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Recall:

To obtain (classical) equations of motion, vary.
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Using thus

we obtain

and

is the electric current 4-vector density.
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So, varying with respect to Aμ and Ψ (from the le%),

A li$le fermionic digression:
Algebra:
Calculus:

…so

Alternatively:

—
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4-momenta & polarizations
Denote in/out-coming 4-momenta by p1, p2, …
Denote internal 4-momenta by q1, q2, …
For spin-½ particles, orient lines along with 4-momenta,
oppositely for spin-½ antiparticles.
Polarizations:

Spin-
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/

2
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incoming us s = spin projection = ", #
outgoing us
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/

2
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incoming vs (
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/

2

particle, travels

backwards in time)

outgoing vs

Photon

incoming eµ eµ pµ = 0 and e0 = 0

outgoing eµ⇤
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Vertices:

Internal propagations = lines:

…which are off-shell.
4-momentum conservation:

assign each vertex a factor
…just like in Kirchoff rules for electrical circuits.
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d
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leave the vertex have
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Integrate over (2π)–4 d4q j , for all internal 4-momenta.
Notice, the δ-functions at each vertex are used to eliminate some 
of the integrations over internal 4-momenta. Do the math!

Closed internal (virtual) fermion loops incur  “×(–1)” each.
!e result equals  –i 𝔐  (2π)4 δ4(Σj pj) ,

…from which we read off the matrix element, 𝔐.
All amplitudes that contribute to the same process,

(as de"ned by incoming and outgoing particle states)
are summed to produce the total amplitude of the process.

If the Feynman graphs for two amplitudes, 𝔐1 and 𝔐2,
differ by the swap of two identical fermions,

they must be added with a relative sign –1.
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Twelve Apostles:

(a) (b) (c) (d)

(e)
(f)

(g)
(h)

(i) (j) (k) (l)

Combinations of Fundamental Processes
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1st:

Using the 1st δ-function, sets q = p1–p3 , and removes the 
integration (but not the factors of 2π).
!is turns the 2nd δ-function into δ4(p1+p2–p3–p4).
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A bit of simplifying yields

which lets us identify

If the spins (sj) of the in/out particles are known, insert them, 
and use the Dirac spinors and Dirac matrices as given before.
If they are not known/measured, one must sum over all 
possible contributions.
Note, however, that we need |𝔐|2, not 𝔐  alone.
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But, 𝔐† contains the conjugate factor:

…so (the sum over spins of) |𝔐|2 contains the factor:

…which expands into a multinomial in the components of 
the 4-momenta p1 and p3.
!e same is then done for the p2-p4 (muon) part…
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…obtaining:
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Adapt this for e–-e– sca$ering:
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over spins as before
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Adapt this for e–-e+ sca$ering:

…and so on and so forth…
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Adapt this for e–-e+ annihilation:

…or e–-e+ pair creation:

!is makes it evident that

For inelastic scattering e� + e ! 2g, thee are again two diagrams:
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Mott and Rutherford scattering
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For sca$ering experiments, work in the “2”-rest frame (target),  
with “1” the “probe.”
Unlike in QM, however, the target does move a%er sca$ering, 
although we may look into the approximation where the 
target recoil is neglected.
Now, you did do the homework problems; right?
Right?
…ahem…
And, you recall examples 1.3 (for 2-particle decay) and 1.4 
(for a 2-particle sca$ering)?
So, you remember:

Riiight??

ds

dW
=

⇣ h̄ c
8p

⌘
2 S |M|2
(EA + EB)2

|~p f |
|~pi|

.
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OK, now that we… ahem… refreshed our memories…
Let me ask again:
You did do the homework problems; right?
. 1.3.3 For the elastic collision A + B ! A0 + B0, in a system where

B is originally at rest (and is the target), derive:

ds

dW
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Here and 0 denote the incoming and outgoing, but otherwise. 1.3.4 Show that the result of the previous problem simplifies when
(mA/mB) ⌧ 1:

ds
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B

.

Riiight??
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Furthermore,

…and:

⇣ ⌘

. 1.3.5 For the elastic collision in exercise 1.3.3 but in the case
when the recoil of the target after the collision may be neglected
since mBc2 � EA, derive:

ds
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⇡

⇣ h̄
8pmBc

⌘

2

|M|2.

