient, fc(1|1) = 4/3, has shown up in the rela-
tion (2.102).

Direct computation shows also that fc(8|1), fc(1|8) = 0, and we have that:

Conclusion 4.6 These results show the single-gluon exchange15 between a quark and
an antiquark preserves the color state: incoming and outgoing quark-antiquark pairs
have the same color combination. Besides, the chromodynamics force (4.69) between
a quark and an antiquark is:

1. attractive when both the incoming and the outgoing pair is in the SU(3)c-
invariant state, and

2. repulsive otherwise.

4.2.3 Quark-Antiquark Annihilation

The single-gluon exchange amplitude now has two contributions, corresponding to the two
Feynman diagrams:

Mu+u!u+u =

1

3

2

4

�

1

3

2

4

(4.73)

15 See footnote 13, p. 244.
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nothing because of color conservation. However, in hadronic elastic collisions of the type
n0 + p� ! n0 + p�, both diagrams contribute:

(a) (b)

(d,d,u)

(d,d,u)

u
d

u
d

3⇥ 2 = 6
combinations

d

d u

d
d u

u
d

u
d

(4.79)

The left-hand side diagram contributes in six ways (either of the three quarks in the neutron
may exchange a gluon with either the u antiquark, or the d quark within the pion); the
right-hand side diagram contributes in only one way. Except, the processes depicted in
diagram (a) are prohibited by conclusion 4.5, i.e., either at least one more gluon and/or a d
quark must be exchanged, as for example in:

(d,d,u)

(d,d,u)

u
d

u
d

2⇥ 3⇥ 2 = 12
combinations

(4.80)

and which is still of order O(g 2
c ); additional gluon exchanges would increase the order.

4.2.4 Renormalization and Asymptotic Freedom

Finally, section 3.3.3 produced the relation (3.200),
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that indicates the electromagnetic fine structure constant to in fact be a variable, and to
depend on the transfer 4-momentum q at which the measurement takes place.

In the analogous analysis of amplitude corrections of order O(g4
s ) for the collision (4.52)

new diagrams appear, precisely because of the non-abelian (non-commutative) nature of
the chromodynamics interaction. Ignoring diagrams the contributions of which renormalize
only the parameters of the incoming and outgoing particles, for contributions of order O(g4
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nothing because of color conservation. However, in hadronic elastic collisions of the type
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Baš kao u QED.
Novi doprinosi!
pošto je  f abc ≠ 0



…ali se može “ispraviti” 
uvodjenjem Fadeev-Popov 

“sablasti” i BRST simetrije.

Ne-rasprezanje u QCD
Renormalizacija u QCD u poredjenju sa QED

11

Mada je opet moguće iskoristiti kalibracionu transformaciju

  sa  ,Aa
μ ≃ Aa

μ−c(∂μλa) λa = ∫ dt Φa

…ona ne eliminiše :Φa

…niti se  raspregne od    i  .Aa
3 Aa

1 Aa
2

Zahvaljujući neabelovskoj prirodi SU(3)c,
tj. gluon-gluon interakciji i “novim” Feynman-ovim dijagramima

… QCD amplitude neizbežno sadrže nefizičke komponente 
kalibracionog potencijala.
To neumitno naruši unitarnost.

U QCD nema 
rasprezanja!

Aa
μ =(Φa,−c ⃗Aa)

Tr[+μν +μν] ⊃ (…)(
· ⃗Aa− ⃗∇ Φa)⋅( fabc Φb c ⃗Ac)



Promenljiva SU(n) jačina interakcije
Renormalizacija u QCD u poredjenju sa QED

12

Citirajmo ovde samo dominantni logaritamski rezultat:
Ovde, 
 
 

 = broj boja [  za SU(3)c]n n=3
 = broj -obojenih fermiona [  ukusa 3-bojenih kvarkova 

za  (masa top kvarka); za manje energije je   < 6]
nf n nf =6

q>171.3 GeV nf

Ovo se suštinski razlikuje od elektrodinamičkog rezultata:

250 Chapter 4. Non-Abelian Gauge Symmetries and Interactions

The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:

as,R(|q2|) ⇡ as,R(µ2c2)

