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Fundamental Physics of Elementary Particles

ROGRAM

Quantum Electrodynamics Calculations

® The Lagrangian and classical field theory

® Feynman rules: fundamental processes

® ...and their combinations
| "0 Effectlve Cross-Sections and Lifetimes

-+
® Mott and Rutherford scattering
¥ = @ Electron-positron annihilation/creation

- Renormalization

~ ® A computation
...and its physical meaning

® The renormalization “group”

® Effective action & partition functional
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BQuantum Electrodynamics Calculations

THE LAGRANGIAN AND CLASSICAL FIELD THEORY
. ® Recall: Oy — Dy =09, + - A, Q,
Loep = ¥(%) [ihcd — m®) ¥ (x) — ZLF, F¥,  g:=4'D,,
¥ (x) {'y”(hcia — g4 A )—mcz} ¥ (x)
< g L (0u A =0y AL )P (39 Ag—00 Ap).
.. To obtaln (classmal) equations of motion, vary.

M = / d*y 7 (Au(y), (3, AL(¥)))

g 5A(7(Y) 9 .
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Juantum Electrodynamics Calculations

E LAGRANGIAN AND CLASSICAL FIELD THEORY

Using thus
0 0

coupling
vertex

e is the electric current 4-vector density. “

II\-\I"-

incoming
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BQuantum Electrodynamics Calculations

E LAGRANGIAN AND CLASSICAL FIELD THEORY
8 ® So, varying with respect to A, and ¥ (from the left),

Qv =+ !
WP = Y, ihc 9y — mc1| ¥ = gAY,

® A little fermionic digression:

4
Algebra: [f,g] =0, [f,9]=[f,x]=0= g ¢] = [g x], but {¢,x} =0.

By 'se Calculus:

df’ dg af” oy df” dx dg’ oY dg’ dx Y’ dx
1 .. SO Kl B . o 2 3
- e I = 43 Bxll) B TPaX '
‘e ©® Alternatively:
=N 9 £l £l £l )
Yoy =1 WX, = —(tpﬁ)x =% WXz = w(xa) =9, et
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Juantum Electrodynamics Calculations

YNMAN RULES: FUNDAMENTAL PROCESSES

4-momenta & polarizations

® Denote in/out-coming 4-momenta by pi, pa, ...
Denote internal 4-momenta by qi, qy, ...

® For spin-Y4 particles, orient lines along with 4-momenta,
oppositely for spin-14 antiparticles.

® Polarizations:

| A . incomin -
/&'  Spin-', particle N 4
outgoing / U

u® s = spin projection =7, |

incoming Us >~ spin-'/, particle, travels

‘ -1/, antiparticle S—
/2 P backwards in time)

outgoing

incomin b e etp, =0 and €' =0
Photon s Pu
outgoing (ﬂJ er*

6
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Juantum Electrodynamics Calculations

YNMAN RULES: FUNDAMENTAL PROCESSES

B ® Vertices: row
—  —igeY”
\ H matrix
_ column

ZLop = - - - 4% ('YV)AB(QTA}!)\FB"F“-
r
, -® Internal propagations = lines:
: | . + i % _l_ m C]].
spin-/, particle: . = = ,

photon: ’\/\M — W <
g

..which are off-shell.

‘® 4 momentum conservation:

o a531gn each vertex a factor (277)*6* (Z] ki),

...just like in Kirchoff rules for electrical circuits.
7
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Juantum Electrodynamics Calculations

'EYNMAN RULES: FUNDAMENTAL PROCESSES

® Integrate over (27)~* d*q;, for all internal 4-momenta.

® Notice, the 0-functions at each vertex are used to eliminate some
of the integrations over internal 4-momenta. Do the math!

*® Closed internal (virtual) fermion loops incur “x(-1)” each.
gl "’ The result equals —i MW (27)*§*(Z;p;),
By - ..from which we read off the matrix element, .

e All amphtudes that contribute to the same process,

: ® (as defined by incoming and outgoing particle states)
~ ® are summed to produce the total amplitude of the process.

 If the Feynman graphs for two amplitudes, It; and i,
differ by the swap of two identical fermions,

i

® they must be added with a relative sign —1.

& 8
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Juantum Electrodynamics Calculations

’ vl OMBINATIONS OF FUNDAMENTAL PROCESSES
7

® Twelve Apostles:

(e) n (g) .

