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general superalgebras

Who & When Invented Supersymmetry
Gel’fand & Likhtman, in 1972

What Symmetry Is …and Isn’t

Where? Everywhere. Really.

Why? It’s Necessary: sine qua non

How Supersymmetry Works & is Studied

Supersymmetry: W5H
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What Supersymmetry Is

The building blocks of Nature:

Fermions: quarks, electrons, neutrinos
• spin !, Fermi-Dirac statistics (Pauli exclusion)

Bosons: !, (W±, Z0), gluons, and gravitons
• spin 1, and 2; Bose-Einstein statistics (condensation)

Unification (e.g.): (W±, !+Z0) = ElectroWeak force,
and (quarks+leptons) in “families” (1980 Nobel)

EW + Strong Nuclear = Grand Unified Theory (?)

… and gravity? 

4

… needs strings.
Even so, quantum-mechanically unstable…

Unless these are unified too.
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Where Supersymmetry Shows Up
High-energy physics (theoretical), of course…

Nuclei are composites of protons and neutrons:

both p+ and n0 are spin-! fermions;
nuclei with an even total number of these = bosons;
nuclei with an odd total number of these = fermions;

! “adjacent” isotope transmutation = supersymmetry!

Atoms are composites of p+, n0 and electrons:
electrons (e–) are spin-! fermions;
atoms with an even (odd) total number of 
ingredients (p+, n0, e–) are bosons (fermions);

! single e– ionization = supersymmetry!

Molecules are composites of fermionic & bosonic atoms…

5
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Why Supersymmetry Is Necessary 
Even in a free field theory, vacuum is divergent:

Renormalization helps……except for gravity.

Quantum-ness of Nature stabilizes atoms,
and unifies particles and waves.

Relativity unifies space & time, energy & momentum,
electric & magnetic fields, gravitation & acceleration, …

Strings unify gravity, all other interactions and matter!

Supersymmetry stabilizes the vacuum,
and unifies bosons and fermions.

6

Evacuum =
∑

m

(
1
2!ωm

)
. Diverges!!
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The generator of 
supersymmetry!

Supersymmetry

How Supersymmetry Operates?

Consider the linear harmonic oscillator:

7

Ĥ = !ω
[
â†(t)â(t) + 1

2

]

[
â  (t) , â(t)

]
= 1

bosonic

1 =
{

b̂†(t) , b̂(t)
}

.

+ ! ω′[ b̂†(t)b̂(t)− 1
2

]
fermionic

Evacuum = 1
2!(ω − ω′)

ω′→ω
−−−−→ 0 .…where

Also,
[
Q , Ĥ

]
= !(ω − ω′)

(
b̂  (t)â(t)− â  (t)b̂(t)

) ω′→ω
−−−−→ 0 ,

Q := b̂†(t)â(t) + â†(t)b̂(t) .with
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How to Study Supersymmetry?

Supermultiplets are representable graphically
(to simplify, reduce spacetime to time only):

This shows simple N = 1 supersymmetry, pairing a 
boson (white circle) with a fermion (black circle).

For N = 2, this generalizes into

8

δQ φ = i ε ψ

δQ ψ = ε φ̇

}

⇔ ,

δQ β = εI BI ,

δQ BI = i εIJ εJ ϕ + i δIJ εJ úβ ,

δQ ϕ = −εIJ εI úBJ ,





⇔ .

Adinkra
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Classification:

E.g., for N = 2 :

9
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. .

where the orange arrow represents a differential 
operation representable as “node raising”.

The Main Sequence
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Classification

For N " 3, this quickly becomes horrendous:

10

…cont’d

Figure 4: The main sequence of N = 3 Adinkras, generated by the vertex-raising, starting from

left. All eight vertices were treated as distinguishable, but no labeling was added, to prevent clutter.
The gray, boxed Adinkras in the right-hand lower part begin repeating the sequence.

Furthermore, just as in the N = 2 main sequence (6.76), here too we see that both the SO(3)-

equivariant and the general main sequence have a spindly shape, and both are invariant with
respect to a mirror-reflection of sorts, where the kth Adinkra from the left has a counterpart in a
corresponding kth Adinkra from the right. Such two Adinkras are each other’s up-down reflection,

up to the slant in the diagrams in (6.78) and Fig. 4, provided so as to suggest a fake perspective
to the diagrams. This mirror-reflection is reminiscent of Hodge duality; in particular, the pair of

Adinkras in the middle of the sequence (6.78) is such a mirror-pair.