1 + as,R(µ2c2)
3p

11n�2n f
4 ln

⇣
|q2|
µ2c2

⌘ , |q2| � µ2c2, (4.82)

which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a

a b c d

1

r1>0

~E1

~A2

q12
1 3

~E3

1 3
1

1 ~E3

1
1

1
~E1

~E1
dip

Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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in that limit we have ae,R(0) ⇡ 1
137 . The numerical values of the corrections (3.198c) are

relatively small, e.g., of order O(6⇥10�6) for a direct collision at c/10 speed, so that the
value 1

137 is used as a first approximation for ae,R(q2) as if it were a constant. However,
precise measurements of electromagnetic processes, such as in the Lamb shift (–1.34a),
indeed verify the corrections (3.198c).

The fact that the numerical value of the electric charge depends on the 4-momentum
of the interaction with which that electric charge is being measured (3.198c) indicates the
conceptual error in classical physics, where the parameters in the model of the physical sys-
tem or process have a priori identified physical meaning and concrete value. The quantum
nature of Nature teaches us that only those particular combinations and functions of the
model parameters the values of which really can be measured must in fact have concrete
(real and finite) values.

The contribution of the last diagram (3.183) is identical to the second term in (3.198c),
only with a virtual muon in the central closed loop. That induces the replacement me ! mµ

in the result (3.198c), which makes the contribution that much smaller. In fact, since
the fermionic closed loop in the center of the diagram (3.184) depicts a virtual spin-1/2

fermion—which by definition is not observed—the contribution of the same diagram should
be summed over all electrically charged spin-1/2 fermions. The electron’s contribution is how-
ever dominant, since the electron is the lightest of all electrically charged spin-1/2 fermions,
and the corrections (3.198c) [+ relations (3.194b)–(3.195)] are inversely proportional to
the mass of the particle in this central loop.

Finally, the relation (3.198c) is a result of the contributions of order O(g4
e ), which

is depicted by the diagrams (3.187). It is not hard to show that the indefinite series of
diagrams of growing order:

+ + + + · · ·
(3.199)

summing the geometric series result in

ae,R(|q2|) ⇡ ae,R(0)

1 � ae,R(0)
3p ln

⇣
|q2|

m2
e c2

⌘ , |q2| � m2
e c2, (3.200)

In the domain m2
e c2 ⌧ q2 ⌧ m2

e c2 exp
� 3p

2a(0)
 

, ae,R(q2) is a very slowly growing function,
and the approximation ae,R(q2) ⇡ ae,R(0) ⇡ 1

137 is very good.

The various diagrams that are not shown in the series (3.199) [+ collection (3.183)]
either provide significantly smaller contributions from those shown (comparing diagrams
of the same order in g2

e ) or their contribution may be absorbed by renormalizing parame-
ters such as the mass of the electron, me. The contributions (3.199) are usually called the
“leading logarithm” contributions.

The Renormalization Group

Note that the resultat (3.196c) was obtained by including the quantum correction of only
the lowest order, and (3.200) by including the dominant corrections. Evidently, these correc-
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11n−2nf = 33−12=21 > 0
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Citirajmo ovde samo dominantni logaritamski rezultat:

Na logaritamskoj skali, αs,R izgleda:
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fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient
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4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
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Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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α−1
s,R

ln(|q2|)
d

s
c

b
t

0.
82

2
0.

76
9

0.
71

6 0.663
0.610

0.557



Fermion-antifermion polarizacija vakuma
Zaklanjanje naelektrisanja

14

U QED, blizu realnog elektrona,
virtuelni elektron-pozitron parovi deluju kao dipoli
gde je virtuelan pozitron bliže pravom elektronu

–+– +–

+
– +–

+–

+–

+–+
–

+–

+–
+–

+–

+–
Ovo efektivno 

poništi jedan deo 
naelektrisanja 

realnog elektrona, 
razpršuje ga i 
effektivno ga 

zaklanja.

