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Program!

Error-Corrected Off-Shell Supermultiplets!

!  Off-­‐Shell	
  Supermultiplets	
  &	
  	
  ClassiBication	
  
!  Off-­‐Shell	
  Supermultiplets:	
  Worldline	
  Perspective	
  
!  Not	
  Your	
  Father’s	
  Lie	
  Algebra	
  Representations	
  
!  Supersymmetry	
  is	
  highly	
  degenerate	
  

!  Pictures	
  >	
  10,000	
  Equations	
  
!  The	
  Adjoint/Fundamental	
  Representation	
  
!  Some	
  Simple	
  Examples:	
  Adinkras	
  
!  Chromotopology	
  and	
  Chromotopography	
  

!  Supersymmetry,	
  Error-­‐Correction	
  &	
  More	
  
!  Projections	
  and	
  Their	
  Binary	
  Encryption	
  
!  Constrained	
  and	
  Quotiented	
  Supermultiplets	
  
!  …and	
  ∞	
  Many	
  Other	
  Supermultiplets	
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Off-Shell Supermultiplets!

Off-Shell Supermultiplets &  Classification!

!  Nature	
  is	
  quantum;	
  we	
  need	
  partition	
  functionals	
  

!  …where	
  the	
  Bields	
  must	
  not	
  be	
  subject	
  to	
  any	
  spacetime	
  differential	
  
equation	
  that	
  could	
  be	
  derived	
  as	
  an	
  equation	
  of	
  motion	
  

!  Non-­‐differential	
  constraints	
  are	
  OK:	
  they	
  do	
  not	
  propagate	
  
!  Off-­‐Shell	
  Supermultiplets	
  

!  Off-­‐shell	
  component	
  Bields…	
  
!  …that	
  form	
  a	
  complete	
  orbit	
  of	
  the	
  supersymmetry	
  algebra	
  
!  𝜙,	
  Q1(𝜙),	
  Q2(𝜙),	
  …	
  ,	
  Q1(Q2(𝜙)),	
  Q1(Q3(𝜙)),	
  …	
  Q1(Q2(…	
  QN(𝜙))),	
  
!  …for	
  every	
  𝜙:	
  (2N–1,	
  2N–1)	
  component	
  Bields	
  
!  E.g.:	
  4d	
  spacetime	
  è	
  N	
  =	
  4,	
  (8,8)	
  component	
  Bields	
  
!  …but,	
  chiral	
  super4ields	
  are	
  	
  only	
  half	
  as	
  large…	
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The Worldline Perspective!

Off-Shell Supermultiplets &  Classification!

!  Restrict	
  (dimensionally	
  reduce)	
  to	
  the	
  worldline	
  
!  Must	
  be	
  included	
  in	
  any	
  (d	
  >	
  1	
  spacetime)	
  physical	
  theory	
  
!  Is	
  present	
  in	
  the	
  Hilbert	
  space	
  of	
  any	
  Bield	
  theory	
  
!  May	
  well	
  be	
  the	
  underlying	
  M-­‐theory…	
  
!  …extends	
  to	
  the	
  worldsheet	
  [“bow-­‐ties”	
  obstruction;	
  SJG.Jr.	
  &	
  TH]	
  

!  Worldline	
  supersymmetry	
  w/o	
  central	
  charges	
  
!  {	
  QI	
  ,	
  QJ	
  }	
  =	
  2	
  δIJ	
  H	
  	
  and	
  	
  [	
  H	
  ,	
  QI	
  ]	
  =	
  0,	
  for	
  all	
  I,	
  J	
  =	
  1,	
  2,	
  3…	
  N.	
  

!  Lorentz	
  symmetry:	
  Spin(1,	
  d–1)	
  è	
  Spin(1,0)	
  =	
  Z2	
  (boson/fermion)	
  
!  No	
  rotations,	
  boosts,	
  component	
  Bield	
  mixing	
  

!  Full	
  Spin(1,	
  d–1)	
  etc.	
  may	
  be	
  reconstructed	
  afterwards	
  
!  …by	
  mixing	
  component	
  Bields,	
  dimension-­‐by-­‐dimension…	
  

!  (QI)2	
  =	
  i	
  d/dt,	
  for	
  each	
  I	
  =	
  1,	
  2,	
  3,	
  …,	
  N.	
  
!   In	
  supermultiplets,	
  (QI)2	
  ≈	
  1	
  (Bields	
  as	
  Taylor	
  series/towers)	
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Not Your Father’s Lie Algebra Representations!

Off-Shell Supermultiplets &  Classification!

!  But…	
  but…	
  irreps	
  of	
  Lie	
  algebras	
  are	
  well	
  known!	
  
!  As	
  well	
  as	
  super-­‐algebras	
  and	
  their	
  on-­‐shell	
  representations!	
  
!  But,	
  NOT	
  off-­‐shell	
  representations.	
  

!  Consider	
  Vj	
  :=	
  {	
  |j,m>,	
  |m|	
  ≤	
  j	
  }	
  —	
  eigenspace	
  of	
  J 2	
  in	
  su(2),	
  
!  …built	
  from	
  eigenspaces	
  of	
  J3,	
  mutually	
  commuting	
  generators.	
  

