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Coordinate Bases

Christoffel Symbol & Covariant Derivative
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Basis$vectors:

so

and

Then

Straightforwardly,

Also

…an$echo

b/c$basis$completeness

~xµ := (∂µ~r) and ~x µ
:= g

µn(x)~xn,

Aµ := ~xµ·~A, A

µ
:= ~x µ·~A, and

~
A = Aµ~x

µ = A

µ~xµ,
· ·

~xµ·~xn = gµn(x) and ~x µ·~x n = g

µn(x).
·

Gr
µn : (∂n~xµ) = Gr

µn ~xr

Gr
µn~xr := (∂µ~xn) = (∂µ∂n~r) = (∂n∂µ~r) = (∂n~xµ) = Gr

nµ~xr.

(∂µ~x
r) = �Gr

µn~x
n

�

b/c ∂µ
�
~xµ·~x n = dn

µ

�
= 0.
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Covariant Derivative

Christoffel Symbol & Covariant Derivative
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It$then$follows:

DeOine:

Owing$to$Weyl’s$construction,

it$then$follows$(product$rule)$that:

~
A

:= A

r~xr & (∂µ~xn) =: Gr
µn~xr ) (∂µ ~A) =

⇥
(∂µ A

r) + Gr
µn A

n⇤~xr;

~
B

:= Br~x
r & (∂µ~x

r) =: �Gr
µn~x

n ) (∂µ~B) =
⇥
(∂µBn)� Gr

µnBr
⇤
~x n.

T(p, q; w) := C

w⌦YS⇥
A ⌦ · · ·⌦ A| {z }

p

⌦ B ⌦ · · ·⌦ B| {z }
q

⇤

(D
µ

T)
n

1

···np
r

1

···rq = (∂
µ

Tn

1

···np
r

1

···rq ) +
p

Â
i=1

Gni
µsi Tn

1

···si ···np
r

1

·········rq �
q

Â
i=1

Gsi
µri Tn

1

·········np
r

1

···si ···rq .

� )
⇥

�

D
µ

A

r

:= (∂
µ

A

r) + Gr

µn

A

n

and D
µ

B

n

:= (∂
µ

B

n

)� Gr

µn

B

r

.
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Covariant Derivative

Christoffel Symbol & Covariant Derivative
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More$to$the$point,

transforms$as$a$type=(p,$q+1)$tensor$density$of$weight$w.
And,$since$a$partial$derivative$doesn’t$(verify),$the$ℾ=symbol$
cannot$either—so$as$to$compensate:

is$tensorial$if$and$only$if$the$transformation$x$→$y$is$linear.

In$which$case,$no$ℾμ$is$needed$in$the$Oirst$place.$Ã
True$of$Cartesian$→$Cartesian$rotations$&$translations.

X

n1···np

r1···rq

; µ := (DµT)
n1···np

r1···rq

Gr
µn(x) =

∂x

r

∂y

s

∂y

k

∂x

µ

∂y

l

∂x

n Gs
kl(y)

| {z }
tensorial

+
∂x

r

∂y

s

∂2
y

s

∂x

µ∂x

n
| {z }
inhomogeneous

,
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! !

no$relation symmetric

Covariant Derivative

Christoffel Symbol & Covariant Derivative

6

Thus,$the$ℾμ$looks$awfully$like$a$gauge$potential$4=vector,
except$for$the$extra$transformation$matrix:

Oh,$and$one$more$thing:

This$is$a$reOlection$of$the$conceptual$non=linearity:
The$transformation$of$phases$is$spacetime=dependent

The$transformation$of$spacetime$coordinates$is$spacetime=dependent

Yang=Mills$¿μ$is$a$spacetime$4=vector$of$“color”=space$matrices.

The$ℾ=symbol$is$a$spacetime$4=vector$of$spacetime$matrices.

IG0
µ

= [U]
µ

n U IG
n

U�1 + U ∂

µ

U�1

[A
µ

· Y]a = [A
µ

]
b

a Yb $ [IG
µ

· V]r = Gr

µ n

Vn

.

