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| undamental Physics of Elementary Particles

S PROGRAM

- Relativistic Kinematics (More Detail)

® Space & time mixing, “usual” relativistic effects, revisited
® Definitions and some crucial minuses

® Particle Decay

® 2-particle decay kinematics
® - particle decay generalization

® The CM-system vs. the target system
® Fusing collisions, and process threshold

PAYS
..ﬁ'\“b Invariance & covariance vs. conservation

-® Quantum Kinematics — The Heisenberg Zone

B‘ ° Charge Conservation — Gauge & Other Charges
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elativistic Kinematics

DODRENTZ TRANSFORMATIONS

The space-time coordinate transformations that leave
- Maxwell’s equations invariant mix space and time:

£ =7+ (y—1)(0-7)0|— it 7 =7+ (y=1)(0-7") 0+ vdt,
3.7 ’\ B - 7. 7!
t_ﬁ)/(t L2 )'

® Or, put anothet way:

S P =R 4y (F—0t), F=7+1F +0t

h._ﬁ?f ® ...positions change in the direction of motion only.

N :
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DNSEI:IIJENE.‘ES OF LORENTZ TRANSFORMATIONS

Relativity of simultaneity (4 = t3):

/ U7 : / / 5'(773_7—’:4)
l-zv(ti 1), i=AB =  f—th=y—5

FitzGerald-Lorentz
contraction

A17|/| = % A?H,

time dilation

= =
G- (Fy—Fa) At =y At

| 2
*‘"‘Q'O Relativity of ... well, relative velocities:
e AT il + T 7K

—

ii
e | J_ —)/_ —>/.AA —)/.A_
% u .— At - gl I (z—)’g[/)) I (z—)*g[/))/ u” - (MH U)U, uj_ ®© = O
~ 1 addition of velocities ° 4
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elativistic Kinematics

ONVENTIONS AND DETAILS

® Frequently useful expansions:

1 1 3 5 2
= ~ 1 = 2 = 4 —— 6 O i ; = L o ;
= T TP T gf T gf o) F-ae
¥ 1 13 5 o= (7))«
= and z—[l —€+ ——€” 1 S+ 0 4].
e Tl T3 T 3¢ T € +OIE)
,’
i ® Notation (Cartesian coord’s):
3 3
x:= Y x'¢, where x'=ct 7=) x'¢,
u=0 =k

“="e ...so Lorentz transformations are linear:

h, o ]/O _LOO L01 L02 L03 9 _XO .
. 1 1 11 11711

: by 1V L L L 0 L 1 L 2 L 3 X
!:' yﬂ / Lyv ¥. @ ¥= Lx © 52 | L9 1% 1% L2 x2
< B 3
3 h‘% 5 _y _ _LBO L31 L32 L33 . _x3 L]

—
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7 - T —rE
Y % 1+ (-1 (13 (D%
M L = vy Uy Oy vyz 1\ Oy0z
~, 2 (r-DFF 1+ -1z (vr—1)%
2

—E (r-1DEF (v-DEE 1+ (v -1)#

=0, (4,v,0=0,1,2,3), LUpyp=gyL1,  det(L)=1,

leave invariant the “proper time,” 7:

2

« @ where [1,,] = diag[1,-1,~1,-1] is the spacetime metric.

#_‘0 s = — ct is the “interval,” ds? = —c2d1? the “line element.”

NS
. 6

—
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The oft-cited spec1al case:
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By @ is related (by analytic continuation

m(O 0]

os(¢
0

0

0 O
1 0
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9% cosh(¢),
(/Kw

O a rotation:

elativistic Kinematics

ONVENTIONS AND DETAILS

v =:ctanh(¢),

c(it)

- @ and the coordinates (x0= cit, x1, x2, x3) span the “World
of (Hermann) Minkowski;” but t — it is “Wick-rotation.”



| elativistic Kinematics

NERGY AND MOMENTUM

® (Hamiltonian action) « (“world line” length):

B t
S:—/ d(cr)(x(li&— " dt E,
A tA Y

2 1 2 4
k= —(XC\/l— Z—z ~ —occ—l—ioch—z—l—occO(%)

® ...where we set a = mc, leading to:

_ 2 1 _ 2 Ll 2 LN
= —mc*y " = —mc 1—C—2 = —mc 1—C—2\r\.
) Thereupon:
" _,_BL_BL_m ,
I T
E :ﬁ-?—L:m"yﬁﬁ+mczv_1:m"yc2
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Relativistic Kinematics

E NERGY-MOMENTUM

& @ Note: E = ymc? is total energy; Eo = mc? is rest energy.
Also: T = E-Eog = m(y-1)c2 is kinetic energy.

