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Off-Shell Supermultiplets & Classification,

FF-SHELL SUPERMULTIPLETS

Z[9] := / Dip] e i (SI9l+] dixo9)

- ® ..where the fields must not be subject to any spacetime differential
equation that could be derived as an equation of motion

2 é ® Non-differential constraints are OK: they do not propagate

.-.

9 Off-Shell Supermultiplets
g ® Off-shell component fields...
f ® ...that form a complete orbit of the supersymmetry algebra

wer Q1(Q2(@)), Q1(C3(@)), - Q1(Q5(-. Oy())),

o .forevery ¢: (21, 2¥-1) component fields
= ©®E.g.:4d spacetime = N = 4, (8,8) component fields

® ...but, chiral superfields are only half as large... S He \;@9,\9’
—

—




-Shell Supermultiplets & Classification

. HE WORLDLINE PERSPECTIVE

. ®Must be included in any (d > 1 spacetime) physical theory

b ols present in the Hilbert space of any field theory

- @ May well be the underlying M-theory...

@ _extends to the worldsheet [“bow-ties” obstruction; SJG.Jr. & TH]

orldline supersymmetry w/o central charges
°{Q;,Q,}=26yH and [H,Q;]=0,forall/,J=1,2,3...N.

/% . © Lorentz symmetry: Spin(1, d-1) = Spin(1,0) = Z, (boson/fermion)
:> @ No rotations, boosts, component field mixing

¢ o®Full Spin(1, d-1) etc. may be reconstructed afterwards
* @ ..bymixing component fields, dimension-by-dimension...

0 (Q)?=id/dt foreachl=1,2,3, .., N.

® In supermultiplets, (Q,)? = 1 (fields as Taylor series/towers)




® But... but... irreps of Lie algebras are well known!
. ®As well as super-algebras and their on-shell representations!
® But, NOT off-shell representations.

) ® ...built from eigenspaces of Js, mutually commuting generators
IH{QI, Q]} ZSI]H [Ql; ] -
" ® The generator that commutes Wlth everyone is H
® ...but, eigenstates of H satisfy an ODE, = EoM, are classical.
- 2/
. /ﬁ- ® We could fiber them over the energy-momentum space
i ® ...(quantum/free fields = sheaves of classical fields)
- ® ..representations = filtered Clifford supermodules

P 3 Happily, there is a more user-friendly approach



-Shell Supermultiplets & Classification

l©oT YOUR FATHER’S LIE ALGEBRA REPRESENTATIONS

® Standard: Lie algebra={H, E, E g, ---}

®|H ,E,|]=aE, and [E,, Ez ]| =Ny, E,.gfora#f

- ®|H,Q,]=0-E, and{Q,,Q]}—OQHforIi] @”«9”
- ®|E,,E_ ]|=2H foreacha, vs. {Q,,Q,}=2H, torall1=1,2,3,..

_..-Supersyrnmetry is a highly degenerate graded algebra

“' *s Just in case you are not yet convinced:
® Write [ X, X, |=1f, X..

., :’ ® The Killing metric g, := -f, 2 f,f
-~ ®Write H=X,,and Q,=X,; fUO =-2i#0,— all other f,,° =0,
~ @ ...so the Killing metric is identically zero.

ﬁf&: ®Even Tr[ X, X, ] = (..)H, D ODE, ~ EoM




p Pictures > 10,000 Equations

)
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HE ADJOINT/FUNDAMENTAL SUPERMULTIPLETS

L 20, 0Q1(0), Q2(9), -, Q1(Q2(9)), Q1(C3(D)), - Q1 (Q2(-- Un()))
- '_ ® All of the form QP(¢), where b is an N-digit binary number

-~ ® All have the structure (chromotopography) of an N-cube



- Q1P =1y, Q2 ® =1 W,
: Ql‘Iﬁ:(i), 2 Wy = —F,
Ql\IIQ:F., Qy Wy = &, |
. W F =iV, Qo F' = —i Wy,

®To be precise, N-2" equations
®...which is >10,000 when N > 10.
®...and is 2,048 for N = 8 (double supersymmetry in 4d)

="No need to write them all out. There will be no quiz.
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‘Pictures > 10,000 Equations

IOT YOUR FATHER’S LIE ALGEBRA REPRESENTATIONS

raising
Cartan

lowering

The adjoint, 8-dimensional

representation of
[0,-1]{ 1 ot
’ In Supersymmetry

The fundamental, 3-dimensional QﬂL =( i raising = lowering

representation of
su(3) (QI)2= H (same) degeneracy

9



A ...has been done
routinely, and all
‘the time

® However, the
@ practice has not
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® 4d spacetime simple supersymmetry: N = 4
- ®The “vector” superfield

® B4 Wess-Zumino gauge

® Real, unconstrained, unreduced,
. ungauged, unrestricted,
| un......... ed = “intact”

"3‘ What can we do with it?

