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Quark-antiquark production threshold

3

!e electromagnetic interaction of quarks is described by the 
analogous Lagrangian as with leptons…

…except quarks are not found isolated,
…but only within bound states,
…where the other constituents complicate ma"ers.

Hadron Production in e–-e+ Annihilation
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Quark-antiquark production threshold
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Consider a lepton-antilepton annihilation,
…that produces a quark-antiquark pair:

Hadron Production in e–-e+ Annihilation
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Quark-antiquark production threshold
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Using

…and integrating over the angles yields

where m is the (anti)lepton mass, M the (anti)quark mass.
Typically m ≪ M;
for E < mc2, the above result for σ is real, but unphysical;
for mc2 < E < Mc2, σ is purely imaginary;
for Mc2 < E, σ is real and asymptotically approaches 1;
higher order corrections sharpen the step-function.

Hadron Production in e–-e+ Annihilation
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Quark-antiquark production threshold
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A sketch of σ(E):

As energies increase, heavier real quarks may be produced.
!ese are “hidden” within the resulting hadrons,
…and also decay (within ~10–23 s) into lighter quarks…
However, with increasingly more available quarks, the probability 
of producing hadrons (vs. leptons) increases.

Hadron Production in e–-e+ Annihilation
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Hadron/lepton production ratio

7

!e ratio of total number of hadron vs. lepton production
…grows every time the energy “hits” a new quark threshold.

…so σ(E) ∝ Q2, and so

!e factor 3 stems from each quark coming in three “colors.”
Everything else cancels out, since the electromagnetic 
interaction with muons is the same as with quarks;
…they are merely heavier,
…and trapped in the hadron bound states.

Hadron Production in e–-e+ Annihilation
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Fractional charge of quarks
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Are quarks really fractionally charged?
1965, M.Y. Han and Y. Nambu:

integrally charged quarks

with the fractional averages +⅔ and –⅓.
Processes where the observable depends on the average quark 
charges cannot differentiate between integral & fractional charges.

Such as lepton-hadron (lepton-quark) sca"ering.
Processes that depend nonlinearly on individual quark charges do 
differentiate between integral & fractional charges.

Such as lepton-antilepton → quark-antiquark,
hadron production (real quarks) & renormalization (virtual quarks)

Hadron Production in e–-e+ Annihilation

Q(ur) = +1, Q(uy) = +1, Q(ub) = 0,

r y bQ(dr) = 0, Q(dy) = 0, Q(db) = �1,
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Fractional charge of quarks
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Comparing the hadron-to-muon production ratio:

…and so on.
!e relative incremental increases are clearly different,
…and experiments support the Gell-Mann–Zweig model.

Hadron Production in e–-e+ Annihilation
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Elastic Lepton-Hadron Scattering
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Interactions between a lepton “probe” and a hadron “target”
…reduces to interactions with individual quarks in the hadron,
…modi#ed by their distribution (form-factors) in the hadron.

As the energy grows, however, the outgoing state becomes
one or several “jets” of hadrons
…none of which need include the original “target,”
…of which the original constituents may separate.

Pictorially:

The Electrodynamics of Lepton-Hadron Scattering

3.4. Quantum Electrodynamics of Hadrons 211

3.4 Quantum Electrodynamics of Hadrons

The interaction between photons and quarks is described by the same theory as the inter-
action between photons and leptons, discussed in sections 3.2.1–3.3.1. However, individual
quarks are not available for experimenting, and are always within bound states, so-called
hadrons: mesons, that are (qq)-systems and baryons that are (qqq)-systems. The interac-
tion between a lepton (as a “probe”) and a hadron (as the “target”), as well as between two
hadrons, reduces to the interaction with individual (anti)quarks within the hadron, and thus
necessarily depends on the distribution of these individual (anti)quarks within the hadron.
This distribution is described by so-called form-factors, that effectively21 describe the strong
nuclear interactions that bind the (anti)quarks into hadron bound states.

The second difficulty stems from the fact that the number of new hadrons is limited
only by the available energy: as the collision energy grows, more and more new hadrons
may be produced in inelastic collisions, and the analysis very quickly becomes a combina-
torially growing nightmare. Catalogues of hadrons such as Ref. [270] provide data about
hundreds and hundreds of hadrons.