In general, insisting on SO(N) equivariance precludes vertex-raising and lowering of individual
vertices from within an n-tuplet of vertices corresponding to n component fields that span an

irreducible n-dimensional representation of SO(N). Thus, for example, the Adinkras with (2|4|2)
vertices appearing in the 3rd column from the left in Fig. 4 cannot occur in the SO(3)-equivariant

main sequence (6.78). This divides families of a topology into equivariant genera. Reducing the
equivariance group to 1l brings us back to the whole family: “1l-equivariant genera” of Adinkras are

families of Adinkras.

6.6.2 Superderivative Solutions for N = 3

Unlike the N = 2 case, an explicit construction for the proof of the N > 2 analogue of proposition 9
turns out not to be generated by a finite list of superderivative matrices, and we discuss this briefly,

below. However, we do provide a generalization of proposition 10, for each N and each family of
Adinkras with the same topology, if at least one Adinkra has an identified, corresponding superfield.

37
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Classification

For N = 4, something funny happens.

There exist Adinkras with two distinct topologies:

…and, B242 # F14641/[1111] ,

where [1111]  encodes Q1
1Q2

1Q3
1Q4

1 ! !"
2,

For N " 4, [b1,É, bN]: doubly-even binary code .

11

…cont’d

F14641 B242
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Doubly-Even Binary Codes

[N,k]: k length-N, binary vectors vi = [b1,É, bN] with
Hamming weight = 4n (i.e., 4n ‘1’s in every vi)
Relative angle: (v1"v2) = 2n

2-error detecting, 1-error correcting codes
The N ! k matrix encodes, its (left) inverse decodes

Every [N,k]-code is a subcode of a [N,#(N)]-code.

For N " 8, subcode chains are no longer unique/linear.

So, classify maximal codes, then sub-code webs.
12

κ(N) :=






0 for 0 ≤ N < 4;
⌊ (N−4)2

4

⌋
+ 1 for N = 4, 5, 6, 7;

κ(N−8) + 4 for N > 7, recursively.

with Robert Miller
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Doubly-Even Binary Codes

The first eight maximal DEB codes:

…and the sub-codes:

13

I1 I2 I3 D4 I1×D4 D6 E7 E8

1111 0 1111 00 1111
11 1100

000 1111
011 1100
101 0101

0000 1111
0011 1100
1111 0000
0101 0101

The non-
uniqueness 
(non-linearity) 
of the sub-code 
embeddings.

…cont’d

COD ES, GRA PHS AN D SUPERSYMMETR Y 13

N
1 2 3 4 5 6 7 8

I1

(1;1)
I2

(2;2)
I3

(4;4)
I4

(8;8)
I5

(16;16)
I6

(32;32)
I7

(64;64)
I8

(128;128)

D4

(4;4)
I1×D4

(8;8)
I2×D4

(16;16)
I3×D4

(32;32)
I4×D4

(64;64)
A8

(64;64)

D6

(8;8)
I1×D6

(16;16)
D4×D4

(32;32)
I2×D6

(32;32)

E7

(8;8)
D8

(16;16)
I1×E7

(16;16)

E8

(8;8)

I8

!!" ##$
I4×D4 A8

% &&' %
D4×D4 I2×D6

% &
&&' %

I1×E7D8

##$ !!"
E8

Table 1: The ‘fundamental’ indecomposable (1|N)-supermultiplet families for 1 ≤
N ≤ 8, indicated by their Adinkra topology label and the number of bosons and
fermions. To the right is the pattern of quotient iterations for N = 8, the lowest
case where this is not linear.

indecomposable representations with which to construct other ones is increasingly
larger as N grows8.

For example, let X be a (1|4)-supermultiplet with the D4 topology, and Y the
direct sum of two (1|4)-supermultiplets with the I4 topology. Using the hanging
garden theorem of Ref. [1], the bosons and the fermions may be redefined so that,
in order of increasing engineering dimension, their numbers are: (2; 4; 2) for X, and
(2; 8; 12; 8; 2) for Y . It is now possible to define the (1|4)-supermultiplet Y /X with
(0; 4; 10; 8; 2) independent component fields, having gauged away the lowest (2; 4; 2)
component fields of Y by X. This is the cokernel of a supersymmetry-preserving
map X → Y .

Alternatively, we may shift the engineering dimensions of X, so its top com-
ponent is on par with the top component of Y ; denote this X ′. We may then
constrain Y to the kernel of a supersymmetry-preserving map Y →X ′, which has
(2; 8; 10; 4; 0) independent component fields. This in fact fits the usual definition of
a complex-linear superfield from (4|1)-supersymmetry, where the map is provided
by the quadratic superderivative D̄ úαD̄ úα: a complex-linear supermultiplet Ψ ⊂ Y
is defined to satisfy D̄ úαD̄ úαΨ = 0, this being the kernel of D̄ úαD̄ úαY →X ′.