+– +–

+–

+–

polarizacija 

vakuma



Fermion-antifermion polarizacija vakuma
Zaklanjanje naelektrisanja

15

Kao u QED, blizu realnog kvarka,
virtuelni kvark-antikvark parovi deluju kao “dipoli”
gde je virtuelan antikvark bliže realom kvarku

Ovo efektivno 
poništi jedan deo 

(naboja) boje 
realnog kvarka, 

razpršujući i 
zaklanjujći 
naboj boje.

Crveno-
anticrveni 
parovi su 
polarizovani

Ostali parovi nisu 
polarizovani

polarizacija 

vakuma



Neabelovski Gauss-ov zakon
Neabelovsko anti-zaklanjanje naboja

16

Ali, u QCD gluoni takodje doprinose!
Setimo se:

gde je  komponenta gustina boje kvarkova.ν=0
Definicijom:

dobijemo:

gde nelinearna sprega (zbog neabelovske strukture) služi kao 
dodatan (gluonski) izvor za ovo kromo-električno polje.

14 .

Aµ = (F,�c ~A) but Aµ = (F, c ~A) ∂µ = ( 1
c ∂t, ~r) but ∂µ = ( 1

c ∂t,�~r)

FµnFµn = (∂µ An � ∂n Aµ)(∂
µ An � ∂n Aµ)

= (∂0 Ai � ∂i A0)(∂
0 Ai � ∂i A0) + (∂i Aj � ∂j Ai)(∂

i Aj � ∂j Ai)

FµnFµn =
⇣
( 1

c ∂t)(�c ~A)� (~r)(F)
⌘
·
⇣
( 1

c ∂t)(c ~A)� (�~r)(F)
⌘

+
⇣
(~r)⇥(�c ~A)

⌘
·
⇣
(�~r)⇥(c ~A)

⌘

= �~E·~E + c2~B·~B

FµnFµn = �(
.
~A + ~rF)2 + c2(~r⇥~A)2

= �(
.

A1 + F,1 )2 � (
.

A2 + F,2 )2 � (
.

A3 + F,3 )2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

Now use Aµ ' Aµ � c∂µl, picking l = �
R

dt F, so �cAi ' �c Ai + c
R

dt F,i and Ai ' Ai �
R

dt F,i
.

Ai '
.

Ai � F,i

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 �A1,2 )2 + (A3,2 �A2,3 )2 + (A1,3 �A3,1 )2⇤

since Aj,i �Ai,j ' (Aj,i �
R

dt F,ji )� (Ai,j �
R

dt F,ij ) = Aj,i �Ai,j

FµnFµn ' �(
.

A1)
2 � (

.
A2)

2 � (
.

A3)
2

+ c2⇥(A2,1 )2+(A1,2 )2+(A3,2 )2+(A2,3 )2+(A1,3 )2+(A3,1 )2

� 2A2,1 A1,2 �2A3,2 A2,3 �2A1,3 A3,1
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Adaptirajući iz Peskin+Schroeder-ove knjige, posmatrajmo 
kvark  boje 1, i virtuelni gluonski 3-vektor potencijal boje 2:
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The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:

as,R(|q2|) ⇡ as,R(µ2c2)

1 + as,R(µ2c2)
3p

11n�2n f
4 ln

⇣
|q2|
µ2c2

⌘ , |q2| � µ2c2, (4.82)

which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a
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Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:
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which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient
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4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a
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chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:

as,R(|q2|) ⇡ as,R(µ2c2)
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⌘ , |q2| � µ2c2, (4.82)

which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a
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Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:
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which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a
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Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
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2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].

D
R

A
FT

—
co

nt
ac

td
ir

ec
tly

Tr
is

ta
n

H
üb
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it follows that as(|q2|) diminishes as |q2| grows.
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chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3
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h̄ c (�1)|~A2||~E1|(cos q12 = + 1
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2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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source (or sink) for the field ~E1. Indeed, just outside the location of the “naked” source r1, we
have

~r·~E1 = � gc
h̄ c f 1

23 ~A2·~E3 = � gc
h̄ c (+1)|~A2||~E3| cos q32, (4.84)

where q32 is the angle between the virtual potential ~A2 and the virtual field ~E3. In figure 4.1.c we
see that: cos q32 > 0 NE from the virtual source “3”, and cos q32 < 0 SW from the virtual source
“3”. Thus, the coupling of the virtual field ~E3 and the virtual potential ~A2 serves as an additional
sink for ~E1 near the virtual source “3” and a little further away from the “naked” source r1, and
as an additional source for ~E1 near the virtual source “3” and a little closer to the “naked” source
r1. This additional source-and-sink form a smale dipole of the ~E1

dip field, at the location of the
virtual potential ~A2, and such additional dipoles result in a vacuum polarization owing to the
non-linear coupling of chromodynamics fields and potentials.