In principle, in the interaction between leptons and hadrons as well as between two
hadrons, there are also contributions from weak nuclear interactions. However, that (thirds)
source of complications is in most cases negligible, being that the weak nuclear interaction
is much. . . well, weaker [+ discussion on p. 67].

The two types of processes that are significant in hadronic experiments: production
from electron-positron annihilation,

` `

q q

H

` `

Âi Hi

(3.206)

and so-called deep inelastic lepton-hadron collisions,

`

`

(3q)

(3q)

`

`

(3q)

Âi Hi

(3.207)

In both cases, increasing collision energy (indicated by the dotted arrow) gives rise to the
production of a large number of outgoing hadrons. The strong nuclear interaction dominates
this “hadronization”, which is in these diagrams represented by the dark oval where the
quark-antiquark pair (i.e., the three quarks) bind into a palette of bound states (hadrons).

21 Here, “effective” means “successfully and with no detailed fundamental basis”; the adjective “phenomenologi-
cal” is used in the literature, in the same sense.
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Elastic Lepton-Hadron Scattering
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Modeled a'er the e–+μ–→e–+μ– sca"ering,

…we now write

!e function Xμν(1, 3; ℓ) is computed as before, assuming that 
the lepton is an elementary (point-like) spin-½ Dirac spinor.
But, protons are not.
!eir structure is inundated with strong interaction effects.

The Electrodynamics of Lepton-Hadron Scattering
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Elastic Lepton-Hadron Scattering
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!e proton structure modi#es Xμν(2, 4; ℓ) → Kμν(2, 4; p+),
…and we need to determine the form of this function.
It’s a rank-2 tensor that may only depend on p2, p4, q = p4–p2.
Write then p = p2, and p4 = q+p. !en Kμν(2, 4; p+) equals:

!e Ki coefficients are scalars, and so functions of the only 
scalar variable, q2 = (p4–p2)2.

p22 = p42 = M2 c2 , (on-shell)
q·p2 = –½ q2.

!e antisymmetric part of Kμν(2, 4; p+) is irrelevant, since it is 
contracted with Xμν(1, 3; ℓ), which is symmetric.

The Electrodynamics of Lepton-Hadron Scattering
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Elastic Lepton-Hadron Scattering

13

It turns out that qμ Kμν = 0. Using this, it follows that

!us, Kμν(2, 4; p+) is well parametrized as:

!is produces

where p = (Mc, 0, 0, 0), and E, E′ and θ describe the probe.

The Electrodynamics of Lepton-Hadron Scattering
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Elastic Lepton-Hadron Scattering
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Kinematics #xes

!us:

as computed in 1950 by M.N. Rosenbluth.
!e two functions, K1 and K2, are determined experimentally,
…and describe the distribution of the quarks in the hadron.
!ey are called “form factors,” and are also the aim of the 
strong interaction theory—to be considered shortly.

The Electrodynamics of Lepton-Hadron Scattering
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Deep Inelastic (Light) Lepton-Hadron Scattering

15

Now:

If only the (lepton) probe de-ection angle (distribution) and 
energy is measured, all else must be summed over.

The Electrodynamics of Lepton-Hadron Scattering

3.4. Quantum Electrodynamics of Hadrons 211

3.4 Quantum Electrodynamics of Hadrons

The interaction between photons and quarks is described by the same theory as the inter-
action between photons and leptons, discussed in sections 3.2.1–3.3.1. However, individual
quarks are not available for experimenting, and are always within bound states, so-called
hadrons: mesons, that are (qq)-systems and baryons that are (qqq)-systems. The interac-
tion between a lepton (as a “probe”) and a hadron (as the “target”), as well as between two
hadrons, reduces to the interaction with individual (anti)quarks within the hadron, and thus
necessarily depends on the distribution of these individual (anti)quarks within the hadron.
This distribution is described by so-called form-factors, that effectively21 describe the strong
nuclear interactions that bind the (anti)quarks into hadron bound states.

The second difficulty stems from the fact that the number of new hadrons is limited
only by the available energy: as the collision energy grows, more and more new hadrons
may be produced in inelastic collisions, and the analysis very quickly becomes a combina-
torially growing nightmare. Catalogues of hadrons such as Ref. [270] provide data about
hundreds and hundreds of hadrons.