0

s -

9

>
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BQuantum Electrodynamics Calculations

« 1st:

(br — s ) (270)*6% (P> — ps T q)

, ) (2m)*
e [543 (ige v ") (py) ] qzw)[Wc(m)(igev”CD)USZ'D(Pz)]

e Using the 1st o-function, sets q = fP 1-P3, and removes the
« integration (but not the factors o 27r§).

% " ® This turns the 2nd §-function into §*(p1+p2—ps—p4).
"
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Juantum Electrodynamics Calculations

OMBINATIONS OF FUNDAMENTAL PROCESSES
® A bit of simplifying yields

de(ZN) 4
0°(Pp =Py +P1— P
(P P3) ( D 4 1 3)

_ 1% 4 (p3) v u P (py) | [USsc(py) ,ych U2 (py)],
8% o which lets us 1dent1fy

l % M) = gep3)2 US4 (p3) Y 1P (pr) ] [UPc(Pg) 7, 0 U7 (P2) |-

7}//5 If the spins (s;) of the in/out particles are known, insert them,
* 3

and use the Dirac spinors and Dirac matrices as given before.

4"*‘1"!0 If they are not known/measured, one must sum over all
- possible contributions.

h:* ® Note, however, that we need |It|? not Mt alone.

LA - |

—
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Juantum Electrodynamics Calculations

OMBINATIONS OF FUNDAMENTAL PROCESSES

B ® But, M contains the conjugate factor:

a(p3) Y5 u®(py)] " = [ (p3) A" ¥ u(py)] " = [ (py) ()" (4°) " u(ps)],
= [ (p)L(¥") 2 ulps)] = [u"(P1)?"2° (¥)" v u(ps)],
= [a(p) 7 u(ps)], ¥ =2,
...s0 (the sum over spins of ) |M|* contains the factor:

‘ 'us?’A(ps)”r”ABuSlB(pl) usic(py) 7o u®3P (p3)],
5%5,3 { 24P | [w " p] ]

= Tr [y" (P + mecl) 4" (g5 + mecl)],

..which expands into a multinomial in the components of
* the 4-momenta p1 and pa.

® The same is then done for the p,-p4 (muon) part...

12
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BQuantum Electrodynamics Calculations

OMBINATIONS OF FUNDAMENTAL PROCESSES

=X ...obtaining:
| 4

e ) = (p1 §6133)4 sf:,‘g Tr [ (p3) 9" ™ (p1)] Tr [ (py) 7" 4™ (ps)]

x ) Tr [Us+(py) Yu U*2(p,)| Tr [U%2(py) 7, U™ (py)],

52,54

4

= ST [ B+ mec) Y (3 -+ )

x Tr ['y” (P2 + mycl) 7y, (Pa + mycl) |,

= Se va(l,:%} e_)'XyV(2/4;V_)'

2)2

= e {(P1'P2)(P3'Pa) + (P1Pa) (P3P2) + 2(memyc

- (myC)Z(Pl’l%) - (meC)Z(PZ’PzL)}-

13
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Juantum Electrodynamics Calculations

OMBINATIONS OF FUNDAMENTAL PROCESSES

Adapt this for e--e- scattering:
Mpe——2e- = M) — My

My |* + |9 |* — 2 Re (M, M)

I s, " n
im?mm(c) o [ty uy] [”1’7;1”3][”471/”1][“3’)’1/742],

= |ty ugliy Y ur Y, ustizy, ua), ) % susiingq

’QﬁZe— —2e~ |2

/ OVEr spins as before
14
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Juantum Electrodynamics Calculations

OMBINATIONS OF FUNDAMENTAL PROCESSES

® Adapt this for e--e* scattering: 3 4

E 027" un][u3 7y, 04,
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Juantum Electrodynamics Calculations

OMBINATIONS OF FUNDAMENTAL PROCESSES

® Adapt this for e—-e* annihilation:

3 4
\ q
J _:.mte_ +et+—2y — m(h) + m(i) - > I
1 2
..or e-e* pair creation:
3 4
_ !
mZy—)e— +et = e +
1 2

® This makes it evident that

- T
Moy e yet = MM

16
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| ffective Cross-Sections and Lifetimes

OTT AND RUTHERFORD SCATTERING

B e For scattering experiments, work in the “2”-rest frame (target) ,
- with “1” the “probe.”

§® Unlike in QM, however, the target does move after scattering,
& although we may look into the approximation where the
$ . target recoil is neglected.

8% e Now, you did do the homework problems; right?

BV/% ® Right? Riiight??