For clarity, figure 4.1.d depicts the contributions of only the chromo-electric field ~E1, where
we see that the coupling of the virtual potentials ~A2 with the induced virtual field ~E3 has pro-
duced the additional field ~E1

dip, and just so that the “naked” source “1” is effectively enhanced
rather than screened, i.e., diminished: in the virtual dipole is the source closer to the “naked”
source, and the sink is further away. Repeating the analysis with other combinations of distri-
bution and value of the initial “naked” source and the virtual potential, as well as the further
iterations of this non-linear coupling confirm this qualitative conclusion.

The virtual quanta of the chromodynamics field of course appear with a random distri-
bution around the “naked” source, but the so-induced vacuum polarization uniformly enhances
the “naked” source.

Here, q := (p1�p2) is the transfer 4-momentum, and

q2 = p 2
1 +p 2

2 � 2p1·p2 = (m2
1+m2

2)c2 + 2~p1·~p2 � 2
E1E2

c2 =
(E1�E2)2

c2 � (~p1�~p2)
2. (4.85)

The distance covered by the virtual particles, which occurs in the predominantly horizon-
tal, intermediating portion of the diagram (4.81), is inversely proportional to this transfer
momentum. Thus, as,R(| q2|) grows with the distance at which the interaction occurs, which
confirms earlier given qualitative arguments and is in full accord with experimental obser-
vations; see section 0.3.14.

Digression 4.4: The careful Reader has notices that the relation (4.82) gives the chromodynamics
fine structure parameter at the energy c

p
|q2| as a function of two parameters: the mass µ and

the value of this same parameter at the energy µc2, i.e., at transfer momentum µc. These two
parameters may be “collected”, by defining

LQCD : ln(L2
QCD) := ln(µ2c2)� 12p

(11n�2n f )as,R(µ2c2)
, (4.86a)

The substitution of which in (4.82) yields

as,R(|q2|) ⇡ 12p

(11n�2n f ) ln
� |q2|

L2
QCD

� , (4.86b)

where LQCD is the magnitude of the transfer 4-momentum at which as,R(|q2|) diverges; this di-
vergence is called the Landau pole, after L.D. Landau. The importance of this divergence is only
formal, since perturbative computations fail to make sense before, already when as,R(|q2|) . 1.
Experimental estimate gives only an approximate region 100 MeV/c < LQCD < 500 MeV/c, and
one typically uses LQCD ⇡ 220 MeV/c, as the approximate value of the geometric mean of the
experimental bounds.
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The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:

as,R(|q2|) ⇡ as,R(µ2c2)

1 + as,R(µ2c2)
3p

11n�2n f
4 ln

⇣
|q2|
µ2c2

⌘ , |q2| � µ2c2, (4.82)

which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a
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Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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15⇣
DµFa µn = ∂µFa µn � gc

h̄ c fbc
a Ab

µFc µn
⌘
= ja n

(q)

~Ea := êiFa i0, ra
(q) := ja 0

(q) , ~Aa := �êi Aa
i (1.120)

~r·~Ea = ra
(q) �

gc
h̄ c f a

bc ~Ab·~Ec (1.121)
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19

Adaptirajući iz Peskin+Schroeder-ove knjige, posmatrajmo 
kvark  boje1, i virtuelni gluonski 3-vektor potencijal boje 2:

Da pojed- 
nostavimo, 
samo izvori 

boje 1:
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The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:
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which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a
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Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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Virtuelni dipol boje 1 (proizveden nelinearnom spregom sa 
virtuelnom gluonom boje 2) ne zaklanja boju (color-1) originalnog 
izvora (kvarka), već anti–zaklanja (pojačava) taj naboj boje.
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try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:
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which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
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chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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the following diagrams