X
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Metricity of the Christoffel Symbol

Christoffel Symbol & Covariant Derivative
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Given$the$relations

a$relation$between$the$ℾ=symbol$and$the$metric$must$exist.$
Indeed,

produces

which$satisOies

and$vice$versa:$D! g"# = 0$with$D! = ∂! + ℾ!$implies$Eq.$(✌).
This$(Christoffel)$ℾ=symbol$is$thus$metric.

·

: (∂n~xµ) = Gr
µn ~xr

·

~xµ·~xn = gµn(x)and

(∂
µ

g

nr

) =
�
∂

µ

(~x
n

·~x
r

)
�
= Gs

µn

~x
s

·~x
r

+~x
n

·Gs

µr

~x
s

= g

sr

Gs

µn

+ g

sn

Gs

µr

� �

Gr

µn

= 1
2 g

rs

⇥
(∂

µ

g

ns

) + (∂
n

g

µs

)� (∂
s

g

µn

)
⇤

⇥
�

D
µ

g

nr

= 0 = D
µ

g

nr. covariantly$constant

(✌)

adj.$derived$from$g!"
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The Curvature Tensor

Spacetime Curvature
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Just$like

we$deOine

Geometric$interpretation:

F
µn

:= h̄ c
igc

⇥
D

µ

, D
n

⇤
a a

R

µnr

s

:=
⇥

D
µ

, D
n

⇤
r

s =
⇥�

d

s

l

∂

n

+ Gs

nl

�
Gl

µr

⇤
�

⇥�
d

s

l

∂

µ

+ Gs

µl

�
Gl

nr

⇤
,

⇥ ⇤ ⇥� � ⇤

= ∂

n

Gs

µr

� ∂

µ

Gs

nr

+ Gs

nl

Gl

µr

� Gs

µl

Gl

nr

.

R

µnr

s

:

⇥
D

µ

,

⇥
D

µ

,

, D
n

, D
n

Wednesday, February 29, 12



Conditions & Contractions

Spacetime Curvature

9

DeOine

The$Riemann$tensor$satisOies$the$following$identities:

The$Riemann$tensor$is$part$1st$derivative,$part$quadratic$in$ℾμ
…just$as$!μν$is$part$1st$derivative,$part$quadratic$in$¿μ

…of$2nd$order$in$derivatives$of$the$metric,$g!",$&$homogeneous!

R
µnr

r = 0,

R
µn rs

:= R
µnr

l g
ls

(no$such$thing$for$$!μν)

Tr[F
µn

] = 0
F

µn

= �F
nµ

R
µn rs

= �R
nµ rs

,

R
µn rs

= �R
µn sr

,

R
µn rs

= +R
rs µn

,

#

lnrsR
µn rs

= 0, 1st Bianchi identity (7.42e)

#

klµnD
l

R
µn rs

= 0. 2nd Bianchi identity (7.42f)
#

klµnD
l

F
µn

= 0

—
—

—

(non=abelian)

It$also$involves$g!",$which$is$very$non=linear$in$g!"!
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Conditions & Contractions

Spacetime Curvature

10

For$the$Yang=Mills$type$Oield$strength$tensor,

Since$all$four$indices$in$R!"#$$are$of$the$same$type,$we$can$deOine:

It$is$then$possible$to$deOine:
S!"#$,$the$“pure$trace”$part,$=$⅟"# R(g!# g"$ – g!$ g"#).
E!"#$,$the$“semi=traceless”$part,$=$(g![# S"]$ – g"[# S$]!);$S!":=R!"–⅟₄$g!"R.
C!"#$,$the$fully$traceless$part,$Weyl$(conformal$curvature)$tensor.

Also:

7.2. How is Gravity Different from Yang-Mills Interactions 347

then plays the role of g
ls

. The unitary groups (such as SU(3)c ⇥ SU(2)w) have no such
tensor, and for them there is nothing analogous to definition (7.42a). Thus, for unitary
gauge groups there are no analogues of relations (7.42c)–(7.42e).