!  So,	
  in	
  {	
  QI	
  ,	
  QJ	
  }	
  =	
  2δIJ	
  H,	
  [	
  QI	
  ,	
  H	
  ]	
  =	
  0,	
  
!  The	
  generator	
  that	
  commutes	
  with	
  everyone	
  is	
  H	
  
!  …but,	
  eigenstates	
  of	
  H	
  satisfy	
  an	
  ODE,	
  ≈	
  EoM,	
  are	
  classical.	
  
!  We	
  could	
  Biber	
  them	
  over	
  the	
  energy-­‐momentum	
  space	
  
!  …(quantum/free	
  Bields	
  ≈	
  sheaves	
  of	
  classical	
  Bields)	
  
!  …representations	
  ≈	
  Biltered	
  Clifford	
  supermodules	
  

!  Happily,	
  there	
  is	
  a	
  more	
  user-­‐friendly	
  approach	
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Not Your Father’s Lie Algebra Representations!

Off-Shell Supermultiplets &  Classification!

!  For	
  the	
  Lie	
  algebra	
  congnoscenti:	
  
!  Standard:	
  Lie	
  algebra	
  =	
  {Hα,	
  Eα,	
  Eα+β,	
  …}	
  
!  [	
  Hα	
  ,	
  Eα	
  ]	
  =	
  α·Eα	
  	
  and	
  	
  [	
  Eα	
  ,	
  Eβ	
  ]	
  =	
  Nα+β·Eα+β	
  for	
  α	
  ≠	
  β	
  
!  [	
  H	
  ,	
  QI	
  ]	
  =	
  0·Eα	
  	
  and	
  	
  {	
  QI	
  ,	
  QJ	
  }	
  =	
  0·Q“I+J”	
  for	
  I	
  ≠	
  J	
  
!  [	
  Eα	
  ,	
  E–α	
  ]	
  =	
  2Hα	
  for	
  each	
  α,	
  	
  vs.	
  	
  {	
  QI	
  ,	
  QI	
  }	
  =	
  2H,	
  	
  for	
  all	
  I	
  =	
  1,2,3,…	
  

!  Supersymmetry	
  is	
  a	
  highly	
  degenerate	
  graded	
  algebra	
  
!  Just	
  in	
  case	
  you	
  are	
  not	
  yet	
  convinced:	
  

!  Write	
  [	
  Xa	
  ,	
  Xb	
  ]	
  =	
  i	
  fabc	
  Xc.	
  
!  The	
  Killing	
  metric	
  	
  gab	
  :=	
  –facd	
  fbdc	
  	
  
!  Write	
  H	
  =	
  X0,	
  and	
  QI	
  =	
  XI	
  ;	
  	
  	
  fIJ0	
  =	
  –2i	
  ≠	
  0,	
  —	
  all	
  other	
  fabc	
  =	
  0,	
  
!  …so	
  the	
  Killing	
  metric	
  is	
  identically	
  zero.	
  
!  Even	
  Tr[	
  Xa	
  Xb	
  ]	
  =	
  (…)H,	
  èODE,	
  ≈	
  EoM	
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The Adjoint/Fundamental Supermultiplets!

Pictures > 10,000 Equations!

!  Since,	
  {	
  QI	
  ,	
  QJ	
  }	
  =	
  2δIJ	
  H,	
  	
  avoid	
  (QI)2	
  and	
  use	
  
!  𝜙,	
  Q1(𝜙),	
  Q2(𝜙),	
  …	
  ,	
  Q1(Q2(𝜙)),	
  Q1(Q3(𝜙)),	
  …	
  Q1(Q2(…	
  QN(𝜙)))	
  
!  All	
  of	
  the	
  form	
  Qb(𝜙),	
  where	
  b	
  is	
  an	
  N-­‐digit	
  binary	
  number	
  
!  All	
  have	
  the	
  structure	
  (chromotopography)	
  of	
  an	
  N-­‐cube	
  

This useful distinctness is a generalization of the quality exemplified by the chiral and twisted-chiral
superfields in (1, 1)-dimensional spacetime and (2, 2)-supersymmetry [36]. The definition 4 however is at
once both more general and more subtle: The chiral and twisted-chiral supermultiplets have a distinct
dashed chromotopology [21]. For two supermultiplets to be usefully distinct, such a topological distinction
is a priori not necessary: Even if M2 = `

Q

(M1), M1 and M2 may nevertheless be usefully distinct
since it may not be possible to redefine {Q1, · · · , Q

N

} so as to turn M2 into M1 without simultaneously
transforming M1 into something else within a given action functional S[M1,M1].

It thus behooves to distinguish between equivalences that require Q-redefinition, and those that do not.

2.2 Various Hangings

All supermultiplets (1.10) represented by superfields (1.5) are adinkraic: the Adinkras of the five with the
lowest number of supercharges are:

N = 1
N = 2

N = 3

N = 4 N = 5

etc. (2.3)

The judicious choice of dashed edges ensures that every quadrangle contains edges of two alternating colors
and an odd number of dashed edges, reflecting the anticommutativity {Q

I

, Q
J

} = 0 for I 6= J .

This is (by far) not all: many adinkraic supermultiplets do not conform to the expansion (1.5):

N = 2
N = 3

. . .

N = 4

. . .