10

. 1.3.6 For the inelastic collision A + B ! C
1

+ C
2

, in a system
where B (the target) is originally at rest, and (mCi /mA) ⌧ 1 and
(mCi /mB) ⌧ 1, derive:

ds

dW
⇡

⇣ h̄
8p

⌘

2 S |M|2
mB(EA + mBc2 � |~pA|c cos q)

|~pC
1

|
|~pA|
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where q is the angle between ~p
1

and ~p
3

.
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Sooo…
For the sca$ering of e– on p+ (or on μ±, at a stretch),

…producing:
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Mo$’s formula:

In the approximation where                      , this reduces to:

…the classical Rutherford formula.
Recall the approximations:

mA ≪ mB ,
target recoil neglected,
non-relativistic linear momenta.

E ✓ ◆ ⇣ ⌘
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,

approximation where ~p2 ⌧ m2c2, we obtain:

Yet, this modest result

helped discovering the

atomic nucleus!
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!e positronium decay into two photons (why not one?) may 
be described as an inelastic sca$ering e– + e+ → 2γ.
!e electron and the positron have to be at the same place, 
and it is known that they move slowly; KE ≪ mc2…

…so, we’ll approximate them as static: p1 = p2 = mec (1, 0, 0, 0).
!e photons, in turn, are far from static: p3 = p4 = mec (1, 0, 0, ±1).
Photon polarization vectors:

Lorenz gauge: ε3·p3 = 0 = ε4·p4.
Coulomb gauge: ε3·p1 = 0 = ε4·p1 and ε3·p2 = 0 = ε4·p2.!

Me�+e++!2g

= M(h) +M(i) =

1 2

q
3 4

+

1 2
q

3 4
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For the amplitudes, we get:
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,

Si := 2#ijk gg

g

g

jk = i
2

#ijk [gggg
j
, gg

g

g

k].
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Electron-positron annihilation

Effective Cross-Sections and Lifetimes

24

Using the Dirac basis of Dirac matrices,

…and the e–+e+-system had to have been in the “singlet” state, 
antisymmetric in the spins: (|↑↓〉–|↓↑〉)/√2 .
Choose ε3 =(0, –1, –i, 0)/√2 and ε4 =(0, 1, –i, 0)/√2

and the photons’s spins must be antisymmetrized too.
Pu$ing all this together yields:

M"# = �2ig2

e (~e
⇤
3

⇥~e⇤
4

)z = �M#",

(~e⇤
3

⇥~e⇤
4

)"# =
�
~e⇤

3,|1,+1i ⇥~e⇤
4,|1,�1i

�
= �1

2

������
ˆe

1

ˆe

2

ˆe

3

1 �i 0

1 i 0

������ = �i ˆe

3

Me�+e+!2g

= �4g2

e .
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Electron-positron annihilation

Effective Cross-Sections and Lifetimes

25

!e differential cross section is then:

Simplifying,

Except, for a decay, we need a decay constant:

ds

dW
=

⇣ h̄ c
8p(E

1

+ E
2

)

⌘
2 |~p f |
|~pi|

|M|2 =|2 =
⇣ h̄ c

16p(mec)

⌘
2 |E

g

/c|
|me v|

��� 4g2

e
��2

,

�� ��
), E

1

= mc2 = E
2

and E
g

= mec2. Simpli-

ds

dW
=

1

cv

⇣ h̄a

me

⌘
2

, s =
4p

cv

⇣ h̄a

me

⌘
2

.

G = v s |Y(~0, t)|2 |Y(~0, t)|2 =
� ame c

h̄ n
�

3

G =
4p

c

⇣ h̄a

me

⌘
2

h
1

p

⇣
a( 1

2

me)c
h̄ n

⌘
3

i
=

a

5 mec2

2 h̄ n3

,

t =
1

G
=

2 h̄ n3

a

5 mec2

⇡ (1.24494⇥10

�10 s)⇥ n3

.
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compute

A computation…

Renormalization

26

Consider the O(g4) corrections to e–+μ–-sca$ering:

Label & orient the 4-momenta:

p
1

p
3

p
2

p
4

q q0

k

k0

…and then see 
how the result 
depends on the 
mass of p2-p4.
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𝔐

A computation…

Renormalization

27

Following the procedure:
Z

d

4

q

(2p)4

d

4

q

0

(2p)4

d

4

k

(2p)4

d

4

k

0

(2p)4

⇥ (2p)4d4(p
1

� p

3

� q) (2p)4d4(q � k + k

0) (2p)4d4(k � k

0 � q

0)

⇥ (2p)4d4(p
2

� p

4

+ q

0)
⇥

u
3

(ige ggggµ)u
1

⇤

⇣�ihµn

q

2

⌘

⇥ (�1)Tr

h

(igegggg
n)

i
/

k � mec
(igegggg

r)
i

/

k

0 � mec

i⇣�ihrs

(q0)2

⌘

⇥

U
4

(ige ggggs)U
2

⇤

,

⇥ ⇤

⇣ ⌘ h

� � �

= �i(2p)4 d4(p
1

+ p

2

� p

3

� p

4

)