Also, for Yang-Mills gauge fields [F
µn

]
a

b, there is no way to perform the contraction
between one of the “matrix” indices a or b and one of the “tensor” indices µ or n. In turn,
the contractions that can be performed

gµnF
µn

⌘ 0,

⇢

Tr[F
µn

] = [F
µn

]
a

a = 0, for semisimple Lie groups,
Tr[F

µn

] = F
µn

, for U(1) factors,
(7.43)

are trivial: The first equality holds owing to the facts that g
µn

= +g
nµ

but F
µn

= �F
nµ

. The
second follows from the fact that Tr[Qa] 6= 0 only for U(1) factors.

The situation is however different for the Riemann tensor:

Ricci tensor: R
µr

:= R
µnr

n

, (7.44)

is not trivial, nor is its trace,

scalar curvature: R := gµr R
µr

= gµr R
µnr

n

. (7.45)

It is also useful to know that, following conclusion 7.2, p. 344, we have that the differential
2-form12

RRRR :=
⇥

dxµD
µ

, dxnD
n

⇤

, i.e., [RRRR]
r

s := dxµ

dxn R
µnr

s (7.46)

also has values in the algebra of the Lorentz group Spin(1, 3).

Definition (7.40) shows that the components of the Riemann tensor R
µnr

s are deriva-
tives of the second order (or are quadratic in derivatives of the first order) of the metric
tensor components13, but contains also the inverse metric tensor. R

µnr

s is therefore a non-
linear function14 of the metric tensor components, g

µn

, but are precisely of second order
in spacetime derivatives of those components. The same is then true also of the Ricci ten-
sor (7.44), as well as the scalar curvature (7.45).

Yang-Mills gauge theories have nothing analogous to the expressions (7.44)–(7.45).
There, the Lagrangian density (4.25) is found in the form � 1

4

Tr[F
µn

Fµn], which is quadratic
in the derivatives of A

µ

. This Lagrangian density then yields equations of motion (4.26)
that are analogous to Gauss’s law for the electric field and Ampère’s law for electromagnetic
field (4.39).

Analogously to the expression � 1

4

Tr[F
µn

Fµn] in (4.25), the Hamilton action with the
Riemann tensor would be proportional to the integral

Z

p

�g d

4x R
µnr

s gµk gnl R
kls

r

. (7.47)

12 When defining differential p-forms, one automatically uses the antisymmetric product of basis elements and
without any notational distinction: (· · ·dxµ

dxn· · ·) = �(· · ·dxn

dxµ· · ·).
13 All told, every summand in the defining expression (7.40) contains precisely two spacetime derivatives.
14 Unlike the quadratic, cubic or another expression of a relatively low degree, the components of the inverse

metric tensor are by definition ratios of the determinants of various cofactors and the determinant of the entire
metric tensor. A Taylor expansion in the components of the original metric tensor is then an infinite series,
containing arbitrarily high powers of the components of the original metric tensor. This makes the inverse
metric tensor, and then also the Riemann and other curvature tensors, very nonlinear.
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

354 Chapter 7. Gravity and the Geometrization of Physics

It follows that the separation velocity at the Schwarzschild radius becomes v
1

(rS) = c. This
literally means that Schwarzschild’s solution (7.61) holds for r > rS. For observers that
are outside the Schwarzschild radius, objects that pass through the surface of the sphere
of radius rS no longer can return. This sphere is thus called the “event horizon” and effec-
tively separates the exterior from the interior. As the same conclusion holds also for light,
classical physics predicts that the interior of this horizon is completely black for observers
in the exterior—whence the popular name “black hole”. Formally, the metric tensor (7.61)
is applicable also in the interior of the event horizon, but here the coordinate t becomes
space-like and r becomes time-like; the physical meaning of this change remains uncertain,
and foremost because—at least within classical physics20—it is not possible to design an
experiment (even if a thought-experiment) with which one could compare the evolution of
physical phenomena outside the event horizon with those unfolding within the horizon.

Singularities

The functional dependence of the Schwarzschild metric on the radius indicates that there
exist two special places within the space with the geometry (7.61):

1. the Schwarzschild radius, where fS(r) = 0, so the metric tensor has a singularity: The
coefficient of the dt2 term vanishes, and the coefficient of the dr2 term diverges;

2. the coordinate origin, where fS(r) diverges, so the coefficient of the dt2 term diverges,
and the coefficient of the dr2 term vanishes.