N > 4

. . . (2.4)

These Adinkras di↵er from those in the sequence (2.3) in that some (but not all!) nodes have a di↵erent
height assignment. Correspondingly, in these supermultiplets some (but not all) of the component fields
have an engineering dimension that does not conform to the expansion (1.5). In comparison, the Adinkras
and supermultiplets in the sequence (2.3) and the supermultiplets (1.5) are called extended .

It is evident that the number of Adinkras and adinkraic supermultiplets which do not conform to the
expansion (1.5)—and so are not maximally extended as those in the sequence (2.3) are—grows combina-
torially with N . As a simple illustration, consider:

N = 2:

N = 3:

(2.5)
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In case you were not convinced!

Pictures > 10,000 Equations!

!  Even	
  just	
  for	
  N	
  =	
  2:	
  

Q1� = i 1, Q2� = i 2,

Q1 1 =
.
�, Q2 1 = �F ,

Q1 2 = F , Q2 2 =
.
�,

Q1 F = i
.
 2, �

 1  2

F

Q2 F = �i
.
 1,

!  To	
  be	
  precise,	
  N·2N	
  equations	
  
!  …which	
  is	
  >10,000	
  when	
  N	
  >	
  10.	
  
!  …and	
  is	
  2,048	
  for	
  N	
  =	
  8	
  (double	
  supersymmetry	
  in	
  4d)	
  

!  No	
  need	
  to	
  write	
  them	
  all	
  out.	
  There	
  will	
  be	
  no	
  quiz.	
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!  By	
  comparison,	
  the	
  familiar	
  3	
  of	
  su(3)	
  would	
  have	
  3	
  nodes:	
  

Not Your Father’s Lie Algebra Representations!

Pictures > 10,000 Equations!

In	
  Supersymmetry 
QI†	
  =	
  QI	
  
(QI)2=	
  H	
  (same)	
  

raising	
  

degeneracy	
  

Cartan	
  

raising	
  =	
  lowering	
  

lowering	
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Pictures > 10,000 Equations!

!  Graphical	
  depiction	
  of	
  supersymmetry	
  transformations	
  
!  (just	
  as	
  many	
  other	
  methods	
  in	
  physics	
  and	
  mathematics)	
  

!  …has	
  been	
  done	
  
routinely,	
  and	
  all	
  
the	
  time	
  

!  However,	
  the	
  
practice	
  has	
  not	
  
been	
  formalized	
  
until	
  
	
  

Oh, by the way…!

Pietro	
  Fré:	
  Introduction	
  to	
  harmonic	
  expansions	
  on	
  coset	
  
manifolds	
  and	
  in	
  particular	
  on	
  coset	
  manifolds	
  with	
  Killing	
  

spinors,	
  in	
  Supersymmetry	
  and	
  supergravity	
  1984	
  (Trieste,	
  
1984),	
  p.	
  324–367,	
  (World	
  Sci.	
  Pub.,	
  Singapore,	
  1984).	
  	
  

	
  	
  	
  C.F.	
  Doran,	
  M.G.	
  Faux,	
  S.J.	
  Gates,	
  Jr.,	
  T.	
  Hübsch,	
  K.M.	
  Iga	
  and	
  G.D.	
  Landweber:	
  
	
  	
  On	
  Graph-­‐Theoretic	
  Identi4ications	
  of	
  Adinkras,	
  Supersymmetry	
  
	
  Representations	
  and	
  Super4ields,	
  Int.	
  J.	
  Mod.	
  Phys.	
  A22	
  (2007)	
  869–930,	
  
arXiv:math-ph/0512016.!
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Some Simple Examples: Adinkras!

Pictures > 10,000 Equations!

!  4d	
  spacetime	
  simple	
  supersymmetry:	
  N	
  =	
  4	
  
!  The	
  “vector”	
  superBield	
  
!  B4	
  Wess-­‐Zumino	
  gauge	
  
!  Real,	
  unconstrained,	
  unreduced,	
  
ungauged,	
  unrestricted,	
  
un………ed	
  =	
  “intact”	
  
supermultiplet	
  

!  What	
  can	
  we	
  do	
  with	
  it?	
  
!  Reduce	
  using	
  the	
  DI’s	
  
!  {	
  DI	
  ,	
  DJ	
  }	
  =	
  2	
  δIJ	
  H,	
  
[	
  H	
  ,	
  DI	
  ]	
  =	
  0,	
  

!  {	
  QI	
  ,	
  DJ	
  }	
  =	
  0.	
  
!  Write	
  DI-­‐equations	
  

!  …which	
  are	
  not	
  d/dt-­‐equations.	
  

This useful distinctness is a generalization of the quality exemplified by the chiral and twisted-chiral
superfields in (1, 1)-dimensional spacetime and (2, 2)-supersymmetry [36]. The definition 4 however is at
once both more general and more subtle: The chiral and twisted-chiral supermultiplets have a distinct
dashed chromotopology [21]. For two supermultiplets to be usefully distinct, such a topological distinction
is a priori not necessary: Even if M2 = `

Q

(M1), M1 and M2 may nevertheless be usefully distinct
since it may not be possible to redefine {Q1, · · · , Q

N

} so as to turn M2 into M1 without simultaneously
transforming M1 into something else within a given action functional S[M1,M1].

It thus behooves to distinguish between equivalences that require Q-redefinition, and those that do not.