(3.183)

of which we will consider the last two. Denote:

p1

p3

p2

p4

q q0

k

k0

(3.184)

Calculation

The amplitude for this process is obtained following procedure 3.1, p. 189:

Z d4q
(2p)4

d4q0

(2p)4
d4k
(2p)4

d4k0

(2p)4 (2p)4d4(p1 � p3 � q) (2p)4d4(q � k + k0) (2p)4d4(k � k0 � q0)

⇥ (2p)4d4(p2 � p4 + q0)
⇥
u3(ige ggggµ)u1

⇤⇣�ihµn

q2

⌘

⇥ (�1)Tr
h
(igegggg

n)
i

/k � mec
(igegggg

r)
i

/k0 � mec

i⇣�ihrs

(q0)2

⌘⇥
U4(ige ggggs)U2

⇤
, (3.185a)

= �g4
e

Z d4q
(2p)4

d4k
(2p)4 (2p)4d4(p1 � p3 � q) (2p)4d4(p2 � p4 + q)

⇥
⇥
u3 ggggµ u1

⇤⇣hµn

q2

⌘
Tr

h
ggggn 1

/k � mec
ggggr 1

/k � /q � mec

i⇣hrs

q2

⌘⇥
U4 ggggs U2

⇤
,

= �i(2p)4 d4(p1 + p2 � p3 � p4)

⇥

�ig4

e
q4

Z d4k
(2p)4

⇥
u3 ggggµ u1

⇤Tr[ggggµ(/k + mec)ggggr(/k � /q + mec)]

(k2 � m2
e c2)[(k � q)2 � m2

e c2]

⇥
U4 ggggr U2

⇤�

q=p1�p3

(3.185b)

where the factor (�1) in (3.185a) reflects rule 7 in procedure 3.1, p. 189. With the abbre-
viation q := p1 � p3, we have:

M(a0) =
�ig4

e
q4

⇥
u3 ggggµ u1

⇤⇢ Z d4k
(2p)4

Tr[ggggµ(/k + mec)ggggr(/k � /q + mec)]

(k2 � m2
e c2)[(k � q)2 � m2

e c2]

�⇥
U4 ggggr U2

⇤
. (3.186)
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…i izračunamo 
kako rezultat 
zavisi od mase i 
od (p2–p4).
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Renormalizacija
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10 . 1.3.7 Why is the cascade decay A ! B + C ! 2B + A in the toy-model of section ?? forbidden, but

A ! B + C ! 2B + A ! 3B + C may be allowed? What is the condition for the latter process to be

viable?

. 1.3.8 Using only Feynman diagrams to analyze the possible decay modes of particle A, show that p and

q in relation (??) must be odd integers.

. 1.3.9 For a head-on collision of two particles of masses m1 and m2, we have p1 = (E1/c,~p) and p2 =
(E2/c,�~p) in the CM system. Show that

c

q
(p1·p2)2 � (m1m2c2)2 = (E1 + E2)|~p|. (1.105)

/p1 /e⇤3 = �/e⇤3 /p1 + 2e⇤3 ·p1 = �/e⇤3 /p1,
/p3 /e⇤3 = �/e⇤3 /p3 + 2e⇤3 ·p3 = �/e⇤3 /p3,

(/p1 � /p3 + mec1)/e⇤3u1 = /e⇤3(�/p1 + /p3 + mec1)u1 = /e⇤3 /p3u1,

|Y(~0, t)|2 =
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10 . 1.3.7 Why is the cascade decay A ! B + C ! 2B + A in the toy-model of section ?? forbidden, but

A ! B + C ! 2B + A ! 3B + C may be allowed? What is the condition for the latter process to be

viable?

. 1.3.8 Using only Feynman diagrams to analyze the possible decay modes of particle A, show that p and

q in relation (??) must be odd integers.