However, the metric tensor transforms under general coordinate transformations as a rank-2
and type-(0, 2) tensor, and it is not clear a priori if these special places are indeed singulari-
ties. As the metric tensor is of type (0, 2), this transformation has the form [+ definition 7.1,
p. 336]

g
µn

(x) =
∂z

r

∂x

µ

g
rs

(z)
∂z

s

∂x

s

() gggg0 = PPPPT gggg PPPP (in matrix form), (7.63)

which is not a similarity transformation. Thus, neither the characteristic polynomial, det[gggg�
l1], nor the eigenvalues of the matrix gggg are invariants. The only invariant that can be
constructed from the metric tensor is d

r

µ

= g
µn

grn, which produces no information about
possible singularities.

However, recall that the Riemann curvature tensor also contains information about
any (non)analyticity of the metric tensor, and one only needs to find a way to extract that
information in an invariant fashion. The scalar curvature (7.45) is one such invariant. As
the Riemann tensor has 20 independent degrees of freedom [+ exercise 7.3.1], this leaves
precisely 19 independent invariants, but an explicit listing of such invariants remains an
open problem + . However, there do exist two simple quadratic invariants

kR
µn

k2 := R
µn

gµrgns R
rs

and kR
µnr

sk2 := R
µnr

s gµagnbgrgg
sd

R
abg

d

, (7.64)

20 Quantum theory of gravity is not a complete theory, and this analysis is not without debate. However, since
the early 1970’s, Stephen Hawking was among the first to apply the “semi-classical” analysis and so discover
that black holes radiate, the so-called Hawking radiation. The same methods lead to the derivation of the
Bekenstein-Hawking formula according to which the entropy of a black hole is proportional to the surface
area of the event horizon. A recent application of stringy methods and the gravity-gauge duality [+ str. 468]
discovered also newer, and not just semi-classical results.
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

354 Chapter 7. Gravity and the Geometrization of Physics

It follows that the separation velocity at the Schwarzschild radius becomes v
1

(rS) = c. This
literally means that Schwarzschild’s solution (7.61) holds for r > rS. For observers that
are outside the Schwarzschild radius, objects that pass through the surface of the sphere
of radius rS no longer can return. This sphere is thus called the “event horizon” and effec-
tively separates the exterior from the interior. As the same conclusion holds also for light,
classical physics predicts that the interior of this horizon is completely black for observers
in the exterior—whence the popular name “black hole”. Formally, the metric tensor (7.61)
is applicable also in the interior of the event horizon, but here the coordinate t becomes
space-like and r becomes time-like; the physical meaning of this change remains uncertain,
and foremost because—at least within classical physics20—it is not possible to design an
experiment (even if a thought-experiment) with which one could compare the evolution of
physical phenomena outside the event horizon with those unfolding within the horizon.

Singularities

The functional dependence of the Schwarzschild metric on the radius indicates that there
exist two special places within the space with the geometry (7.61):

1. the Schwarzschild radius, where fS(r) = 0, so the metric tensor has a singularity: The
coefficient of the dt2 term vanishes, and the coefficient of the dr2 term diverges;

2. the coordinate origin, where fS(r) diverges, so the coefficient of the dt2 term diverges,
and the coefficient of the dr2 term vanishes.

However, the metric tensor transforms under general coordinate transformations as a rank-2
and type-(0, 2) tensor, and it is not clear a priori if these special places are indeed singulari-
ties. As the metric tensor is of type (0, 2), this transformation has the form [+ definition 7.1,
p. 336]

g
µn

(x) =
∂z

r

∂x

µ

g
rs

(z)
∂z

s

∂x

s

() gggg0 = PPPPT gggg PPPP (in matrix form), (7.63)

which is not a similarity transformation. Thus, neither the characteristic polynomial, det[gggg�
l1], nor the eigenvalues of the matrix gggg are invariants. The only invariant that can be
constructed from the metric tensor is d

r

µ

= g
µn

grn, which produces no information about
possible singularities.