⇥


�ig4

e
q

4

Z

d

4

k

(2p)4

⇥

u
3

ggggµ u
1

⇤⇥

U
4

ggggr U
2

⇤

⇥
Tr[ggggµ(/

k + mec)ggggr(/

k �
/

q + mec)]

(k2 � m2

e c2)[(k � q)2 � m2

e c2]

�

q=p

1

�p

3

Note that one 
integration is 
le%, not having 
been eliminated.
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A computation…

Renormalization

28

!is changes the photon propagator (internal line factor):

It behooves us to use the fact that

& drop J(q2): in 𝔐, 

! + + · · ·

M(a) ! M(a;2) +M(a0 ;4) + · · ·

�ih
µr

q2

!
�ih

µr

q2

+
�i H

µr

q4

+ · · · =
�i
q2

h
h

µr

+
H

µr

q2

+ · · ·
i
,

H
µr

:= ig2

e

Z
d

4k
(2p)4

Tr[ggg
g

µ

(/k + mec)ggg
g

r

(/k � /q + mec)]

(k2 � m2

e c2)[(k � q)2 � m2

e c2]
.

H
µr

= �h

µr

q2 I(q2) + q
µ

q
r

J(q2),

[u
3

ggggµ u
1

]qµ = [u
3

(
/

p

1

�
/

p

3

) u
1

] = 0.

on-shell: /p
1

u
1

= mec u
1

,
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∞ f(–q2/me2c2)

Renormalization

29

!e remaining integral becomes
A computation…

I(q2) =
g2

e
12p

2

⇢ Z •

m2

e

dx

x

� 6

Z
1

0

dz z(1�z) ln

⇣
1� q2

m2

e c2

z(1�z)
⌘�

�

f (x) = 4

x � 5

3

� 2(x�2)
x

q

x+4

x tan

�1

⇣

q

x
x+4

⌘

,

–20 10 10 20

–3

–2

–1

1

2
<e

�
f (x)

�

=m
�

f (x)
�

p

f (x) ⇠ ln(x) for |x| � 1

f (x) ⇠ x/5 for |x| ⌧ 1

min

�
<e( f (x))

�
= �8/3

lim

x!�•
=m

�
f (x)

�
= �p

=m
�

f (x)
�
= 0 for x > �4
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Renormalization

30

!e total (O(g2)+O(g4)+…) amplitude becomes

Amazingly, it is possible to:
eliminate the divergent contributions

(including all contributions will guarantee appropriate cancellations)
compute the “running” coupling constant ge,R(μ)

order by order in O(g2n), and it tends to converge,
…as a non-trivial function of μ.

A computation…

M(a) = lim

µ!•
M(a)(q2

, µ) + · · · ,

M(a)(q2

, µ) = �g2

R(µ)
⇥
u

3

gg

g

g

µ u
1

⇤⇣
h

µn

q2

⌘⇢
1 +

g2

R(µ)
12p

2

f
⇣ �q2

m2

e c2

⌘�⇥
U

4

gg

g

g

n U
2

⇤
+ · · · ,s

⇥ ⇤⇣ ⌘
ge,R(µ) := ge

s
1 � g2

e
6p

2

ln

⇣
µ

me

⌘
,

Notice the functional 
dependence on the

4-momentum exchange

(!e coupling constant ≠ constant.)
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The physical meaning

Renormalization

31

Conceptual error:
!e (dimensionless) parameter

used to characterize the strength of the electromagnetic coupling,
…is in classical ("eld) theory identi"ed with the measured value.
But the amplitude—which is what "gures in actual, physical 
measurements of charge—depends on the momentum exchange:

so that the measured coupling parameter

is de"nitely not the one in the original Lagrangian.

ge :=
p

4p ae =
|e|p
e

0

h̄c
(= |e|

p
4p/h̄ c, in Gauss’s units)

M(a)(q2

, µ) = �g2

R(µ)
⇥
u

3

gg

g

g

µ u
1

⇤⇣
h

µn

q2

⌘⇢
1 +

g2

R(µ)
12p

2

f
⇣ �q2

m2

e c2

⌘�⇥
U

4

gg

g

g

n U
2

⇤
+ · · · ,s q

⇣

q

ge,R(µ) := ge

r

1 � g2

e
6p2

ln

⇣

µ
me

⌘

+ . . .
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The physical meaning