1,/ /% g 8

/;’ﬁ/% ...ahem...

7;{//, ® And, you recall examples 1.3 (for 2-particle decay) and 1.4
;"*

ps (for a 2-particle scattering)?

W @ So, you remember: > =
e do (E)Z S |9] ‘Pf‘
NS dQ  \87/ (E.+Es)? |pil’

_%’ 17
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ﬁective Cross-Sections and Lifetimes

OTT AND RUTHERFORD SCATTERING

® OK, now that we... ahem... refreshed our memories...
d [ et me ask again:
» You did do the homework problems; right? Riiight??

L

P r,‘.:‘ % 1.3.3 For the elastic collision A+ B — A’ + B/, in a system where
» B is originally at rest (and is the target), derive:

do (i)z pude P2
8t/ my |Pal|(|Par|(Es +mpc®) — |Pa|Ex cosb)|
| D 1.3.4 Show that the result of the previous problem simplifies when

do S(hEA/)2|9ﬁ|2

d—Q - 87TEA mBz .
|18
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| ffective Cross-Sections and Lifetimes

OTT AND RUTHERFORD SCATTERING

® Furthermore,

- D 1.3.5 For the elastic collision in exercise 1.3.3 but in the case
when the recoil of the target after the collision may be neglected
since myc> > E,, derive:

2
c(;ll_g . (STIZBC) |£m|2

..and:

1.3.6 For the inelastic collision A + B — C; + C,, in a system
where B (the target) is originally at rest, and (mc,/m,) < 1 and
(mc, /mp) < 1, derive:

- _ (i)z S |93 Pe |
dO T \ 87 mp(Ea + mpc? — |Palc cos) |Ba|’

where 0 is the angle between p, and ps.
19
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ffective Cross-Sections and Lifetimes

OTT AND RUTHERFORD SCATTERING

3 S000...
» For the scattering of e- on p* (or on y#, at a stretch),

c(i:ll_g o (8717;l\/lc)2 <‘9ﬁ|2>

p1 = (E/c,p1), Py = (Mc,ﬁ), ps ~ (E/c,p3), Pg = (Mcla)

e probe target probe, scattered no recoil
7 1 b P3)2 —(Pl 173)2 = —ﬁz - 1732 + 2p1-P3 = —479 Sinz(e/z)'
7y <o E2 _an
I8 (P pP3) = > p1-103 = p + m?c? — p 2cos0 = m?c? —I—Zp2 smz(%),

W85 (p1p2) = ME ~ (pP3) ~ (P1'Ps) & (P3'Pa),  (Pa'Pa) ~ MPc.
N ...producing:
2 83 Mc 2 2 2 6
<‘9~T(| >N (2—9»2 Sin2(9/2)) (m C —|-P COS (/2))/

20
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‘ :ffective Cross-Sections and Lifetimes

OTT AND RUTHERFORD SCATTERING

B e Mott’s formula:
do ( ah

a4

dQ

2

2 72 sin?
i ,f,p In the approximation where 7% < m?c?, this reduces to:
N do ~ ( ol )27’”2@2 ( ahc

Vi d() 2 32 sin? (%) 2 m@ 2 sin? (%

~...the classical Rutherford formula.

® Recall the approximations:

.. modest !
e © ma<ms, yet, s }“Q\d '
~_ ® target recoil neglected, “e\“ed [ FARLL
® non-relativistic linear momenta. " ““‘“'“: I\

) —
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ﬁective Cross-Sections and Lifetimes

LECTRON-POSITRON ANNIHILATION

® The positronium decaff into two photons (why not one?) may
- be described as an inelastic scattering e- + e* — 2.

» The electron and the positron have to be at the same place,
® and it is known that they move slowly; KE « mc2...

® ...so, we'll approximate them as static: p; = po=m.c (1,0, 0, 0).

® The photons, in turn, are far from static: p3 = ps=m.c (1,0,0, +1).
/. ® Photon polarization vectors:

® Lorenz gauge: £3-p3 = 0 = &4-pa.

® Coulomb gauge: £3-p1 = 0= E4P1 and E3p2 = 0= E4-P2.

3 4

Yo

2
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LECTRON-POSITRON ANNIHILATION

® For the amplitudes, we get:

g% -
My = 0oy (P71 — B3 + mecl)gBuq)),
m(i) - (pl p4)e mzcz ([629’* (lfl - 12(4 » meC]l)Qiul])/

1516"* =~ +2€3p) = —ABP, Pz = —GBPs +265D3 = —A31;,
(P1 — B3 + mecl)gyuy = &3 (—¢1 + B3 + mecl)uy = @314,

since (P(l — mecl)uy = 0.