. 1.3.9 For a head-on collision of two particles of masses m1 and m2, we have p1 = (E1/c,~p) and p2 =
(E2/c,�~p) in the CM system. Show that
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q
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/p1 /e⇤3 = �/e⇤3 /p1 + 2e⇤3 ·p1 = �/e⇤3 /p1,
/p3 /e⇤3 = �/e⇤3 /p3 + 2e⇤3 ·p3 = �/e⇤3 /p3,

(/p1 � /p3 + mec1)/e⇤3u1 = /e⇤3(�/p1 + /p3 + mec1)u1 = /e⇤3 /p3u1,

|Y(~0, t)|2 =
� ame c

h̄ n

�3

Z d4q
(2p)4

d4q0

(2p)4
d4k
(2p)4

d4k0

(2p)4

⇥ (2p)4d4(p1 � p3 � q) (2p)4d4(q � k + k0) (2p)4d4(k � k0 � q0)

⇥ (2p)4d4(p2 � p4 + q0)
⇥
u3(ige ggggµ)u1

⇤⇣�ihµn

q2

⌘

⇥ (�1)Tr
h
(igegggg

n)
i

/k � mec
(igegggg

r)
i

/k0 � mec

i⇣�ihrs

(q0)2

⌘⇥
U4(ige ggggs)U2

⇤
,

= �g
4
e

Z d4q
(2p)4

d4k
(2p)4 (2p)4d4(p1 � p3 � q) (2p)4d4(p2 � p4 + q)

⇥
⇥
u3 ggggµ

u1
⇤⇣hµn

q2

⌘
Tr

h
ggggn 1

/k � mec
ggggr 1

/k � /q � mec

i⇣hrs

q2

⌘⇥
U4 ggggs

U2
⇤
,

= �i(2p)4 d4(p1 + p2 � p3 � p4)

⇥

�ig

4
e

q4

Z d4k
(2p)4

⇥
u3 ggggµ

u1
⇤⇥

U4 ggggr
U2

⇤

⇥
Tr[ggggµ(/k + mec)ggggr(/k � /q + mec)]

(k2 � m2
e c2)[(k � q)2 � m2

e c2]

�

q=p1�p3

Primetite da je 
ostala samo 
jedna 
integracija, koju 
δ-funkcije ne 
eliminišu.
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the following diagrams

(3.183)

of which we will consider the last two. Denote:

p1

p3

p2

p4

q q0

k

k0

(3.184)

Calculation

The amplitude for this process is obtained following procedure 3.1, p. 189:
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(3.185b)

where the factor (�1) in (3.185a) reflects rule 7 in procedure 3.1, p. 189. With the abbre-
viation q := p1 � p3, we have:

M(a0) =
�ig4

e
q4

⇥
u3 ggggµ u1

⇤⇢ Z d4k
(2p)4
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�⇥
U4 ggggr U2

⇤
. (3.186)
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Landau pol i dimenziona transmutacija
Neabelovsko anti-zaklanjanje naboja

22

Renormalizovani parametar interakcije 
 
 

Zavisi od dva parametra:
od “referentnog” parametra mase/impulsa μ, 
od vrednosti  kod 4-momenta  αs,R |q2 | ≫ μc

Umesto toga, možemo definisati masu/impuls ΛQCD:

250 Chapter 4. Non-Abelian Gauge Symmetries and Interactions

The computation of the contributions depicted by the last three diagrams require additional
rules, and involves the introduction of ghost fields and the so-called BRST nilpotent symme-
try [+ footnote 7, p. 238.]. That level of technical details is beyond the scope of this book,
and we simply cite [323] the final result:

as,R(|q2|) ⇡ as,R(µ2c2)

1 + as,R(µ2c2)
3p

11n�2n f
4 ln

⇣
|q2|
µ2c2

⌘ , |q2| � µ2c2, (4.82)

which holds for the SU(n)-gauge interaction, where n f is the number of Dirac spin-1/2

fermions that posess such an n-dimensional SU(n) charge. For our present purposes is n=3,
for the SU(3)c symmetry of chromodynamics, and n f = 6. The contributions of the fermion
loops (4.81) are opposite16 to the contributions of gauge boson loops, and precise computa-
tion produces the coefficient

11n�2n f
4 , which in our case comes out as +5.25: we have n=3

colors and at energies higher than mtc2 = 171.3 GeV, n f=6 quark flavors. Since the relative
sign in the denominator (4.82) is opposite from the relative sign in the denominator (3.200),
it follows that as(|q2|) diminishes as |q2| grows.