Quite clearly, this provides for a recursive explosion of (1|N)-representations,
foreshadowed in Ref. [1], which presents a semi-infinite sequence of such, ever-larger
representations of the lowest non-trivial (1|3)-supersymmetry.

8By sharp contrast, Lie algebras have a finite number of ‘fundamental’ representations fixed
per type: for all n, An has the complex (n+1)-vector and its conjugate, Bn the (pseudo-)real 2n-
spinor, Cn the pseudo-real 2n-vector, Dn the two 2n! 1-spinors, and G2 , F4 , E6 , E7 and E8 their
7,- 26,- 27,- 56- and 248-dimensional representations. All other representations are obtained from
these as (iterated) kernels and cokernels of maps between tensor products of these ‘fundamental’
representations.

with Robert Miller
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Doubly-Even Binary Codes

The next maximal DEB codes, 8 < N $ 14:

…and N = 15, 16:

14

The (well-known) only two 
even, unimodular lattices

…cont’d

N = 9

E8×I1

N = 10

E8×I2

D10

N = 11

E8×I3

D10×I1

D4×E7

N = 12

E8×D4

D12

N = 13

E8×D4×I1

D12×I1

D6×E7

E13

N = 14

E8×D6

D14

E7×E7

E14

with Robert Miller

N = 9 N = 10 N = 11 N = 12 N = 13 N = 14

I1×E8

0 00001111
0 00111100
0 11110000
0 01010101

I2×E8

00 00001111
00 00111100
00 11110000
00 01010101

I3×E8

000 00001111
000 00111100
000 11110000
000 01010101

D4×E8

0000 00001111
0000 00111100
0000 11110000
0000 01010101
1111 00000000

I1×D4×E8

00000 00001111
00000 00111100
00000 11110000
00000 01010101
01111 00000000

D6×E8

000000 00001111
000000 00111100
000000 11110000
000000 01010101
001111 00000000
111100 00000000

D10

0000001111
0000111100
0011110000
1111000000

I1×D10

0 0000001111
0 0000111100
0 0011110000
0 1111000000

D12

000000001111
000000111100
000011110000
001111000000
111100000000

I1×D12

0 000000001111
0 000000111100
0 000011110000
0 001111000000
0 111100000000

D14

00000000001111
00000000111100
00000011110000
00001111000000
00111100000000
11110000000000

E7×D4

0000000 1111
0001111 0000
0111100 0000
1010101 0000

E7×D6

0000000 001111
0000000 111100
0001111 000000
0111100 000000
1010101 000000

E7×E7

0000000 0001111
0000000 0111100
0000000 1010101
0011110 0000000
1111000 0000000
1010101 0000000

E13

0000000001111
0000000111100
0000011110000
0001111000000
1110101010101

E14

00000000001111
00000000111100
00000011110000
00001111000000
00111100000000
11010101010101

Table 2 : The code-bases corresponding to the graphs (31), headed with the names of the corre-

sponding Cliffordinkras.

Finally, for N = 15, 16, we find:

N = 15

E8×E7

E15

N = 16

E8×E8

E16

(32)

which correspond to the codes in Table 3.

N = 15 N = 16

E7×E8

0000000 00001111
0000000 00111100
0000000 11110000
0000000 01010101
0001111 00000000
0111100 00000000
1010101 00000000

E15

000000000001111
000000000111100
000000011110000
000001111000000
000111100000000
011110000000000
101010101010101

E8×E8

00000000 00001111
00000000 00111100
00000000 11110000
00000000 01010101
00001111 00000000
00111100 00000000
11110000 00000000
01010101 00000000

D16

0000000000001111
0000000000111100
0000000011110000
0000001111000000
0000111100000000
0011110000000000
1111000000000000
1010101010101010

Table 3 : The code-bases corresponding to the graphs (32), headed with the names of the corre-

sponding Cliffordinkras.