; 2
B W oo, = Zme Oldss (10 + %) + AA (0 — ),

§ - gk . 2%l 25\ $ A3
T D[ -2 87" + (€] x&3) s,

L i= 28k ’)’jk = %gijk [’Yj/’Yk]-

23
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ffective Cross-Sections and Lifetimes

LECTRON-POSITRON ANNIHILATION

Using the Dirac basis of Dirac matrices,
My, = —2ig; (€5 x &)z = —Myy,

® ...and the e-+e*-system had to have been in the “singlet” state,
X antisymmetric in the spins: (|1)=|{1))/v2.  #

| ', ": Choose &3 :(O) _1) _i) O)/\/Z and &4 :(O) 1) _i)

(81 & &f
—k —k — —k —k o g K _ ¢ A
(63 X 64)N - (63,|1,+1> X €4,|1,—1>) _E P = O_ = —heg
1 :
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ffective Cross-Sections and Lifetimes

LECTRON-POSITRON ANNIHILATION

® The differential cross section is then:

do hic )Z‘ﬁf||9ﬁ|2: ( hc )2|E7/c\‘ 4g2
e

dQ (87T(E1 + E») 167t(mec)/  |me 0|
2

2

J

do 1 (hzx)z - 47T(hoc)2
dQ co\m,/ "’ oo \mp/
IJ)7a® Except, for a decay, we need a decay constant:
! = = 3
F=00|¥0,t)* [¥(0¢t) = ()
I — 47T<hoc)2 -1 (a(%me)c>3} @ el
¢ \m,/) Lm fin - 2hnd’
1  2hn’ e a
=== ~ (1.24494x10" "'s) x n”.

I &’ m,c?
25
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fRenormalization

COMPUTATION...

Consider the O(g*) corrections to e-+u--scattering:

O R OO W

oL = (o e

compute

...and then see
how the result
depends on the

mass of pa-ps-
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enormalization

\ COMPUTATION...

® Following the procedure:

( d*q d*q’ d*k d*K

L 2m)% (2n)% (2m)% (270)*

b x (27m)*0*(py — ps — q) (27)*0*(q — k+K) (27)*s* (k- K — q)

g
d )
. - —1
uE X (2m)*0* (py —ps 4+ q') (3 (ige Y )us | ( qZMV)

X (—1) Tr [(ige')’v)]%_lmec (ige')’p)]){ —imec} (—(;7)[)20) [U4(ige 'YU)UZ]'

= —i(2m)*6*(py + P, — P3 — Py)
’ [_zgg / —

q* (27‘()4 T — integration is
Te[y, (W + mec)y,(W— g+ mec)]” left, not having

(k% — m2c2)[(k — q)2 — m2c2] q=p,—p,| Deen eliminated.

M | Note that one

X

27
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enormalization

COMPUTATION...

® This changes the photon propagator (internal line factor):

RO

a = muZ +ma4

" T T1Hup 1{ _ Hup | }
¢ ' & @ ¢ @ L™ @ T
- Z,2/ d¥k e[y, (] + mec)yp (K — o + mec)]

e T e | RrE T (R —m2 ) |(k— q)? —m2]

4“*'{"& It behooves us to use the fact that

Hyp = —11up @ 1(q%) + g9 J(0%),
!-‘” ® & drop J(q?): in M, [wzy* ur]q, = [tz (P1 — Ps) u1] = 0.

6 on-shell: P71y = mecuy

-

—
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fRenormalization

COMPUTATION...

B8 ® The remaining integral becomes

I(q?) = éjiz { | OO % 6 /01 dg {(1-¢)In (1 m‘gizal—@)}

00 f (_qz/ mezcz)

f =14 -3 - 22 e (\/55),

f(x) ~In(x) for |x| > 1

f(x) ~ x/5 for |x| < 1

min ( Re(f(x))) = —8/3
lim Sm(f(x)) =-—m

X~ CR

Sm (f(x)) =0forx > —4

29
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enormalization

COMPUTATION...