2.2 Various Hangings

All supermultiplets (1.10) represented by superfields (1.5) are adinkraic: the Adinkras of the five with the
lowest number of supercharges are:

N = 1
N = 2

N = 3

N = 4 N = 5

etc. (2.3)

The judicious choice of dashed edges ensures that every quadrangle contains edges of two alternating colors
and an odd number of dashed edges, reflecting the anticommutativity {Q

I

, Q
J

} = 0 for I 6= J .

This is (by far) not all: many adinkraic supermultiplets do not conform to the expansion (1.5):

N = 2
N = 3

. . .

N = 4

. . .

N > 4

. . . (2.4)

These Adinkras di↵er from those in the sequence (2.3) in that some (but not all!) nodes have a di↵erent
height assignment. Correspondingly, in these supermultiplets some (but not all) of the component fields
have an engineering dimension that does not conform to the expansion (1.5). In comparison, the Adinkras
and supermultiplets in the sequence (2.3) and the supermultiplets (1.5) are called extended .

It is evident that the number of Adinkras and adinkraic supermultiplets which do not conform to the
expansion (1.5)—and so are not maximally extended as those in the sequence (2.3) are—grows combina-
torially with N . As a simple illustration, consider:

N = 2:

N = 3:

(2.5)

7
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Chromotopology and Chromotopography!

Pictures > 10,000 Equations!

!  For	
  example,	
  

This useful distinctness is a generalization of the quality exemplified by the chiral and twisted-chiral
superfields in (1, 1)-dimensional spacetime and (2, 2)-supersymmetry [36]. The definition 4 however is at
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N
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7

DeBine	
  quasi-­‐projectors	
  
PIJKL±	
  :=	
  DI	
  DJ	
  ±	
  ½	
  εIJKL	
  DK	
  DL	
  
(PIJKL±)2	
  =	
  H2·PIJKL±	
  
	
  
DeBine	
  S±	
  :=	
  {	
  PIJKL±(SM)	
  =	
  0	
  }	
  

S+	
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Chromotopology and Chromotopography!

Pictures > 10,000 Equations!

!  Example,	
  cont’d:	
  

S’+	
  

S’–	
  

S+	
  

chiral	
  

twisted	
  chiral	
  

F1 ! f2 :=
Z

dt F

1
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Projections and Their Binary Encryption!

Supersymmetry, Error-Correction & More!

!  What	
  about	
  more	
  supersymmetries?	
  
!  Impose	
  PIJKL±	
  :=	
  DI	
  DJ	
  ±	
  ½	
  εIJKL	
  DK	
  DL	
  for	
  some	
  Bixed	
  I,	
  J,	
  K,	
  L	
  
!  …these	
  are	
  quasi-­‐projectors	
  only	
  if	
  |{IJ…}|	
  =	
  0	
  (mod	
  4)	
  
!  …and	
  [	
  PIJKL±	
  ,	
  PMNPQ±	
  ]	
  ≈	
  0,	
  if	
  	
  |{IJKL}∩{MNPQ}|	
  =	
  0	
  (mod	
  2)	
  
!  Write	
  Db	
  :=	
  DIDJDKDL;	
  b	
  has	
  1’s	
  at	
  I,	
  J,	
  K,	
  L	
  positions,	
  “0”	
  otherwise	
  
!  E.g.:	
  [111100]	
  =	
  D1D2D3D4	
  ≈	
  P1234±,	
  [110011]	
  ≈	
  P1256±,	
  
!  …	
  [	
  P1234±	
  ,	
  P1256±	
  ]	
  =	
  H2·P3456±	
  ≈	
  0.	
  
!  That	
  is,	
  [111100]+[110011]	
  =	
  [221111]	
  ≈	
  [001111]	
  
!  Doubly	
  even	
  linear	
  block	
  code	
  d6:	
  error-­‐correcting	
  encryption	
  (?!)	
  
!  Classify	
  these	
  codes	
  =	
  classify	
  “minimal”	
  supermultiplets	
  
!  …up	
  to	
  𝜙	
  è(d𝜙/dt)	
  and	
  inverse	
  component	
  Bield	
  redeBinitions	
  

!  How	
  hard	
  could	
  that	
  be?	
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Projections and Their Binary Encryption!

Supersymmetry, Error-Correction & More!

!  Let’s	
  start:	
  

Note	
  the	
  
non-­‐uniqueness	
  
(&	
  non-­‐linearity)	
  
of	
  the	
  sub-­‐code	
  
embeddings.	
  

Algebraically	
  distinct	
  ways	
  
to	
  construct	
  the	
  same	
  supermultiplet	
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Projections and Their Binary Encryption!

Supersymmetry, Error-Correction & More!

!  For	
  N ≥ 8,	
  this	
  becomes	
  even	
  richer:	
  

The	
  (well-­‐known)	
  only	
  two	
  
even,	
  unimodular	
  lattices	
  

Lie algebras: SO(32) & E8×E8#
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Projections and Their Binary Encryption!

Supersymmetry, Error-Correction & More!

!  And	
  then	
  it	
  becomes	
  really,	
  Really,	
  REALLY	
  hard:	
  



18	



Projections and Their Binary Encryption!

Supersymmetry, Error-Correction & More!

!  So,	
  can	
  we	
  classify	
  these	
  codes?	
  
