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Fundamental Physics of Elementary Particles
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!e SU(n) running coupling parameter
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Decoupling of unphysical QED gauge potentials

Renormalization in QCD as compared to QED
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Remember the photon Lagrangian?

Remember the 4-vector → (scalar, 3-vector) notation?
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Decoupling of unphysical QED gauge potentials

Renormalization in QCD as compared to QED
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Re-express the QED Lagrangian in terms of potentials:

Now recall that Aμ ≃ Aμ –c(∂μλ)…
…and choose λ  = –∫dt Φ, so that

Use this to simplify the Lagrangian.
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Decoupling of unphysical QED gauge potentials

Renormalization in QCD as compared to QED
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So, the QED Lagrangian is gauge-equivalent to

…since

Expanding:
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Decoupling of unphysical QED gauge potentials

Renormalization in QCD as compared to QED
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For a photon traveling at the speed of light along  ê3,
… A1 and A2 are physical (transversal) polarizations,
… A3 is not.

Additionally, A1 and A2 do not vary in the 3rd direction,
…so also |A1,3| = 0 = |A2,3|. (≈ FitzGerald-Lorentz contraction.)

!us:

⇥

�
2

1 1

2

�
3 2 2 3

�
1

3 3

1

⇤

FµnFµn ' �(
.

A
1

)2 � (
.

A
2

)2 � (
.

A
3

)2

+ c2

⇥

(A
2

,

1

�A
1

,

2

)2+(A
3

,

2

)2+(A
3

,

1

)2+(A
2

,

3

)2+(A
1

,

3

)2

� 2A
3

,

2

A
2

,

3

� 2A
1

,

3

A
3

,

1

⇤

. . .

⇥

� �
⇤

FµnFµn ' �(
.

A
1

)2 � (
.

A
2

)2 � (
.

A
3

)2

+ c2

⇥

(A
2

,

1

�A
1

,

2

)2+(A
3

,

2

)2+(A
3

,

1

)2

⇤

decouple

Monday, November 14, 11



!e classical
Lagrangian

Decoupling of unphysical QED gauge potentials

Renormalization in QCD as compared to QED
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Why does classical decoupling also indicate a decoupling in 
the full quantum theory?
Because of the Feynman-Hibbs construction.
!e partition functional

…are correlation functions, stating the correlation of 
perturbations in the 𝜙-#eld at the spacetime points x1…xn.
G(x1, x2) is the well-known Green’s function.
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Non-abelian (non-commutative) QCD: a similar Lagrangian

non-abelian structure 
of the SU(3)c group

Gluon loops and non-commutativity

Renormalization in QCD as compared to QED
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Non-abelian (non-commutative) QCD: a similar Lagrangian

…where the SU(3)c trace is implied.

Gluon loops and non-commutativity

Renormalization in QCD as compared to QED
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Owing to these 3-gluon and 4-gluon vertices,

is being corrected by:

Gluon loops and non-commutativity

Renormalization in QCD as compared to QED

10

1

3

2

4

…and others!

Just like in QED.
New stuff!

because  f abc ≠ 0
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Non-decoupling in QCD

Renormalization in QCD as compared to QED
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Although it is again possible to use the gauge transformation
Aaμ ≃ Aaμ –c(∂μλa) with λa  = –∫dt Φa,
…this does not eliminate Φa:

…nor does Aa
3 decouple from Aa

1 and Aa
2.

!erefore,
owing to the non-abelian nature of SU(3)c,
manifested by gluon-gluon couplings & “new” Feynman graphs

… QCD amplitudes inextricably include non-physical gauge 
potential components.
!is necessarily violates unitarity.

Tr

⇥

FµnFµn⇤ � 2gc
h̄ c

�

.

~Aa � ~rFa� fabc Fb(c ~Ac)

…but can be “cured” by
introducing Fadeev-Popov 
ghosts & BRST symmetry.