However, recall that the Riemann curvature tensor also contains information about
any (non)analyticity of the metric tensor, and one only needs to find a way to extract that
information in an invariant fashion. The scalar curvature (7.45) is one such invariant. As
the Riemann tensor has 20 independent degrees of freedom [+ exercise 7.3.1], this leaves
precisely 19 independent invariants, but an explicit listing of such invariants remains an
open problem + . However, there do exist two simple quadratic invariants

kR
µn

k2 := R
µn

gµrgns R
rs

and kR
µnr

sk2 := R
µnr

s gµagnbgrgg
sd

R
abg

d

, (7.64)

20 Quantum theory of gravity is not a complete theory, and this analysis is not without debate. However, since
the early 1970’s, Stephen Hawking was among the first to apply the “semi-classical” analysis and so discover
that black holes radiate, the so-called Hawking radiation. The same methods lead to the derivation of the
Bekenstein-Hawking formula according to which the entropy of a black hole is proportional to the surface
area of the event horizon. A recent application of stringy methods and the gravity-gauge duality [+ str. 468]
discovered also newer, and not just semi-classical results.
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

invariant

invariant invariant

Wednesday, February 29, 12



The Einstein-Hilbert Action

Spacetime Curvature

11

For$the$Yang=Mills$case,$the$only$way$to$construct$a$Lagrangian$
density$quadratic$in$!!"$is$$∝ Tr[!!" !!"].
By$the$same$token,$consider:

Varying$w.r.t.$components$of$ℾ!$produces$a$2nd$order$PDE$for$ℾ!$
Varying$w.r.t.$components$of$g!"$produces$a$4th$order$PDE$for$g!"$
Unlike$with$Yang=Mills$!!",$we$now$do$have$R,$so:

is$the$Einstein=Hilbert$action.
So$that$the$units$are$ML2/T,$where$[d4x]$=$4$and$[g!"]$=$0
Varying$w.r.t.$components$of$g!"$produces$a$2nd$order$PDE$for$g!".

Z

p

�g d

4x R
µnr

s gµk gnl R
kls

r

.

Ã
œ

c3

16p GN

Z

p

�g d

4x R,

quadratic$in$R

linear$in$R
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“Covariantizing” Lagrangians

Matter–Gravity Coupling

12

Varying$the$Einstein=Hilbert$action$produces

This$is$the$2nd$order$PDE$of$motion$for$g!".
R!"#$$and$R!"$and$R are$all$(very)$nonlinear$in$g!",$this$is$a$highly$
non=trivial,$nonlinear$PDE$system.

Coupling$everything$else$to$this$gauge=GCT$theory:

�

G

µn

:= R

µn

� 1
2 g

µn

R = 0.

Empty$spacetime!
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any$and$all$non=metric/Christoffel$Oields
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continuity
equation

Energy=momentum:

Einstein$equations:

Einstein Equations

Matter–Gravity Coupling

13

R
µn

� 1

2

g
µn

R =
8p GN

c4

T
µn

,

T
µn

:= � 2cp�g
d(
p�g LM)

dgµn

Varying$the$GCT=covariantized$action$w.r.t.$g!" produces

where

So,$the$presence$of$matter$curves$spacetime.
T00:$energy$density
T0i =$Ti0:$linear$momentum$density
Tik =$Tki (i ≠ k):$shear$stresses
Tii (no$sum):$normal$stresses,
called$“pressure”$if$all$are$equal
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Two Oblique Parallels

Matter–Gravity Coupling

15

By$construction,

While$(!0i)$and$(!ij)$indeed$are$irreducible$representations$of$
SO(0,3)×GYM$(i.e.,$rotations$×$gauge$group),
(—0i)$and$(—ij)$are$irreducible$representations$of$neither$SO(0,3)$
(rotations)$nor$SO(1,3)$(full$Lorentz$group).
Although$(¿! ↔ ℾ!)$and$(!!" ↔ —!")$are$conceptually$analogous,$
this$analogy$has$technical$limitations.