In principle, in the interaction between leptons and hadrons as well as between two
hadrons, there are also contributions from weak nuclear interactions. However, that (thirds)
source of complications is in most cases negligible, being that the weak nuclear interaction
is much. . . well, weaker [+ discussion on p. 67].

The two types of processes that are significant in hadronic experiments: production
from electron-positron annihilation,

` `

q q
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and so-called deep inelastic lepton-hadron collisions,
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(3.207)

In both cases, increasing collision energy (indicated by the dotted arrow) gives rise to the
production of a large number of outgoing hadrons. The strong nuclear interaction dominates
this “hadronization”, which is in these diagrams represented by the dark oval where the
quark-antiquark pair (i.e., the three quarks) bind into a palette of bound states (hadrons).

21 Here, “effective” means “successfully and with no detailed fundamental basis”; the adjective “phenomenologi-
cal” is used in the literature, in the same sense.
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3.4. Quantum Electrodynamics of Hadrons 217

especially where more than one hadron emerges from the collision, the analysis must be
adapted more thoroughly. Fermi golden rule [+ str. 112] yields:
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especially where more than one hadron emerges from the collision, the analysis must be
adapted more thoroughly. Fermi golden rule [+ str. 112] yields:
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If collisions of this type are taken inclusively and we only measure the deflection angle of
the scattered lepton and its energy (and so effectively know p
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For an initially stationary proton, p
2

⌘ p = (Mc,

~
0) and the incoming lepton energy E, we

have p
1

= (E/c,~pi). Therefore,

(p
1

·p
2

) = ME, )
q
(p

1

·p
2

)2 � (m
1

m
2

c2)2 =
q

M2(E2 � m 2

` c4) ⇡ ME (3.229)

since, in typical experiments of this type and with ` = e±, we have m` ⌧ E/c2. We therefore
approximate m` ⇡ 0, so that p

1

= E(1,

ˆpi)/c and p
3

= E0(1,

ˆp f )/c. Then,

d

3~p f = |~p f |2d|~p f |dW ⇡ c�3(E0)2

dE0
dW, (3.230)

and

ds

dE0
dW

=
⇣

ah̄
cq2

⌘
2 E0

E
Xµn(1, 3; `)W

µn

. (3.231)

Unlike in elastic collisions, ptot = Ân
i=4

pi with n > 4 in inelastic collisions, so that p 2

tot 6=
M2c2. Therefore, there exists no relation like (3.223) between E0 and E, q for inelastic
collisions; that is, E0 is independent from E and q. The result (3.231) the provides the dif-
ferential effective cross-section in the span of outgoing lepton energies [E0

, E0+dE0], which
is reasonable for a free and continuous variable E0.

The second consequence of p 2

tot \= M2c2 is that also q·p \=�q2

/2 [+ table B.6, p. 478],
and one defines the variable

x := � q2

2q·p . (3.232)

The general dependence of the form-factor W
µn

on the transfer 4-momentum q is
parametrized the same way as for K

µn

(2, 4; p+), but we now have

Wµn = W
1

(q2

, x)
⇣
� h

µn +
qµqn

q2

⌘
+

W
2

(q2

, x)
M2c2

⇣
pµ + 1

2x qµ

⌘⇣
pn + 1

2x qn

⌘
, (3.233)
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!is produces

For the proton initially at rest, p2=(Mc, 0); p1=(E/c, pi).
!en, p1·p2 = E M, and

since typically mℓ c2 ≪ E (relativistic probes).

The Electrodynamics of Lepton-Hadron Scattering

ds =
4pMh̄2g 4

e Xµn(1, 3; `)

4q

4

p

(p
1

·p
2

)2 � (m
1
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2

c2)2
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3~p
3

(2p)3

2E
3

⌘

Wµn,

Z Z n ⇣
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⌘
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·
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⇣ ⌘

Wµn :=
1

4pM Â
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⇣ cd

3~pi
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2Ei
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` c4) ⇡ ME
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We may thus approximate mℓ ≈ 0, and have