15
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N  = 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

k

1 # # # # # # # # # # # # # # # # # # # # # # # # # # # # #

2 " " # # # # # # # # # # # # # # # # # # # # # # # # # # #

3 " " " # # # # # # # # # # # # # # # # # # # # # # # # # #

4 " " " " # # # # # # # # # # # # # # # # # # # # # # # # +

5 " " " " " " " " # # # # # # # # # # # # # # # # # # + + +

6 " " " " " " " " " " # # # # # # # # # # # # # # # + + + +

7 " " " " " " " " " " " # # # # # # # # # # # # # + + + + +

8 " " " " " " " " " " " " # # # # # # # # # # # # + + + + +

9 " " " " " " " " " " " " " " " " # # # # # # # # + + + + +

10 " " " " " " " " " " " " " " " " " " # # # # # # + + + + +

11 " " " " " " " " " " " " " " " " " " " # # # # # # # + + +

12 " " " " " " " " " " " " " " " " " " " " # # # # # # + + +

13 " " " " " " " " " " " " " " " " " " " " " " " " # # # + +

14 " " " " " " " " " " " " " " " " " " " " " " " " " " # # +

15 " " " " " " " " " " " " " " " " " " " " " " " " " " " # #

16 " " " " " " " " " " " " " " " " " " " " " " " " " " " " #

Doubly-Even Binary Codes

The list of DEB codes obtained so far:
!

15

…cont’d
with Robert Miller

…and computing, and computing, and computing…

E8

E8!E8, E16

9 codes
85 codes

1010Ð11 codes

May take on the order of 12 CPU-years. Recently, Ohio Supercomputing Center has granted us access, which may let 

us complete the listing of all N $ 32 DEB codes in O(months)! For now, see http://www.rlmiller.org/de_codes/ .

15
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Doubly-Even Binary Codes

The plot of DEB codes obtained (using distributed 
computing) so far:

16

…cont’d
with Robert Miller

5

10

15

10

20
30

0

5

10

Number
of DEB
codes

in
powers
of 10

k

N

κ(N) :=

New codes being computed…

Mt. Adinkra

Peak (under)estimated,
probably by (10Ð100) !
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two

Back to Supermultiplets

Every DEB code defines an Adinkra chromotopology:

Every chromotopology admits one or 
more dashings:

17

…counted by cubical cohomology.

one
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Back to Supermultiplets

Every dashed chromotopology has several “hangings”:

…and similarly for O(1012) Adinkra chromotopologies!

18

…gettin’ there

!

A worldline
self-dual superfield:

D[IDJ]! = !εIJ 
KLD[KDL]!.

Worldline shadow
of the 4d, N=1 “chiral”
superfield, D"# = 0.

– .

18



Back to Supermultiplets

Adinkras correspond to supermultiplets:

19

…gettin’ there

but corresponds to a supermultiplet in which the top component field of U is now the lowest;

this happens for all even N . There are only four distinct Adinkras in this main sequence since

the time-derivative distinctions are irrelevant for considering the supersymmetry action on these

supermultiplets; these distinctions however trace the way these supermultiplets are generated in this

sequence. Furthermore, every Adinkra generated further to the right is the overall time-derivative

of another that is already in the main sequence.

On the other hand, note that enforcing strict SO(2) equivariance means that the middle pair

would have to be skipped, since the two fermionic, black vertices in the second Adinkra must be

raised jointly in an SO(2)-equivariant setting, thus producing the penultimate Adinkra directly. The

so generated 3-term SO(2)-equivariant main sequence then does not include the omitted Adinkra

of the pair in the middle of (8.20). Starting with the superfield B in place of U, one can construct

an analogous 3-term complementary SO(2)-equivariant main sequence, which however then would

omit the Adinkra corresponding to U.

Finally, it is the sequence (8.20) to which the foregoing discussion of superderivative super-

fields corresponds, and without further ado, we just replace the corresponding Adinkras with the

superderivative superfields in terms of U:

U F̃I =

(DIU)

(D1U)

(D2U) ÃI =

(DID1U)
or

(DID2U)

(D1D2U)

(∂! U)

(8.21)

A comparison of the sequences (8.20) and (8.21) then proves:

Proposition 8.3 The cyclic sequence (8.21) is the superderivative-superfield rendition, in the N =

2 case, of the Vertex Raising Theorems (Theorem 5.1 and corollaries 5.2 and 5.4); the implied

identifications are listed in Table 1.

Adinkra Superderivatives Adinkra Superderivatives

U (DIU)

either (D1U) or (D2U) either (DID1U) or (DID2U)

Table 1: A listing of the Adinkras that appear in the general N = 2 main sequence and their

corresponding superderivative superfields, in terms of an unconstrained, scalar superfields, U. Here,

I = 1, 2, so that (DIU) denotes the pair of superderivative superfields.

47
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Back to Supermultiplets

Adinkras correspond to supermultiplets:

19

…gettin’ there

8.4.2 Superderivative Solutions for N = 3

Unlike the N = 2 case, an explicit construction for the proof of the N > 2 analogue of Proposition 8.2

turns out not to be generated by a finite list of superderivative matrices, and we discuss this briefly,

below. However, we do provide a generalization of Proposition 8.3, for each N and each family of

Adinkras with the same topology, if at least one Adinkra has an identified, corresponding superfield.