Unh…
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Two Oblique Parallels

Matter–Gravity Coupling

16

On$the$other$hand…

The$Einstein$equations

remind$awfully$much$of$Gauss=Ampère$equations

So,

Just$as$every$4=current$produces$an$EM$Oield

&$every$EM$Oield$speciOies$the$4=current$it$needs$to$support$it,

so$are$the$energy=momentum$tensor$and$spacetime$curvature$
linked
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both$are$Noether$currents both$are$“most$basic”$Oields

and$shalt$not$be$rendered$asunder.

Wednesday, February 29, 12



Two Oblique Parallels

Matter–Gravity Coupling

17

To$summarize:

EM/YM
GCTGCT

EM/YM
conceptually engineeringly
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This$is$not$$thetraceless$part$of$the
energy=momentum$tensor!

A Quick Trick…

Special Solutions: Intro

Consider$the$Einstein$equations:

…the$trace$of$which$equates

whereby$the$Einstein$equations$are$equivalent$to

So,

Ricci=Olat$spacetimes$require/imply$no$material$support

Absence$of$matter$implies/requires$Ricci=Olat$spacetimes

19
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A Quick Trick…

Special Solutions: Intro

Why$is$“Ricci=Olatness”$so$important?

Well,$construct$R$:=$dx!dx"R!".$This$is$a$2=form.
Taken$modulo$total$derivatives,$this$deOines$the$1st$Chern$class.

Integrals$over$2=dimensional$submanifolds$X$are$invariants$of$
continuous$deformations$of$X,$within$the$spacetime
More$importantly,$R∧R = d4x %!"#$R!"R#$$is$a$4=form
…and$may$be$integrated$over$the$whole$spacetime$manifold

…and$is$a$topological$invariant$(1st$Chern$number,$C1)
of$the$whole$spacetime$manifold.

Ricci=Olatness$implies$that$C1(spacetime)$=$0.

20

I’ll be back.
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Immaterial (Ricci-flat) Solutions

Special Solutions: Intro

Consider$empty$space.

That$is,$space$with$no$matter.

In$1915,$Karl$Schwatzschild,$while$at$the$Russian$front$as$a$
German$soldier,$found$the$Oirst$and$best=known$Ricci=Olat$
solution$to$Einstein’s$equations.

But,$if$there$was$no$matter$to$begin$with,$whose$mass$is$M?

It$is$the$mass$of$the$singularity—a$“defect”$in$spacetime—at$the$
origin.

21

(immaterial)

He$died$within$a$year.
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7.3 Special Solutions
It is always pleasant to present exact solutions in a simple form.

— Karl Schwarzschild

Solutions of the Einstein equations (7.54) represent various spacetime geometries—various
Universes18—of which each one may serve as a background/arena in which all “other”
physics happens, including the elementary particle physics as it was analyzed so far. Be-
sides, the Einstein equations—as a system of differential equations for the metric tensor
components—are nonlinear, making the existence of a growing class of exact solutions all
the more interesting.

7.3.1 The Schwarzschild Solution

Only a month after the publication of Einstein’s theory of general relativity and gravitation,
in 1915, Karl Schwarzschild published the first and best known exact solution to the Einstein
equations. Six years later, the mathematician George David Birkhoff proved a theorem19

whereby any spherically symmetric solution of the Einstein equations without matter (7.49)
must be stationary and asymptotically flat, i.e., the geometry of the outer region of spacetime
must be described by the Schwarzschild metric tensor (see Refs. [298, 217, 79, 440, 105]
and also [102, 475, 101]), given here in spherical coordinates:

Schwarzschild:
⇢ [g

µn

] = diag
�

� fS(r), 1

fS(r)
, r2

, r2

sin

2(q)
�

,

ds2 = � fS(r)c2

dt2 + 1

fS(r)
dr2 + r2

�

dq

2 + sin

2(q)dj

2

�

,

(7.61a)

where
fS(r) :=

⇣

1 � rS

r

⌘

, rS =
2GN M

c2

. (7.61b)

As the metric tensor (7.61) satisfies the Einstein equations with T
µn

= 0, it follows that
the Schwarzschild solution describes empty spacetime, in the sense that this is a possible
geometry of spacetime in absence of any matter. The mass M := c2rS

2GN
that may be ascribed to

the point-like object at the origin of the coordinate system then does not represent a particle
of matter that is placed there, but is a characteristic of spacetime itself [+ digression 7.6,
p. 359], that is for observers outside rS curved as if there existed an object of mass M.