With this,

!ere is typically more than one resulting hadron (X), and so

Also, we no longer have the relation p·q = –½q2, so one 
de#nes

The Electrodynamics of Lepton-Hadron Scattering

±

, so that p
1

= E(1,

ˆpi)/c and p
3

= E0(1,

ˆp f )/c. Then,

d

3~p f = |~p f |2d|~p f |dW ⇡ c�3(E0)2

dE0
dW,

ds

dE0
dW

=
⇣

ah̄
cq2

⌘
2 E0

E
Xµn(1, 3; `)W

µn

.

and E0 \= E
1 + (2E/Mc2) sin

2(q
/

2

)
.p

2

tot

\= M2c2

,

x := � q2

2q·p .
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!e “form-factors” now stem from writing Wμν(2, 4; p+) as:

…which allows a Rosenbluth-like computation:

Rosenbluth’s result is obtained in the special case when

where the δ-function not only #xes x =1, but also implies

The Electrodynamics of Lepton-Hadron Scattering

= W
1

(q2

, x)
⇣
� h

µn +
qµqn

q2

⌘
+

W
2

(q2

, x)
M2c2

⇣
pµ + 1

2x qµ

⌘⇣
pn + 1

2x qn

⌘
,

ds

dE0
dW

=
⇣
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2ME sin

2(q

/

2

)

⌘
2 E0

E
�
2W

1

sin

2(q

/

2

) + W
2

cos

2(q

/

2

)
�
.

Wi(q2

, x) = �Ki(q2)
2Mq2

d(x � 1),

E0 =
E

1 + (2E/Mc2) sin

2(q

/

2

)
.
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For an elastic A+B → A′+B′ collision, in target (B) frame:

Write mA = mA′ = m, and mB = mB′ = M. !en:

1960’s, J. Bjorken, within the quark model:

…are asymptotically q2-independent.

The Electrodynamics of Lepton-Hadron Scattering

p
1

= (E/c,~pi), p
3

= (E0
/c,~p f ),

p
2

= (Mc,

~
0), p

4

= (E00
/c,

~Pf ).

q = (p
1

� p
3

) =
⇣
(E�E0)/c, (~pi�~p f )

⌘
= (p

4

� p
2

) =
⇣

E00
/c�Mc,

~Pf

⌘
,

q p M E E0
,

�

q·p
2

= M(E�E0),

EE0
· �

q2 ⇡ �4

EE0

c2

sin

2(q

/

2

) when mc2 ⌧ E, E0
.

F
1

(x) := M W
1
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, x), and F
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(x) :=
�q2

2Mc2x
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!is, “Bjorken scaling”

…was soon con#rmed in deep inelastic sca"ering.
It indicates that:

the 4-momentum transfer is mostly to one of the three quarks,
the quarks are much smaller than the proton,
…so that quarks may as well be treated as point-like
(elementary, substructure-less) particles.

In 1969, C. Callan and D. Gross derived 2xF1(x) = F2(x),
…which soon con#rmed experimentally.
It indicates that quarks have spin ½ℏ.

The Electrodynamics of Lepton-Hadron Scattering

W
1

(q2

, x) ⇠ 1

M F
1

(x), , and W
2

(q2

, x) ⇠ �2Mc2x
q

2

F
2

(x),
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And, that’s not all.
Assuming that each of the three quarks acquires a fraction, zi,
of the transferred momentum,
using the Bjorken scaling and Callan-Gross relations between
F1(x) and F2(x),
representing the form-factor functions in terms of quark-in-
hadron probability distributions, fi(x):

…and using experimental data for F1(x) and F2(x), one obtains:

!is adds up to 54% of the transferred momentum.
Hadrons contain something else, chargeless, that picks up the rest.

The Electrodynamics of Lepton-Hadron Scattering

F
1

(x) =
1

2

Â
i

Q 2

i fi(x), F
2

(x) = x Â
i

Q 2

i fi(x),

Z
1

0

dx x fd(x) ⇡ 0.18 and
Z

1

0

dx x fu(x) ⇡ 0.36. Gluons!
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Purpose
To explain to your class-mates the material you have chosen
To explore the topic starting with the text, but going beyond

Work out & present the details of a computation
Research additional literature and summarize

To convince the instructor you’ve done the the above
Format

30-minute presentation (blackboard or projection)
followed by 15 minutes of  questions

If the students do not ask, the instructor will.
Audience will #ll a 1-page questionnaire about each presentation

…handed over to the presenter, for the presenter’s bene#t

Now, ‘bout Them Student Presentations
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