Example 4.5: Effectively, the opposite contributions from the quarks and the gluons in the rela-
tion (4.82) imply that virtual quark-antiquark pairs screen, and virtual gluons enhance the chro-
modynamics color charge. While the example of quantum electrodynamics already explained
the first part of this phenomenon, for the second part—except, of course, detailed computa-
tion—there also exists a qualitative argument [307], depicted in figure 4.1. Suppose we have a

a b c d

1

r1>0

~E1

~A2

q12
1 3

~E3

1 3
1

1 ~E3

1
1

1
~E1

~E1
dip

Figure 4.1: A qualitative depiction of the mechanism by which virtual gluons enhance the
chromodynamic charge

chromodynamic charge source of the color r1—the “central” circle labeled 1 in the figures 4.1.a–
d, which by way of Gauss’s law (4.36) creates a chromo-electric field ~E1; see figure 4.1.a. Let
somewhere nearby a virtual quantum of chromodynamics field appear, in figures 4.1.a–c de-
picted by the vector ~A2, at an angle of q12 = 60� from the positive direction of ~E1. The coupling
of this virtual quantum ~A2 and the pre-existing field ~E1 then produces [+ non-abelian (non-
commutative) version of Gauss’s law (4.25), i.e., (4.36)] a virtual source for the field ~E3:

~r·~E3 = � gc
h̄ c f 3

21 ~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q12 = + 1

2 ) = + gc
2h̄ c |~A

2||~E1|, (4.83)

at the location of the virtual potential ~A2, i.e., somewhat removed from the real source r1; this
virtual source is depicted by a circle labeled 3 in figures 4.1.b–c. By way of Gauss’s law (4.83)
again, the virtual source “3” creates a virtual chromo-electric field ~E3, depicted in figures 4.1.b–c.
Iterating, the coupling of this virtual field ~E3 and the virtual potential ~A2 serves as an additional

16 Recall that fermion loops require an additional �1 factor in the amplitude, as well as that both quarks and
gluons contribute to the chromodynamics color charge (4.33) [+ conclusion 4.3, p. 236].
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15⇣
DµFa µn = ∂µFa µn � gc

h̄ c fbc
a Ab

µFc µn
⌘
= ja n

(q)

~Ea := êiFa i0, ra
(q) := ja 0

(q) , ~Aa := �êi Aa
i (1.120)

~r·~Ea = ra
(q) �

gc
h̄ c f a

bc ~Ab·~Ec (1.121)

LQCD : ln(L2
QCD) := ln(µ2c2)� 12p

(11n�2n f )as,R(µ2c2)
, (1.122)

as,R(|q2|) ⇡ 12p

(11n�2n f ) ln
� |q2|

L2
QCD

� , (1.123)

15⇣
DµFa µn = ∂µFa µn � gc

h̄ c fbc
a Ab

µFc µn
⌘
= ja n

(q)

~Ea := êiFa i0, ra
(q) := ja 0

(q) , ~Aa := �êi Aa
i (1.120)

~r·~Ea = ra
(q) �

gc
h̄ c f a

bc ~Ab·~Ec (1.121)

LQCD : ln(L2
QCD) := ln(µ2c2)� 12p

(11n�2n f )as,R(µ2c2)
, (1.122)

as,R(|q2|) ⇡ 12p

(11n�2n f ) ln
� |q2|

L2
QCD

� , (1.123)
divergira kod ΛQCD
…gde perturbativni 
račun prestaje da važi…



Asimptotska (ultravioletna) sloboda
Efektivni QCD potencijal
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Intenzitet   opada dok  raste,αs,R( |q2 | ) |q2 | ≫ μc
tj. dok razdaljina interakcije opada.
Drugim rečima, intenzitet jake interakcije opada do nule sa 
razdaljinom izmedju dva interagujuća kvarka.
Ovaj neobičan rezultat se zove “asimptotska sloboda”

(komplementarno je činjenici da su kvarkovi zarobljeni u hadronima)
jaka interakcija prestaje da deluje na kvarkove…
…onda kada ovi ne pokušavaju da napuste hadron.
…kvalitativno slično sili opruge