. ', ® Reduce using the D,’s

| ;y{} ®{D,,D}= ZSUH
« [H,D ] =

| .{ QD }= 0



Define quasi-projectors
Py, =D, D, Y2 ¢,/ Dy D,
(P I]KLi)Z = H*-P I]KLi

Define S, :={ Py, *(SM) = 0 }




L

S Pictures > 10,000 Equations




5 What about more supersymmetries?

*-Impose Pyi,* =D, D, £ % €, D; D, for some fixed [, ], K, L
® ...these are quasi-projectors only if |{[]...}| = 0 (mod 4)
S ...and [P,]KLi , PMNPQi] ~ 0,if [{IJJKL}Nn{MNPQ}| =0 (mod 2)

2
0 E.g: [111100] D D,D.D, % P,,,,% [110011] P et
=0 . [ Pra3s® ) Prase™ | = H*+P3ys6™ = 0.

/5 Thatls [111100]+[11oo11]—[221111]~[oo1111]

y la551fy these codes = classify mlnlmal" supermultiplets
!--"...up to ¢ =»(d¢/dt) and inverse component field redefinitions




Dy It XD4
1111 01111 00 1111 000 1111 0000 1111
11 1100 011 1100 0011 1100
101 0101
0101 0101
6 7 8 ~
I6 I7 18 IS
(32;32) | (64;64) (128;128) £ \
I12xDy | I3xDy | I*xD, Ag I4x Dy Note the
(16;16) | (32;32) | (64;64) (64;64) { / ' ON-UNIGUENEeSS
Dg | I'xDg | Dax Dy I2xD 2 : .
(s;g) (15:16(; (3:12>;<3231 (3;323; e fyzl)ﬁ (& non-linearity)
E7 D8 Il XE7 DS Il XE7 Of the SUb'COde
. The minimal {___. & B
i : - (8:8) Algebraically distinct ways
= Suu]tlplﬂ b fo construct the same supermultiplet



N =10 N =11 —12 N=13

D UGS O U0 B o8 & ‘:I I_I
EgxI? Egx I3 EgxDy EgxDyxI1 Eg x Dg
m X “ O N il
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The (well-known) only two
even, unimodular lattices

Lie algebras: SO(32) & EsxEs
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>0, can we classify these codes?
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® With two off-shell supermultiplets, DP: X =» Y, define:
® Kernel, A := { X: D?(X) =0}, (e.g., chiral supermultiplet)
® Cokernel, B :={Y (mod D?(X)) }, (e.g., vector sm. in WZ gauge)

®...depicts (3Y)/(D,X) =anew (5]|8|3)-component supermultiplet
®Would you have preferred the 3:(3-23) = 72 equations?



S Supersymmetry, Error-Correction & More

JONSTRAINED AND QUOTIENTED SUPERMULTIPLETS

® And, an N =4 (in fact, 4d simple) supersymmetry example:
- ®The “complex linear supermultiplet/superfield” [S]G.Jr, JH, TH & KS]:

=@ Bigger supermultiplets = networks of Adinkras, connected by
n}; one-way (BRST-like) supersymmetry transformations

-

“"5 20



& Supersymmetry, Error-Correction & More

JONSTRAINED AND QUOTIENTED SUPERMULTIPLETS

® And, an N =4 (in fact, 4d simple) supersymmetry example:
- ®The “complex linear supermultiplet/superfield” [S]G.Jr, JH, TH & KS]:

‘:,g one-way (BRST- llke) Supersymmetry transformations

-

i*‘ﬁ' 21



=AND ©® MANY OTHER SUPERMULTIPLETS

® Weyl Construction
. oLiealgebras: R, @ R,=R,®R, D ..® R, and R, D R, unique.
® Not so in supersymmetry:

<( _(2i¢,¢//_¢/<§7¢”)_
¢//:| - |:(¢/¢,/+¢,¢//):| P Ul (¢/¢/1_¢/¢//)
¢// (¢/¢//)

a [ 0.(¢'9) }

(V" +¢'Y")

The parametrization is this simple
only in the simplest, N = 1 case

22



® Form Y, @ Y,, and reduce as DP-constraining/gauging [GK & TH]:

Lie algebra irrreps Off-shell supermultiplets
(Weyl construction)

b ‘Starting object(s) | fundamental irrep ((0)  Adinkras ( & & )
“and their depiction :

& S>
Young symmetrization,  Construction 3.1: ker(x) and
traces w/inv. tensors cok(y) of supersymmetric maps
arbitrarily large irreps, = networks of otherwise proper
& their Young tableaux = Adinkras, connected by
(1-quadrant graphs) one-way (J-action edges

®Indefinite, but unlike Lie algebras, no proof of completeness

23



Adinkras, off-shell supermultiplets/superfields & classification:

e arXiv : math-ph/0512016, hep-th/0611060, 0806.0051, 0806.0050,
& 0811.3410,0901.4970, 1108.4124.

'From worldline to worldsheets and beyond:
S . arXiv:1104.0722,1104.3135,1208.5999.

Constructing actions using Adinkras
| « arXiv: hep-th/0605269, 0803.3434,

24
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