No decoupling
in QCD!
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The SU(n) running coupling parameter

Renormalization in QCD as compared to QED
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Suffice it here to merely cite the leading-log result:

Here,
n = number of colors [n = 3 for SU(3)c]
nf = number of n-color fermions [nf = 6 &avors of 3-color quarks
for q > 171.3 GeV (top quark mass; for lower energies nf < 6]

!is is unlike the electromagnetic one:

as,R(|q2|) ⇡ as,R(µ2c2)

1 +
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3p
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The SU(n) running coupling parameter

Renormalization in QCD as compared to QED
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Suffice it here to merely cite the leading-log result:

On a logarithmic scale, αs,R then looks like:
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Fermion-antifermion vacuum polarization

Screening of charge

14

In QED, around a real electron,
virtual electron-positron pairs act as dipoles
where the virtual positron is closer to the real electron

–+– + –

+
– +–

+–

+–

+–+
–

+–

+–
+–

+–

+–
!is effectively
cancels out some
of the charge of
the real electron,
smearing it out
and screening it.

+– +–

+–

+–
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Fermion-antifermion vacuum polarization

Screening of charge

15

Just as in QED, around a real quark,
virtual quark-antiquark pairs act as “dipoles”
where the virtual antiquark is closer to the real quark

!is effectively
cancels out some
of the color of
the real quark,
smearing it out
and screening it.

!e red-
antired 
pairs are 
polarized

Other pairs 
are not 
polarized
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Non-abelian Gauss’s law

Non-abelian anti-screening of charge

16

But, in QCD the gluons contribute too!
Recall:

where the ν = 0 component is the quark color density.
De#ne:

…and obtain:

where the nonlinear coupling (owing to the non-abelian 
structure) serves as an additional (gluonic) source of the 
chromo-electric #eld.

⇥ ⇤ � �

⇣

DµFa µn = ∂µFa µn � gc
h̄ c fbc

a Ab
µFc µn

⌘
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(q)

~Ea
:= ˆeiFa i0

, ra
(q) := ja 0

(q) ,

~Aa
:= �ˆe

i Aa
i

~r·~Ea = ra
(q) �

gc
h̄ c f a

bc ~Ab·~Ec
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Non-abelian Gauss’s law

Non-abelian anti-screening of charge

17

Following Peskin & Schroeder, consider a color-1 quark, and a 
color-2 virtual gluon 3-vector potential:

a b c d

1

r

1>0

~E1

~A2

q

12

!e color-1 chromo-
electric #eld from the 
quark, together with 

the virtual color-2 
potential act as a 

source for the color-3 
chromo-electric #eld.

a b c d

1 3

~E3

~r·~E3 = � gc
h̄ c f 3

21

~A2·~E1 = � gc
h̄ c (�1)|~A2||~E1|(cos q

12

= + 1

2

) = +

) = + gc
2h̄ c |~A

2||~E1|,
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Non-abelian Gauss’s law

Non-abelian anti-screening of charge

18

Following Peskin & Schroeder, consider a color-1 quark, and a 
color-2 virtual gluon 3-vector potential:

!e coupling of
color-3 chromo- 
electric #eld and 
the color-2 gauge 
potential act as a 
dipole of color-1 

sources.
a b c d

1 3
1

1 ~E3

~r·~E1 = � gc
h̄ c f 1

23

~A2·~E3 = � gc
h̄ c (+1)|~A2||~E3| cos q

32

,

2where cos θ32 is positive SW from the color-3 “source”, and negative 
on the other, NE side of it.

a b c d

1 3

~E3
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Non-abelian Gauss’s law

Non-abelian anti-screening of charge

19

Following Peskin & Schroeder, consider a color-1 quark, and a 
color-2 virtual gluon 3-vector potential:

For clarity, focus 
on the color-1 
sources only:

a b c d

1
1

1
~E1

~E1

dip

!e virtual color-1 dipole (mimicked by the nonlinear coupling of 
the virtual color-2 gluon) does not screen the color-1 of the 
original (quark) source, but anti-screens (reinforces) it.

a b c d

1 3
1

1 ~E3
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The Landau pole & dimensional transmutation

Non-abelian anti-screening of charge

20

!e renormalized coupling parameter

depends on two parameters:
the “reference” mass parameter μ, 
the value of αs,R at the 4-momentum √|q2| = μc.