Renormalization

32

In addition, there is the reasonable requirement

…for the “vanishingly small distance” interactions.
!e μ → 0 limit—at very large distance—be$er be "nite too!
!is can only be arranged when ge(μ) is in fact a formally 
divergent quantity itself.
Well, in fact, the Lagrangian itself is not an observable.
!e Hamiltonian (energy) is, so that’s not quite “it.”
It’s rather that the measured values of the parameters 
appearing in the classical Lagrangian are “renormalized” 
values of the symbols that appear in the classical Lagrangian.

ge,R := lim

µ!•
ge(µ)

s
1 � g2

e (µ)
6p

2

ln

⇣
µ

me

⌘
+ . . . < •,
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The physical meaning

Renormalization

33

Formally: “X”measured = “X”bare + “X”renormalization .
!e “bare” value can be picked at convenience,
…de"ning what the “renormalization” correction ought to be.

So, it is convenient to pick

…and compare with experiments.
Indeed: αe(0) ≈ 1/137, but αe(200 GeV) ≈ 1/127.

⇥ ⇤

⇣ ⌘

ge,R(q
2) = ge,R(0)

s

1 +
g2

e,R(0)

12p2

f
⇣ �q

2

m2

e c2

⌘

,

ae,R(q
2) = ae,R(0)

n

1 +
ae,R(0)

3p
f
⇣ �q

2

m2

e c2

⌘

+ . . .

o

,

⇡ ae,R(0)
n

1 +
ae,R(0)

3p
ln

⇣

q

2

m2

e c2

⌘

+ . . .

o

, q

2 � m2

e c2

,

1/(27+23+21) 1/(27–22+21) ⚠☠☣
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The physical meaning

Renormalization

34

!e higher-order, but only to “leading log” contributions:

…de"nes a geometric series, which sums to:

+ + +

+ · · ·

ae,R(|q2|) ⇡ ae,R(0)

1 � ae,R(0)
3p

ln

⇣
|q2|

m2

e c2

⌘
,

�  
m2

e c2 ⌧ q

2 ⌧ m2

e c2 e 3p/2a(0)

≈10280

1/αe(q2)

ln(q)

…a very small downward slope (≈ –7.74 × 10–4)
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this renormalization flow form a structure called “renormalization group’”—although it in
fact does not satisfy the group axioms: The transformation R(k+1)

(k)

“step” has no binary combination defined with most other such a transfor-

The renormalization “group”

Renormalization

35

Computations are done iteratively, order-by-order.
!is de"nes a sense of “2ow”:

!ese formal operations form a chain-like algebraic structure.
Ernst Stückleberg & Andre Petermann, ’53…

M. Gell-Mann & F.J. Low ’54, (and C. Callan & K. Symanzik ’70’s)
R. Feynman, J. Schwinger, S.-I. Tomonaga (’65 Nobel) & F. Dyson
…L.P. Kadanoff ’66; K. Wilson ’74–75 (’82, Nobel!)
+ J. Polchinski (1984); M.E. Peskin & D.V. Schröder (1995)

Renormalization 2ow…
…and "xed points of that 2ow.

|) 7! · · · 7! a(•)
e,R (|q2|),|) 7! a(k+1)

e,R (|q2|)
⌘

7! · · · 7! a(k)
e,R(|q2|)

⇣

a(0)
e,R(|q2|) := ae,R(0)

⌘

real valueintermediate valuesinitial value

⇒ Quantum stability.
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Effective action & partition functional

Renormalization

36

Which brings us to the concept of an effective action, and a 
renormalizable theory.
Suppose
!en

!en

…iff the already present parameters become renormalized,
…in which case the model/theory is renormalizable.

fi( )
in a classical model and let S[fi] :=

R
d

4x L (fi, ∂fi, . . . )
action of the model; for electrodynamics are the canonical coordinates the components of

R
Z[J] :=

Z
D[f] e�i(S[f]+

R
d

4x J·f)/h̄
,

d

dJ

i(x
1

)

d

dJ

j(x
2

)
Z[J] =

(�i)2

h̄2

Z
D[f] fi(x1

) fj(x2

) e�i(S[f]+
R

d

4x J·f)/h̄

e�i(Seff.[j]+
R

d

4x J·j)/h̄ := Z[J] :=
Z

D[f] e�i(S[f]+
R

d

4x J·f)/h̄
.

a veeery sketchy heuristic of this relation
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Tristan Hubsch
Department of Physics and Astronomy
Howard University, Washington DC

Prirodno-Matematički Fakultet
Univerzitet u Novom Sadu

http://homepage.mac.com/thubsch/

Tuesday, November 1, 11

http://homepage.mac.com/thubsch/
http://homepage.mac.com/thubsch/