#'® The energy-momentum 4-vector (4-momentum) is

p = (pu) ‘Eﬁ?/cp fiﬁwc meyo)

® the Lorentz-invariant square of which is:

p? = pu " pu = B2/ — 2 = w2 —
2

v
= mz’yzc2 (1 — —2) = m>c°.
C

® This defines the Lorentz-invariant mass:

2 4

m*c* = p-p=E*—p*c* (just like c*1?

= XX = ¢°t* — 7?%)

-~ ® and the Lorentz-invariant combination of E, p,, p, & p-.
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Relativistic Kinematics

ONVENTIONS AND DETAILS

® Now about that signin p = (—E/c, P):

® Starting from quantum theory in coord. representation,

4 __h 4
Y p‘u 1 JxH
8% e we identify:
TP h o h ad 1..0 1 h =
y® PO T 060 d(ct) ¢ ot ’ i
4)+® The same may be derived by purely classical arguments:
- K t —~1 0
) ::ai:(c,il,iz,ﬁ) S=— [ dtmy/1-2 = — [ " Lo,
| ot ta G s
Lo :=mvc2— 32, o :ca(_m azz_vz) = —myc S—F/c,
dLg dLg dLg 0 (—m\/ c2—g2 )
p:u - aaxﬂ laﬂ‘ - ¢ W’ pl - ¢ Jo! — mry 51] U],
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iIDecays and Collisions

ENERAL REMARKS

® Strictly conserved quantities

e the sum of (observable) 4-momenta

® the sum of (observa mmw enta (incl. spin)

Noetherltharges (incl. EM ch.)

YPE NINEEIC ENCESY MERS
Elastic Conserved Conserved
Fissile/Explosive increased decreased

Fusing/Implosive decreased increased
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BParticle Decays

W 2-PARTICLE DECAY

e ® Consider A — B + C, with ms = 0.
® Use the A-rest frame: p, = (—muc,0), and

ps = (—Es/c, PB) Pc ( Ec/c, PC)

— M pC = _EB/C —= Ec/C and PB — —pc

J’ So, consider pa=ps+ pc also as a 4-vector equation.

® This equation is (by definition) not invariant,

% © o but p2=(ps+pc)?, ps2=(pa—pc)? and p2=(pa—ps)? are,
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2article Decays

‘ -PARTICLE DECAY
® So, consider pa2=(pa+pc)?:

p7 = (Py+P)*=pPs +PS+2P;s Por

-4k Ezg Ec _ |
: If.;{l__ mAZ C2 mBZ CZ _l_ mCZ C2 _I_ 2( CB CC PBOPC)I
|
Es E _,
mg c” +mzc” + 2 Izzc | ZpBZ.

- ...so there is a relationship between energies and 3-

k “ momenta (and masses)'
h."‘ ~® But, it’s complicated.

S
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article Decays

3 PARTICLE DECAY

b @ Consider instead ps2=(pa—pc)?:

P = (Py—Pc)* =P7+DPZ—2P, Por

m,> ¢ mAz cz—l—mc2 2 =2

E, E-
¢ ¢

mAz cz+mC2 ¢? — 2ma, Ec.

® This is im ediately solved: ou) 4
2 2 2 And pc =k he
NS E.— (mA + Mg — My )CZ , yie\dst

5 < ZmA
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article Decays

-PARTICLE DECAY

® Use the universal (on-shell) relativistic relationship:

- E;—(; - mczz @ = C\/(mA2 Z/’i_ m32)2 = m%,
_ N (g + my 4 mc) (ma — my + mc) (ma + my — mc) (ms — my — mc)
211 4 4
\/mA4+mB4+mC —2m2mi —2m2mZ — 2mim2
3 s NOTICE :
..and recall: Al of thes® are \
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article Decays

W 2-PARTICLE DECAY

= ® What about A— B+ C, withms=0?
® Well, pa2=(ps+pc)? produced the result:

EF_F
mAzz—ch + m/ 20742 > -2 g7,

® ...whereby ms =0 would imply that a sum of non-
47 negatlve quantities vanishes..

Whlch can happen only if all of them vanish

-ip“'-ﬁ'ag. So, a massless particle can only decay into two massless,
u% - and stationary particles... which is a contradiction.