N = 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 

k 

1 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 

2 · · # # # # # # # # # # # # # # # # # # # # # # # # # # # 

3 · · · # # # # # # # # # # # # # # # # # # # # # # # # # # 

4 · · · · # # # # # # # # # # # # # # # # # # # # # # # # + 

5 · · · · · · · · # # # # # # # # # # # # # # # # # # # + + 

6 · · · · · · · · · · # # # # # # # # # # # # # # # # # + + 

7 · · · · · · · · · · · # # # # # # # # # # # # # # + + + + 

8 · · · · · · · · · · · · # # # # # # # # # # # # # + + + + 

9 · · · · · · · · · · · · · · · · # # # # # # # # + + + + + 

10 · · · · · · · · · · · · · · · · · · # # # # # # # + + + + 

11 · · · · · · · · · · · · · · · · · · · # # # # # # + + + + 

12 · · · · · · · · · · · · · · · · · · · · # # # # # # + + + 

13 · · · · · · · · · · · · · · · · · · · · · · · · # # # + + 

14 · · · · · · · · · · · · · · · · · · · · · · · · · · # # + 

15 · · · · · · · · · · · · · · · · · · · · · · · · · · · # # 

16 · · · · · · · · · · · · · · · · · · · · · · · · · · · · # 

E8 

E8×E8, E16 

9 codes#

85 codes#

1012 codes#

w/Robert	
  Miller	
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Constrained and Quotiented Supermultiplets!

Supersymmetry, Error-Correction & More!

!  More	
  generally,	
  
!  With	
  two	
  off-­‐shell	
  supermultiplets,	
  Db:	
  X	
  è	
  Y,	
  deBine:	
  
!  Kernel,	
  A	
  :=	
  {	
  X:	
  Db(X)	
  =	
  0	
  },	
  	
  (e.g.,	
  chiral	
  supermultiplet)	
  
! Cokernel,	
  B	
  :=	
  {	
  Y	
  (mod	
  Db(X))	
  },	
  	
  (e.g.,	
  vector	
  sm.	
  in	
  WZ	
  gauge)	
  

!  Already	
  for	
  N	
  =	
  3,	
  
!  This	
  deBines	
  new	
  (and	
  ever	
  bigger)	
  supermultiplets:	
  

one must additionally also compute the QI(YJK) transformations and perhaps a few of the
QI(⌥J

K
) transformations. This analysis is still simpler than computing the transformations de-

pending on the numerous and continuous `-coefficients from (18), and reaffirms the conclusion
that the gauge-quotient YI/(iDIX) does not decompose, and does includes one-way Q-action in
all gauge-choices.

3 An Indefinite Sequence of Representations

All by itself, the particular example (13)–(23) may be thought of as fairly unremarkable, and es-
pecially so from the point of view of any possible immediate physics application: (1) The number
(N =3) of worldline supersymmetries does not relate to supersymmetry in higher-dimensional
spacetimes other than some worldsheet models [25,26], and in particular cannot be extended
to the most interesting physics applications, in 1+3-dimensional (or larger) spacetime. (2) The
gauge-equivalence class YI/(iDIX) itself does not, to the best of our knowledge, appear in any of
the known physics models.

Nevertheless, the particular example (13)–(23) turns out to be the simplest in an indefinite
sequence of such ever larger gauge-equivalence quotients, and exhibits the properties discussed
above, which we now argue are completely generic for N � 3.

To this end, we must recall a completely general construction proposed in Ref. [2], and aided
by a concept precisely defined in appendix B of Ref. [7]:

Definition 3.1 A strict homomorphism of off-shell supermultiplets is a supersymmetry-

preserving linear map µ : M1 ! M2, such that the quotient M2/µ(M1) = cok(µ) is

also an off-shell supermultiplet.

The gauge-equivalence (13) indeed defines an off-shell supermultiplet, and has been obtained as
the quotient of the supermultiplet YI given in (11) and depicted in figure 1, by (the imbedding
of) the supermultiplet LI :

= (iDIX) given in (12) and depicted in figure 2. In this precise sense,
we identify

0

BB@ � �

1

CCA

,
= (26)

Reflecting the several steps in the procedure (14)–(21), level by level and starting from the lowest
one, the (3|4|1) nodes in the Adinkra to the right of the “/” are used to gauge away 3, then 4 and
finally one node from the direct sum of three (1|3|3|1)-Adinkras within the parentheses. The result
on the right-hand side of the equality then clearly has no node in the bottom level, and has its
(5|8|3) nodes start at the next-to-lowest level.

Iterations: The foregoing suggest how to continue the iteration: the next step is depicted as
0

BB@ � � � �

1

CCA

,
(27)

9

!  …depicts	
  (3	
  Y)/(DI	
  X)	
  =	
  a	
  new	
  (5|8|3)-­‐component	
  supermultiplet	
  
!  Would	
  you	
  have	
  preferred	
  the	
  3·(3·23)	
  =	
  72	
  equations?	
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Constrained and Quotiented Supermultiplets!

Supersymmetry, Error-Correction & More!