The meaning of the Schwarzschild radius, rS, is as follows: The well-known expression
for the (first) escape velocity, i.e., the velocity of separation from a plane of mass M at a
distance r from the center of the planet is

v
1

=

r

2GN M
r

. (7.62)

18 The distinction between a “spacetime geometry” and a “Universe”—as the latter word is used in this chapter—
is far from strict: the latter term is used merely for emphasis at its global meaning. A “Universe,” after all,
has an all-encompassing ring to it and so allows “spacetime geometry” to have either just a local reference,
if desired, or a fully global one. In recent times however, the terms “Multiverse” and “Metaverse” came into
vogue, denoting a collection—sometimes indefinitely large—of Universes [410, 411, 412, 447, for starters].
Especially when these Universes within a Multiverse are connected, the connotation of global-ness of a single
Universe is restricted in some way or another, at the least. Herein at least, a “Universe” will be used to denote
a closed, isolated and geodesically complete spacetime, unless explicitly stated otherwise.

19 It was recently discovered that this theorem, many years known under Birkhoff’s name, was proven two years
earlier (in 1919) by the Norwegian physicist Jørg Tofte Jebsen [240].
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Empty$spacetime$can$have$mass,$even$classically!
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(a$technical$term)

Immaterial (Ricci-flat) Solutions

Special Solutions: Intro

Singularity??

At$both$r = rS$and$r = 0,$a$metric$component$blows$up.
At$r = rS,$$fS(r) = 0,$the$dt2=term$vanishes$&$the$dr2=terms$blows$up.
At$r = 0,$$fS(r) = ∞,$the$dr2=term$vanishes$&$the$dt2=terms$blows$up.

But,$that$may$well$be$an$artifact$of$“bad”$coordinates!$Metric$
components$are$not$invariants;$they$form$a$type=(0,2)$tensor!

Indeed,$in$1933,$Georges$Lemaître$realized$that$a$coordinate$
system$introduced$by$Arthur$Eddington$in$1924$proves$that$the$
r = rS$location$is$perfectly$uneventful.

In$turn,$the$Kretschmann$curvature$invariant$is

22
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@$r = 0:Ka#blooey!
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Immaterial (Ricci-flat) Solutions

Special Solutions: Intro

Unh…$“the$r = rS$location$is$perfectly$uneventful”$is$a$bit$of$an$
understatement.

Actually,$something$does$happen$there:

is$the$“escape$speed”$from$a$gravitational$source$of$mass$M.

…so$the$“escape$speed”$becomes$unattainable.

Oh,$and$one$more$thing!$Within$the$event$horizon,

23
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the$physical$meaning$of$r$&$t$is$swapped.

Location$of$no4return.
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Immaterial (Ricci-flat) Solutions

Special Solutions: Intro

When$discussing$Yang=Mills$(EM,$Strong,$Weak)$interactions,$we$
assumed$a$Olat,$—1,3=like$spacetime.$Even$the$“topologically$non=
trivial”$solutions$do$not$change$the$spacetime.

In$general$relativity,$non=trivial$spacetimes$are$not$—1,3=like.

In$so=modeling$gravity,$we$can$excise$portions$of$spacetime
…though$that$may$render$the$spacetime$somehow$incomplete.
Spacetime$(non=)singularity$may$well$thus$be$a$subtle$issue.
Geodesically.complete;$reOine:$time=like,$null,$space=like.
Metrically.complete:$convergence$of$all$Cauchy$sequences.
B#complete:$if$every$C1=curve$of$Oinite$length$is$contained.
Curvature.invariants:$R!"#$$has$20$independent$DoF’s;$no$known$list.

B=completeness$implies$geodesic$completeness,$and$coincides$
with$metric$completeness—only$for$g!" ≥ 0,$not$for$spacetime.

24

It’s$an$arena.
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