We may instead introduce a mass scale, ΛQCD:

as,R(|q2|) ⇡ as,R(µ2c2)

1 +
as,R(µ2c2)

3p

11n�2n f
4

ln

⇣
|q2|
µ

2c2

⌘
, |q2| � µ

2c2

,

: ln(L2

QCD) := ln(µ2c2)� 12p

(11n�2n f )as,R(µ2c2)
,

as,R(|q2|) ⇡ 12p

(11n�2n f ) ln

� |q2|
L2

QCD

�

,

diverges at ΛQCD

…where perturbative
computations fail…
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Asymptotic (ultraviolet) freedom

The effective QCD potential revisited

21

!e magnitude of αs,R(|q2|) decreases as |q2| increases,
i.e., as the distance of interaction shrinks.
!at is, the strength of the strong interaction decreases to zero 
with the distance between the two interacting quarks.
!is was dubbed “asymptotic freedom”

counterpoint to the fact that quarks are con#ned within hadrons
quarks cease to be “held” by the strong interaction…
…when they don’t try to leave the hadron.
… Just like the restoring force of a spring.

!e effective potential describing their interaction is then 
approximately &at (constant) at small distance.

Monday, November 14, 11



Infrared confinement

The effective QCD potential revisited

22

In turn, when √|q2| ≪ μc, or √|q2| ↘ ΛQCD,
…all perturbative computations fail.
Experimentally, separating (anti)quarks

to larger and  larger distances
requires larger and larger √|q2|,
…which eventually creates a
quark-antiquark pair:

26 Chapter –1. The Nature of Observing Nature

However, this is not so with the restoring force of an elastic spring: that force grows
with the separation distance of the ends of the spring. In collision experiments that are
essentially the same as Rutherford’s, but where the probe has an energy > 100 MeV [+ ta-
ble –1.3, p. 24], significant discrepancies are noticed, which may be ascribed to so-called
strong nuclear interactions. At distances where the action of these forces may be measured,
the intensity of these forces grows with the distance, i.e., it decays with the exchanged
energy—precisely so that these forces may be represented (modeled) by a spring [+ chap-
ter 9]! By itself, this may not seem unusual, but some of its consequences definitely are.

When stretching a spring, one must invest work that increases the potential energy
of the stretched spring. At a certain point, determined by the spring elasticity, the spring
simply breaks. Analogously, two particles (so-called quarks) bound by the strong nuclear in-
teraction may be separated to ever larder distances—only by incessant investing ever more
energy. This could be doable arbitrarily long, and the two quarks could be separated arbi-
trarily far from each other, were it not for the fact that the invested work sooner or later
becomes sufficient to create a particle-antiparticle pair. Each one of these newly minted
particles then binds with one of the “old” ones, so that the attempt to separate two quarks to
distances bigger than ⇠ 10

�15 m fails: instead of having separated one quark from the other,
the quark we were trying to move becomes bound with the newly minted antiquark, and
the other old quark is joined by the newly minted quark replacing the old one. This quark-
antiquark pair forms a new system (so-called meson) that really can be separated arbitrarily
far, but the original quarks remain un-extracted [+ figure –1.5].

Figure –1.5: Inseparability of quarks and antiquarks by investing ever more energy

Thus, quarks (to most precise experimental verification and theoretical prediction)
cannot be extracted arbitrarily far from one another, and remain “captive”—either in the
original system, or in a newly minted system, joined with (anti)quarks created by investing
ever more energy.

However, while the distance between the quarks is less than about 10

�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.

2. The proton shows structure (three quarks) through the complexity of the angular
dependence in scattering, i.e., through deviations from Rutherford’s formula—and
does so when the collision energy surpasses a precisely defined threshold; however,
the quarks cannot be extracted arbitrarily far without creating new quark–antiquark
pairs [+ figure –1.5].
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26 Chapter –1. The Nature of Observing Nature
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particles then binds with one of the “old” ones, so that the attempt to separate two quarks to
distances bigger than ⇠ 10

�15 m fails: instead of having separated one quark from the other,
the quark we were trying to move becomes bound with the newly minted antiquark, and
the other old quark is joined by the newly minted quark replacing the old one. This quark-
antiquark pair forms a new system (so-called meson) that really can be separated arbitrarily
far, but the original quarks remain un-extracted [+ figure –1.5].