!  And,	
  an	
  N	
  =	
  4	
  (in	
  fact,	
  4d	
  simple)	
  supersymmetry	
  example:	
  
!  The	
  “complex	
  linear	
  supermultiplet/superBield”	
  [SJG.Jr,	
  JH,	
  TH	
  &	
  KS]:	
  

�1 ��3 ��2 �4

X24 X23 X21 =X43 =X41 =Y 41 =Y 43 Y21 Y23 Y24

⇣2 ⇣4 ⇣3 ⇣1
�⇢4 �⇢2 ⇢1 ⇢3

K L

Figure 2: A quasi-Adinkraic graphical depiction of the CLS.

Reduction: Table 4 and Figure 2 make it clear that the top-most component fields,

CLS
V

:= ( =X43, =X41, =Y 41, =Y 43 | �
I

), (3.19)

all by themselves properly close under supersymmetry, and so span a sub-representation, within

CLS. Furthermore, the sub-supermultiplet (3.19) is adinkraic and has the chromotopography 3 of

a trans-valise [17]. That is to say, it is possible (in principle) to consistently gauge away the

remaining lower components, (K,L | ⇣
I

,⇢
I

| X2J ,Y2J), leaving behind the supermultiplet (3.19)

as an analogue of the Wess-Zumino gauge-fixed “vector” supermultiplet [14,50]. Thereby, the CLS

is reduced , i.e., shown to contain smaller supermultiplets, although it did not decompose into their

direct sum.

Now, because of:

1. the previous conclusion that the top-level fermions, �
I

must not be mixed with (the @
⌧

-

derivatives of) the lower-level fermions, and

2. the fact that no row-operation in the rows with the Q-transformations of the component fields

X21,X23,X24,Y21,Y23,Y24 can eliminate the remaining binomials,

we conclude that the “other” component fields (K,L | ⇣
I

,⇢
I

| X2J ,Y2J) do not form a closed,

separate supermultiplet—unless we set

( =X41, =X43, =Y 41, =Y 43 | �
I

)
!
= (0, 0, 0, 0|0, 0, 0, 0), (3.20)

whereupon the remainder of CLS, CLS|CLS
V

=0, clearly decomposes into
⇣

T
x

:= (K | ⇣
I

| X21,X23,X24)
⌘

�

⇣

T
y

:= (L | ⇢
I

| Y21,Y23,Y24)
⌘

, (3.21)

which are also adinkraic, and are recognized as the worldline dimensional reduction of real linear

supermultiplets , with dimensions (1|4|3|0|0) each. Indeed, notice the F
µ⌫

-like structure of the D
I

-

transformations of ⇣
I

and ⇢
I

in Table 4.

3
Extending the definition of chromotopology [4], chromotopography denotes “chromotopology+height,” i.e.,

the chromotopology with the nodes drawn at the height proportional to the engineering dimension of the

corresponding component fields.

12

!  Bigger	
  supermultiplets	
  =	
  networks	
  of	
  Adinkras,	
  connected	
  by	
  
one-­‐way	
  (BRST-­‐like)	
  supersymmetry	
  transformations	
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Constrained and Quotiented Supermultiplets!

Supersymmetry, Error-Correction & More!

!  And,	
  an	
  N	
  =	
  4	
  (in	
  fact,	
  4d	
  simple)	
  supersymmetry	
  example:	
  
!  The	
  “complex	
  linear	
  supermultiplet/superBield”	
  [SJG.Jr,	
  JH,	
  TH	
  &	
  KS]:	
  

!  Bigger	
  supermultiplets	
  =	
  networks	
  of	
  Adinkras,	
  connected	
  by	
  
one-­‐way	
  (BRST-­‐like)	
  supersymmetry	
  transformations	
  

	
  

�1 ��3 ��2 �4

X24 X23 X21 =X43 =X41 =Y 41 =Y 43 Y21 Y23 Y24

⇣2 ⇣4 ⇣3 ⇣1
�⇢4 �⇢2 ⇢1 ⇢3

K L

Figure 2: A quasi-Adinkraic graphical depiction of the CLS.

Reduction: Table ?? and Figure ?? make it clear that the top-most component fields,

CLS
V

:= ( =X43, =X41, =Y 41, =Y 43 | �
I

), (3.19)

all by themselves properly close under supersymmetry, and so span a sub-representation, within

CLS. Furthermore, the sub-supermultiplet (??) is adinkraic and has the chromotopography 3 of a

trans-valise [?]. That is to say, it is possible (in principle) to consistently gauge away the remaining

lower components, (K,L | ⇣
I

,⇢
I

| X2J ,Y2J), leaving behind the supermultiplet (??) as an analogue

of the Wess-Zumino gauge-fixed “vector” supermultiplet [?,?]. Thereby, the CLS is reduced , i.e.,

shown to contain smaller supermultiplets, although it did not decompose into their direct sum.

Now, because of:

1. the previous conclusion that the top-level fermions, �
I

must not be mixed with (the @
⌧

-

derivatives of) the lower-level fermions, and

2. the fact that no row-operation in the rows with the Q-transformations of the component fields

X21,X23,X24,Y21,Y23,Y24 can eliminate the remaining binomials,

we conclude that the “other” component fields (K,L | ⇣
I

,⇢
I

| X2J ,Y2J) do not form a closed,

separate supermultiplet—unless we set

( =X41, =X43, =Y 41, =Y 43 | �
I

)
!
= (0, 0, 0, 0|0, 0, 0, 0), (3.20)

whereupon the remainder of CLS, CLS|CLS
V

=0, clearly decomposes into
⇣

T
x

:= (K | ⇣
I

| X21,X23,X24)
⌘

�

⇣

T
y

:= (L | ⇢
I

| Y21,Y23,Y24)
⌘

, (3.21)

which are also adinkraic, and are recognized as the worldline dimensional reduction of real linear

supermultiplets , with dimensions (1|4|3|0|0) each. Indeed, notice the F
µ⌫

-like structure of the D
I

-

transformations of ⇣
I

and ⇢
I

in Table ??.