B“ ‘® This much is true on-shell (when E? = §%c* + m*c?).

e - anm

|6
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article Decays

f .y WaYS \
3-PARTICLE DECAYS Not ndantmw 7.

e l
_ o : ust ab\l Ch aﬂy C&S '
e 3- and mW \tO a??toa_‘
| P=) Pu[P-Pi=) P, Pi=P—) P (
N i

j7 j7i k#1,]

3 (m* =Y m;*)ct =Y (EiEj — |pillpjlc® cos(¢y;),
1

j>i

st (= mf + L m?)et = me® P B = Y (EjEx — |Bjl|fle” cos(p),
3 7 j#i =
e ¥ ... and so on, with: pi-p; = it pjy = <5 ~ I7illFjl cos(gy).
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Particle Scattering

INEMATICS

® Typically, A+ B— C;+ C+..., for which we use

1>2
| ,540 rewritten in as many ways as convenient, then squared.

® We may use the CM system:

E Er, -
L-22.0), e,

c

E; -
To-N(-2.0). e Da-o
L 1>2 1>2
b_: ® reproduces conservation of energy and 3-momenta,

N 8
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article Scattering

K INEMATICS

e We may use the target-system, say, p; = (—mzC; 0, 0, 0) :

E’ . , P
Pl +p5 = ( Cl myc, p’1>, ie., L =0,

Yo=Y (- 5), e L=

1>2 Y. 1>2

We cannot use the 4-vectors from the CM-system and

g the target-system fogether, but we can use Lorentz-
" invariant quantities from the two systems together:

(Pr+P2) (sz) (P1 +P2) Z(Z;pﬁ) -

19
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article Scattering

SING COLLISION

® Consider A + B — C, with mp # 0 and B the target.

v )
Pa = (_EA/C,PA),

o
@
N
|
o
BN
N
_I_
o
o)
N9
_I_
N
o
>0
o
<

= N 2 2 2 2
QW mtct = m5c” +mzc” + 2E ymg = E,= @,
D 4 B ’ 2

N ; The probe (A) must have a precisely tuned energy for it
% - to fuse with the target (B).

s
> 2
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article Scattering

USING COLLISION

20 Since E =mc? + T, in particular Ty = E4 — mac?, and

2 2 2 2 2
mg — (ma” +mg®) 5 o mg — (my+mg)® 5

b, = C5 — My " = C
’ 27713 2mB

| is the required kinetic energy of the probe for it so fuse
with the target. (A neutron to be absorbed by 235U... )

/ ® It supports the impression that the kinetic energy is
V-
- making up the difference between (ma + msp) and mc..

#=50 ... except, it is really the difference between the squares
,.5-{-; - of these quantities, “normalized” by 2m;.

« % e This result is clearly the time-reversal of the one

% - regarding a 2-particle decay:.

';.‘ -—|| 2I
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article Scattering

i ARTICLE PRODUCTION THRESHOLD

I8 ® Considernow A+B— Cij+ Cy+...

» ...and assume that the A + B collision has barely enough
.' ~ total energy to create the resulting particles, C;.

The C; are then (almost) at rest, with no kinetic energy.
18] pl‘thold (—mic,0),

A R [(PA +p})° _ (Zpl}thold) /

/ min [mAzcz + uigZc? & 2B, mB (Zml ) ,

¢“ + 2 min(E’) m.:
%) |

% T dhedheldl EA > Zm
0 5

(Zml (m4 —I—mBz))c2

esday, November 1, 11



article Scattering

S PARTICLE PRODUCTION THRESHOLD

2 @ In terms of kinetic energy:

! 2\ 2
Y mimj— (ma+mg)°)c
b 2 mp ( » )
So, for a collision of the type X+ X — 3X+ X*
- ? (resulting in three X’s and an anti-X)

® ...the test-X must hit the target X the kinetic

Ty >

-'l’" 7
s energy of [ (4-4—(1+1)2)/2]mxc> S 6ax !

W/

-

@ e tocreate X + X7, shouldn't one need to invest only 2mx c? ?
% ® No: 3-momentum before collision is %0,

E:.

=
= ® ...the product 3X+X"* cannot be at rest; that costs energy.

® This is more than naively expected:

L

. 2
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article Scattering

3 ARTICLE PRODUCTION THRESHOLD

b ® In beam-to-beam collisions, CM-frame = lab-frame.
fa= —Fa = B,
'® If the colliding particles have the same mass,

E,=E; =: E, and Py T Pp — (2E/C,6)

uesday, November 1, 11



article Scattering

S PARTICLE PRODUCTION THRESHOLD

2 @ In terms of kinetic energy:

4
min (Z Tx) — ( 21 My — me) C2 2X_>ix+%xczl
=

® ...rather than bombarding a stationary target with
* accelerated (energized) probes.