Figure –1.5: Inseparability of quarks and antiquarks by investing ever more energy

Thus, quarks (to most precise experimental verification and theoretical prediction)
cannot be extracted arbitrarily far from one another, and remain “captive”—either in the
original system, or in a newly minted system, joined with (anti)quarks created by investing
ever more energy.

However, while the distance between the quarks is less than about 10

�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.

2. The proton shows structure (three quarks) through the complexity of the angular
dependence in scattering, i.e., through deviations from Rutherford’s formula—and
does so when the collision energy surpasses a precisely defined threshold; however,
the quarks cannot be extracted arbitrarily far without creating new quark–antiquark
pairs [+ figure –1.5].

D
R

A
FT

—
co

nt
ac

td
ir

ec
tly

Tr
is

ta
n

H
üb
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26 Chapter –1. The Nature of Observing Nature

However, this is not so with the restoring force of an elastic spring: that force grows
with the separation distance of the ends of the spring. In collision experiments that are
essentially the same as Rutherford’s, but where the probe has an energy > 100 MeV [+ ta-
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�15 m fails: instead of having separated one quark from the other,
the quark we were trying to move becomes bound with the newly minted antiquark, and
the other old quark is joined by the newly minted quark replacing the old one. This quark-
antiquark pair forms a new system (so-called meson) that really can be separated arbitrarily
far, but the original quarks remain un-extracted [+ figure –1.5].

Figure –1.5: Inseparability of quarks and antiquarks by investing ever more energy

Thus, quarks (to most precise experimental verification and theoretical prediction)
cannot be extracted arbitrarily far from one another, and remain “captive”—either in the
original system, or in a newly minted system, joined with (anti)quarks created by investing
ever more energy.

However, while the distance between the quarks is less than about 10

�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.

2. The proton shows structure (three quarks) through the complexity of the angular
dependence in scattering, i.e., through deviations from Rutherford’s formula—and
does so when the collision energy surpasses a precisely defined threshold; however,
the quarks cannot be extracted arbitrarily far without creating new quark–antiquark
pairs [+ figure –1.5].
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üb

sc
h,

th
ub

sc
h@

ho
w

ar
d.

ed
u,

w
ith

an
y

co
m

m
en

ts
/

su
gg

es
tio

ns
/

co
rr

ec
tio

ns
;t

ha
nk

yo
u!

—
D

R
A

FT

26 Chapter –1. The Nature of Observing Nature

However, this is not so with the restoring force of an elastic spring: that force grows
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teraction may be separated to ever larder distances—only by incessant investing ever more
energy. This could be doable arbitrarily long, and the two quarks could be separated arbi-
trarily far from each other, were it not for the fact that the invested work sooner or later
becomes sufficient to create a particle-antiparticle pair. Each one of these newly minted
particles then binds with one of the “old” ones, so that the attempt to separate two quarks to
distances bigger than ⇠ 10

�15 m fails: instead of having separated one quark from the other,
the quark we were trying to move becomes bound with the newly minted antiquark, and
the other old quark is joined by the newly minted quark replacing the old one. This quark-
antiquark pair forms a new system (so-called meson) that really can be separated arbitrarily
far, but the original quarks remain un-extracted [+ figure –1.5].
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original system, or in a newly minted system, joined with (anti)quarks created by investing
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�15 m, their bind-
ing energy is sufficiently small and they move effectively freely. Thus, the concept of “divis-
ibility” (as it is usually understood) indefinitely is not a synonym for the concept of “com-
positeness”, and those two concepts must be clearly distinguished:

1. In all experiments performed to date, the electron behaves as a point-like particle,
i.e., shows no structure.

2. The proton shows structure (three quarks) through the complexity of the angular
dependence in scattering, i.e., through deviations from Rutherford’s formula—and
does so when the collision energy surpasses a precisely defined threshold; however,
the quarks cannot be extracted arbitrarily far without creating new quark–antiquark
pairs [+ figure –1.5].
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