Efektivni potencial koji opisuje interakcije kvarkova je onda 
približno ravan (konstanta) na malim razdaljinama.

otud “model vreće” 
— glatka varijanta 

beskonačno duboke 
potencijalne jame

…rastuće jačine



Infracrveno zarobljavanje
Efektivni QCD potencijal

24

A kada , pa ,|q2 | ≫μc |q2 | ↘ ΛQCD

…perturbativni račun prestaje da važi.
U eksperimentu, izdvajanje (anti)kvarka

na veće i veće razdaljine

zahteva veće i veće ,|q2 |
…koje pre ili kasnije proizvede 
novi kvark-antikvark par:

26 Chapter –1. The Nature of Observing Nature

However, this is not so with the restoring force of an elastic spring: that force grows
with the separation distance of the ends of the spring. In collision experiments that are
essentially the same as Rutherford’s, but where the probe has an energy > 100 MeV [+ ta-
ble –1.3, p. 24], significant discrepancies are noticed, which may be ascribed to so-called
strong nuclear interactions. At distances where the action of these forces may be measured,
the intensity of these forces grows with the distance, i.e., it decays with the exchanged
energy—precisely so that these forces may be represented (modeled) by a spring [+ chap-
ter 9]! By itself, this may not seem unusual, but some of its consequences definitely are.

When stretching a spring, one must invest work that increases the potential energy
of the stretched spring. At a certain point, determined by the spring elasticity, the spring
simply breaks. Analogously, two particles (so-called quarks) bound by the strong nuclear in-
teraction may be separated to ever larder distances—only by incessant investing ever more
energy. This could be doable arbitrarily long, and the two quarks could be separated arbi-
trarily far from each other, were it not for the fact that the invested work sooner or later
becomes sufficient to create a particle-antiparticle pair. Each one of these newly minted
particles then binds with one of the “old” ones, so that the attempt to separate two quarks to
distances bigger than ⇠ 10�15 m fails: instead of having separated one quark from the other,
the quark we were trying to move becomes bound with the newly minted antiquark, and
the other old quark is joined by the newly minted quark replacing the old one. This quark-
antiquark pair forms a new system (so-called meson) that really can be separated arbitrarily
far, but the original quarks remain un-extracted [+ figure –1.5].

Figure –1.5: Inseparability of quarks and antiquarks by investing ever more energy

Thus, quarks (to most precise experimental verification and theoretical prediction)
cannot be extracted arbitrarily far from one another, and remain “captive”—either in the
original system, or in a newly minted system, joined with (anti)quarks created by investing
ever more energy.

However, while the distance between the quarks is less than about 10�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.

2. The proton shows structure (three quarks) through the complexity of the angular
dependence in scattering, i.e., through deviations from Rutherford’s formula—and
does so when the collision energy surpasses a precisely defined threshold; however,
the quarks cannot be extracted arbitrarily far without creating new quark–antiquark
pairs [+ figure –1.5].

D
R

A
FT

—
co

nt
ac

td
ir

ec
tly

Tr
is

ta
n

H
üb
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cannot be extracted arbitrarily far from one another, and remain “captive”—either in the
original system, or in a newly minted system, joined with (anti)quarks created by investing
ever more energy.

However, while the distance between the quarks is less than about 10�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.

2. The proton shows structure (three quarks) through the complexity of the angular
dependence in scattering, i.e., through deviations from Rutherford’s formula—and
does so when the collision energy surpasses a precisely defined threshold; however,
the quarks cannot be extracted arbitrarily far without creating new quark–antiquark
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

26 Chapter –1. The Nature of Observing Nature

However, this is not so with the restoring force of an elastic spring: that force grows
with the separation distance of the ends of the spring. In collision experiments that are
essentially the same as Rutherford’s, but where the probe has an energy > 100 MeV [+ ta-
ble –1.3, p. 24], significant discrepancies are noticed, which may be ascribed to so-called
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cannot be extracted arbitrarily far from one another, and remain “captive”—either in the
original system, or in a newly minted system, joined with (anti)quarks created by investing
ever more energy.

However, while the distance between the quarks is less than about 10�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.
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