3
Extending the definition of chromotopology [?], chromotopography denotes “chromotopology+height,”

i.e., the chromotopology with the nodes drawn at the height proportional to the engineering dimension

of the corresponding component fields.

12
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…and ∞ Many Other Supermultiplets!

Supersymmetry, Error-Correction & More!

!  Weyl	
  Construction	
  
!  Lie	
  algebras:	
  	
  R1	
  ⊗	
  R2	
  =	
  R3	
  ⊕	
  R4	
  ⊕	
  …	
  ⊕	
  Rk	
  	
  and	
  	
  	
  R1	
  ⊕	
  R2	
  	
  unique.	
  
!  Not	
  so	
  in	
  supersymmetry:	
  

one must additionally also compute the QI(YJK) transformations and perhaps a few of the
QI(⌥J

K
) transformations. This analysis is still simpler than computing the transformations de-

pending on the numerous and continuous `-coefficients from (18), and reaffirms the conclusion
that the gauge-quotient YI/(iDIX) does not decompose, and does includes one-way Q-action in
all gauge-choices.

3 An Indefinite Sequence of Representations

All by itself, the particular example (13)–(23) may be thought of as fairly unremarkable, and es-
pecially so from the point of view of any possible immediate physics application: (1) The number
(N =3) of worldline supersymmetries does not relate to supersymmetry in higher-dimensional
spacetimes other than some worldsheet models [25,26], and in particular cannot be extended
to the most interesting physics applications, in 1+3-dimensional (or larger) spacetime. (2) The
gauge-equivalence class YI/(iDIX) itself does not, to the best of our knowledge, appear in any of
the known physics models.

Nevertheless, the particular example (13)–(23) turns out to be the simplest in an indefinite
sequence of such ever larger gauge-equivalence quotients, and exhibits the properties discussed
above, which we now argue are completely generic for N � 3.

To this end, we must recall a completely general construction proposed in Ref. [2], and aided
by a concept precisely defined in appendix B of Ref. [7]:

Definition 3.1 A strict homomorphism of off-shell supermultiplets is a supersymmetry-

preserving linear map µ : M1 ! M2, such that the quotient M2/µ(M1) = cok(µ) is

also an off-shell supermultiplet.

The gauge-equivalence (13) indeed defines an off-shell supermultiplet, and has been obtained as
the quotient of the supermultiplet YI given in (11) and depicted in figure 1, by (the imbedding
of) the supermultiplet LI :

= (iDIX) given in (12) and depicted in figure 2. In this precise sense,
we identify

0

BB@ � �

1

CCA

,
= (26)

Reflecting the several steps in the procedure (14)–(21), level by level and starting from the lowest
one, the (3|4|1) nodes in the Adinkra to the right of the “/” are used to gauge away 3, then 4 and
finally one node from the direct sum of three (1|3|3|1)-Adinkras within the parentheses. The result
on the right-hand side of the equality then clearly has no node in the bottom level, and has its
(5|8|3) nodes start at the next-to-lowest level.

Iterations: The foregoing suggest how to continue the iteration: the next step is depicted as
0

BB@ � � � �

1

CCA

,
(27)

9

As the sign/parity of both arrows in the lower half of the Adinkra (2.2a)–(2.2d) is the same,

the diagonal Q = Q0 + Q00, unambiguously selects the ( 0�00 + �0 00) linear combination for (2.5).

Although the opposite sign/parity of the arrows in the upper half of the Adinkra (2.2a)–(2.2d) would

seem to suggests the ( 0�00
� �0 00) linear combination for (2.6), no metric enters the construction

so far to define an orthogonal complement, and the normal (transversal) complement of (2.6)

within (2.4) turns out to be a 1-parameter equivalence class.

To see this, note that the real top-engineering-dimensional product of component fields, i 0 00,

is not the top-engineering-dimensional component of any actual product supermultiplet: it does

not transform into a total ⌧ -derivative! Instead, it is

(2i 0 00
� �0$@⌧�

00) + ↵ @⌧ (�
0�00) , ↵ 2 R , (2.7)

that is a “top component” by virtue of transforming into a total ⌧ -derivative. The generator

of the 1-parameter equivalence class for this top product component field appears to be trivial,

being a total ⌧ -derivative. It is however not the top component of the total ⌧ -derivative of any

product supermultiplet, and this makes it non-trivial. In fact, the above easily provides for the

manifest 1-parameter family of decompositions of “the product of supermultiplets (2.2) into a sum

of supermultiplets”, of the type (2.5) and (2.6):



 0

�0

�

⌦



 00

�00

�

>==


( 0�00+�0 00)

(�0�00)

�

�

("

(2i 0 00
��0$@⌧�00)

( 0�00
��0 00)

#

+↵



@⌧ (�0�00)

( 0�00+�0 00)

�

)

, (2.8)

where ↵ = ±1 provides two specially simple but unsymmetric choices, and ↵ = 0 the antisymmetric

choice for the second term; we will write simply “mod[ ······ ]” for the ambiguity in the second term.