® The total (O(g2)+0(g")+...) amplitude becomes
gﬁ(a) — lim ﬂﬁ(a)(qzl‘u) I

U—0

2

= Myv C8r(w) . —q
8. (@, 1) = —g& () [T 9" w1 (?>{1 | 12712 f(mgcz

3 - | ' nctional )
v, ge,R(pt) :: ge\/l gez e (ﬁ)l Notice the tu b

the
67T ", dependence on
7 /A . A . . ntum exchange
~Amazingly, it is possible to: Gam_— !
¢ o climinate the divergent contributions
® (including all contributions will guarantee appropriate cancellations)

)}[U4’YVU2}+'“,

® compute the “running” coupling constant g, x(¢)

® order by order in O(g?"), and it tends to converge,
® ...asanon-trivial function of y. (The coupling constant # constant.)

30
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enormalization

E PHYSICAL MEANING

Conceptual error:

® The (dimensionless) parameter

90 1= \4ma, = \/de (= |e|v/4m/hic, in Gauss’s units)
0

® used to characterize the strength of the electromagnetic coupling,

® ...isin classical (field) theory identified with the measured value.

.' » @ But the amplitude—which is what figures in actual, physical
measurements of charge—depends on the momentum exchange:

. ) _ D — "/%';\ f S%Glf —9 17, AV
| M) (q°, 1) = —gx T ”1quz )il+ o f(mgcz)}[u“ U] +-- -,
- ® 5o that the measured coupling parameter

2
ge,R(l’l) = ge\/l - 6g7i2 In (%) ...

® is definitely not the one in the original Lagrangian.
3]
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enormalization

E PHYSICAL MEANING

® In addition, there is the reasonable requirement

. ge(H) (1
SeR ‘= hmg(y)\/l - ln( )+ < 09,

U—00 me

.. for the “vanishingly small distance” interactions.
5 ' The u — 0 limit—at very large distance—better be finite too!

y! i ® This can only be arranged when g.(y) is in fact a formally
By divergent quantity itself.

f Well in fact, the Lagrangian itself is not an observable.
_ The Hamiltonian (energy) is, so that’s not quite “it.”

-ﬁ""@'. It’s rather that the measured values of the parameters
e appearing in the classical Lagrangian are “renormalized”
values of the symbols that appear in the classical Lagrangian.

> % 32

Tuesday, November 1, 11




enormalization

E PHYSICAL MEANING

€¢ » €¢ » €€ »
FOl‘maHY: X measured — X bare T X renormalization -

- ® The “bare” value can be picked at convenience,

® ...defining what the “renormalization” correction ought to be.

® So, it is convenient to pick

ger(q”) = ge,R(O)\/ ' g182R7(IZ) f(mzczz)

2

) = resf1 + 220 () )

a1+ 2D ()4} @i

..and compare with experiments.

Indeed a.(0) = 1/137, but a.(200 GeV) = 1/127.
1/(27+23+21) 1/(27-22+421) N\ Gl

33
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enormalization

HE PHYSICAL MEANING

The higher-order, but only to “leading log” contributions:

(o W W

f:"
5 "‘6 ..defines a geometric series, which sums to:
“eR(O) 2 -2 p3m/2a(0)
8 X ~ ’ , 3 < < m;
# e,R(‘q |) 1 “e,R(O) ln( ‘qzy ) q ~10280
7 /5 37 i 2

A l/ae(qz)
---a very small downward slope (= -7.74 x 107%)

In ((L)

34
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enormalization

E RENORMALIZATION “GROUP”

Computations are done iteratively, order-by-order.
d This defines a sense of “flow”:

-. initial value intermediate values S .
—:(wé?;<|qzr>:=ae,z<<0>)~> e a(l@ () e (e,
’ (k+1)

R(k

These formal operations form a chain- hke algebralc structure.

..L.P. Kadanoft’ 66 ’ .W1lson 74-75 (’82, Nobel')
+] Polchinski (1984) M.E. Déskin & DV, Schroder (1995)

'® Renormalization flow...
® ..and fixed points of that flow. = Quantum stability.

35
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enormalization

FFECTIVE ACTION & PARTITION FUNCTIONAL

B Which brings us to the concept of an effective action, and a
- renormalizable theory.

» Suppose  S[p] = [d*xZ(¢;, 3¢, ... )
‘ Z|d := /D[(p] e~ i(Slpl+ [ d*x8-9) /11

N2
¢ 0 28 = (;l;) [DIg1 9i(x1) () S Ao

= / D[p] ¢ (SIS dxo¢)/1,

a veeery sketchy heuristic of this relation
o _..iff the already present parameters become renormalized,

- ©® _..in which case the model/theory is renormalizable.
36
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