== Before the collision, the total 3-momentum = 0.
*‘-% ‘@ After the collision, the total 3-momentum = 0,

ib%‘: ® ...so the collision products can be at rest.

s
> “% 25
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article Scattering

;ELATIVE KINETIC ENERGY

® Compare the CM/lab-frame and the relative frame of,
say, B being the “target”:

C C
USlIlg that my = nmg = m, A — _ﬁB
T
2 |
ks = 2mc*(E) +mc?),  Th=4T,(1- szﬂ)’

" T/mc> 1 2 5 10 20 50 100

3_1 T /mc®> 6 16 70 240 880 5200 20400
55 N
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article Scattering

INEMATICS LESSONS

Energy is conserved, but not invariant:

® The total energy of colliding particles before the collision
equals the total energy of all collision products.

® The ¢-!-multiple of energy is the 0t component of the
Lorentz-variant 4-vector of energy-momentum; it changes
when boosting from one reference frame into another.

0 Mass is invariant, but not conserved:

® The square-root of the Lorentz-invariant (4-momentum)?;
remains unchanged from one frame to another.

'-e“'"w"l': ® The sum of masses of the colliding particles need not equal
u% the sum of masses of the collision products.

% e Conservation is in time, which is not Lorentz-invariant.
:"i;e
' 27
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IQuantum Kinematics

i HE HEISENBERG ZONE

8 e Asis well known (for eachi= 1,2, 3 separately):
- Api Ax' > 3k,  Apy AxY = AE At > 1.

¥'® This is an inherent mdetermmacy, not an uncertainty.

c:=-i[A,B], C'=
(Ao, Bo| == [(A—(A)), (B—(B))]| = iC,

28
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IQuantum Kinematics

THE HEISENBERG ZONE

Aads > }1([A,B])].

_ If A and B are (canonically) conjugate variables,
& |A, B] =0 follows from the canonical Poisson brackets.

.' “

® But, E and 7 are not canonically conjugate variables!

. ® Infact, Tis not the parameter of time, but the duration of
. the process occurring at the energy E. The parameter
(coordinate) of time is not a canonical variable.

® Similarly, in field theory, p; and x' are not canonically
¢“‘~‘~‘?~ conjugate variables; (ct, x, x2, x3) are not canonical
tﬁ{ variables (eigenvalues of observable operators in QFT).

% @ Non-commutativity 2 canonical non-commutativity.
' % 29
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IQuantum Kinematics

E HEISENBERG ZONE

Constant!

'» The best known example:
(X, o) =il = AyD, > L6

1 A But, Variable!

[J]',Jk] =i€jk€Jg = AJ AJk P> ]k€‘<Jg>‘.

/gy ® ...so J; and J; can be measured ‘simultaneously, in
_ states with (J3) = 0, although they do not commute.

) The indeterminacy limit is state-dependent!

"0 And, of course,

(U2, 03] =0, = Aply >0

30
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harge Conservation

LECTROMAGNETIC CHARGE

Consider: o
=~ 1 : Jd(V-E) 1 dPe
£ — h _ Ip.
¥ f 4n€o4ﬂpe’ - "Eiitl\rlisellf)rs dt 4%6047( ot ’
Lo 19E 1 4 Lo ol AVE) 1, o
V x(cB) T "B Je, = |V-VX(c"B) o = 47[6047TV L
= 0 = % + V7
and so
aPe = dQ. v
4 —:—V'_), — k. dz?'_)/
ot Je dt oV Je
» This is even simpler in Lorentz-covariant notation:
P
L — 1 4 C
L aVF W == .31/ = av .31/ = 47-(60_81/8”F v =
VT 4mey Kew J 477 L4
- _ “ANE
..and follows simply from F,, = - F,,. @M@_\N\b T\
Lolket e

] oV
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harge Conservation

S CHARGES IN GENERAL

¢ ® Additive charges <> continuous symmetries:

® linear momentum <« translation in space'} Heisenberg

® energy < translation in time Zone
» angular momentum <« rotation in space No Hei-
® electromagnetic charge <> see Chapter 3 senberg
. ® chromodynamic color <> see Chapter 4 Zone; see
J% ® weaki isospin <> see Chapter S later...

Multiplicative charges <> discrete symmetries
- ® P (parity) <> reflection in space

® T <> reversal of time
® C <> Charge (Hermitian/ Dirac) conjugation

32
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Thanks!

Tristan Hubsch
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