Notice in particular that the component fields of the first (lower-dimensional) summand on

the right-hand side are “canonical”. However, the second (higher-dimensional) summand is defined

only up to the addition of the vertex-raise [12] of the first summand. This is easily represented in

terms of Adinkras:

⌦ >== + �

(

�

2i + �

mod
+

)

raising the lowest product node, (�0�00) 7! @⌧ (�0�00)

(2.9)

As detailed in Ref. [12], all such supermultiplets are representable in terms of Salam-Strathdee

superfields. The N = 1 case is however unique in directly identifying the IsoScalar and IsoSpinor

supermultiplets (2.1) with appropriate usual Salam-Strathdee superfields. Introducing two ‘scalar’

superfields �0 and �00, it is straightforward to show 3 that (2.9) corresponds to the identity:

�0
⌦ �00 >== (�0�00) �

�⇥

(iD�0)�00
� �0(iD�00)

⇤

mod
⇥

iD(�0�00)
⇤ 

. (2.10)

In Eq. (2.8), the rows in each stack were positioned to reflect the engineering dimensions of the

component fields in each (1|1)-supermultiplet, just as the height of the nodes in (2.9) does.

3
Up to an overall sign, the superderivative, D, is the unique N=1 operator that satisfies {Q,D} = 0 =

[@⌧ , D] and {D,D} = �2i@⌧ . We also use the component projections: �| = � and (D�) = �i .

5

The	
  parametrization	
  is	
  this	
  simple	
  
only	
  in	
  the	
  simplest,	
  N	
  =	
  1	
  case	
  

!  Thus,	
  Y1	
  ⊕	
  Y2	
  ⊕	
  Y3	
  	
  reduces	
  also	
  differently;	
  it	
  is	
  not	
  unique.	
  
!  In	
  turn,	
  already	
  for	
  N	
  =	
  1,	
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…and ∞ Many Other Supermultiplets!

Supersymmetry, Error-Correction & More!

!  Weyl-­‐esque	
  Construction:	
  
!  Form	
  	
  Y1	
  ⊕	
  Y2,	
  and	
  reduce	
  as	
  Db-­‐constraining/gauging	
  [GK	
  &	
  TH]:	
  

Lie algebra irrreps
(Weyl construction)

Off-shell supermultiplets

Starting object(s)
and their depiction

fundamental irrep (⇤ ) Adinkras ( & & · · · )

Combining operator ⌦ �

Reduction methods Young symmetrization,
traces w/inv. tensors

Construction 3.1: ker(µ) and
cok(µ) of supersymmetric maps

Resulting objects
and their depiction

arbitrarily large irreps,
& their Young tableaux
(1-quadrant graphs)

networks of otherwise proper
Adinkras, connected by
one-way Q-action edges

Table 3: The conceptual relation between boxes and Young tableaux depicting irreducible represen-
tations of classic Lie algebras, vs. Adinkras and their connected networks used herein to depict inde-
composable off-sell representations of N -extended worldline supersymmetry without central charges.

While figure 3 provides but the simplest such example, the sequence (29) provides an indefinite
sequence of ever larger such examples.

As shown in (32)–(34), the supermultiplet depicted in figure 3 does reduce: one “half” of it
may be isolated by constraining (32), the other “half” by gauging (34), but the supermultiplet
cannot be decomposed into a direct sum of two independent supermultiplets. We expect such
reductions in larger supermultiplets of this kind, such as (27), to also be possible, but be more
and more complicated.

Finally, on dimensional grounds, a Lagrangian for the supermultiplet depicted in figure 3 and
using the basis (23) may be written in the form

L = Ak`,IJ
.

=Y kI

.
=Y `J + Ak`,I

.
=Y kI =Y` + Ak`

IJ

.
=
⌥k

I =
⌥`

J
+ Ak`

=Yk =Y`

+Bk`,IJ
=YkI

.
=Y `J +Bk`,I

=YkI =Y` +Bk`
IJ

=
⌥k

I =
⌥`

J
+ Ck`,IJ

=YkI =Y`J + Dk
=Yk.

(36)

The A,- B- and C-coefficients are determined by requiring that ✏IQI(L) = ✏I
.
KI , where KI are

some functional expressions of the component fields (23). Their concrete choice and interpre-
tation in any particular model is however outside our present scope. In turn, the D-coefficients
remain arbitrary since QI(=Yk) are all total ⌧ -derivatives; see (21).

A Three Supermultiplets

The Bosonic Intact Supermultiplet: The component fields of this (1|3)-superfield, X, are defined by
means of superderivative projections [18,22]

x :
= X|, ⇠I :

= iDIX|, (37a)

XI :
=

i
2!"

IJK
D[JDK]X|, ⌅

:
= � 1

3!"
IJK

D[IDJDK]X|, (37b)

where ‘|’ indicates projection to the (bosonic) worldline subspace of the (1|3)-superspace, i.e., set-
ting the (fermionic) superspace coordinates ✓I to zero and the numerical coefficients are chosen

14

!  IndeBinite,	
  but	
  unlike	
  Lie	
  algebras,	
  no	
  proof	
  of	
  completeness	
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