Straightforward iteration of the foregoing constructions in this section proves, as a direct gen-

eralization of proposition 8.3:

Proposition 8.4 To the main SO(3)-equivariant main sequence of Adinkras (8.22), there corre-

sponds an analogous sequence of superderivative superfields, listed in table 2.

Remark 8.2: The diligent Reader should have no difficulty ascertaining the same pairings for

the much larger family depicted in Fig. 4. The SO(3)-equivariant sequence (8.22) is, of course,

Adinkra Superderivatives Adinkra Superderivatives

U (DIU)

(D[IDJ ]U, ∂τU) (D[IDJ ]U)

(D[1D2D3]U, ∂τU) (D[1D2D3]U, ∂τDIU)

(D[1D2D3]U, ∂2
τ U) (D[1D2D3]U)

Table 2: A listing of the Adinkras that appear in the SO(3)-equivariant main sequence, their

corresponding superderivative superfields , in terms of an unconstrained, scalar superfields, U. Here,

I, J, K = 1, 2, 3, so (DIU) denotes the triple of superderivative superfields.

embedded in the general main sequence in Fig. 4, and a list of superfield constructions analogous

to those in Table 2 is easy to reconstruct for all the Adinkras therein along the lines described in

Theorem 7.6.

8.4.3 The Semi-inÞniteSequenceof SuperÞelds

The construction of the superfield sequence corresponding to (8.3) and the sequence (8.9) was

fairly straightforward. For N = 2, the sequence (8.9) encodes all the relationships between the:

(a) superderivative superfields, (b) the super-constraints that they satisfy, and (c) the dual super-

equivalence classes. The construction of the N > 2 analogue of the sequence (8.9), and so the

determination of this data, becomes increasingly more complex with N growing.

50
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Back to Supermultiplets

“An Adinkra is worth ten thousand equations.”

20

…gettin’ there

1 2 3 4 5 6

7 8

1 2 3 4 5 6 7 8

1 2 3 4 5 6

7 8

1 2 3 4 5 6 7 8

A Counter-Example to a Putative Classification of Supermultiplets 9

while the deletion of the edges of any other one color turns (3) into (1), in
both cases up to some re-coloring and parity, i.e., dashedness changes of the
edges.

A Supersymmetry Transformation Rules

For the benefit of the Reader familiar with the standard component field nota-
tion, we read off the supersymmetry transformation rules from the Adinkra (1):

δQ(ε) φ1 = −ε1ψ1 + ε2ψ2 + ε3ψ3 + ε4ψ4 + ε5ψ6 , (5)

δQ(ε) φ2 = −ε1ψ4 + ε2ψ3 − ε3ψ2 − ε4ψ1 + ε5ψ7 , (6)

δQ(ε) φ3 = +ε1ψ3 + ε2ψ4 + ε3ψ1 − ε4ψ2 + ε5ψ8 , (7)

δQ(ε) φ4 = −ε1ψ6 + ε2ψ5 + ε3ψ8 − ε4ψ7 − ε5ψ1 , (8)

δQ(ε) φ5 = +ε1ψ5 + ε2ψ6 − ε3ψ7 − ε4ψ8 − ε5ψ2 , (9)

δQ(ε) φ6 = +ε1ψ8 + ε2ψ7 + ε3ψ6 + ε4ψ5 − ε5ψ3 , (10)

δQ(ε) ψ1 = −iε1φ̇1 + iε2F7 + iε3φ̇3 − iε4φ̇2 − iε5φ̇4 , (11)

δQ(ε) ψ2 = +iε1F7 + iε2φ̇1 − iε3φ̇2 − iε4φ̇3 − iε5φ̇5 , (12)

δQ(ε) ψ3 = +iε1φ̇3 + iε2φ̇2 + iε3φ̇1 + iε4F7 − iε5φ̇6 , (13)

δQ(ε) ψ4 = −iε1φ̇2 + iε2φ̇3 − iε3F7 + iε4φ̇1 − iε5F8 , (14)

δQ(ε) ψ5 = +iε1φ̇5 + iε2φ̇4 − iε3F8 + iε4φ̇6 + iε5F7 , (15)

δQ(ε) ψ6 = −iε1φ̇4 + iε2φ̇5 + iε3φ̇6 + iε4F8 + iε5φ̇1 , (16)

δQ(ε) ψ7 = −iε1F8 + iε2φ̇6 − iε3φ̇5 − iε4φ̇4 + iε5φ̇2 , (17)

δQ(ε) ψ8 = +iε1φ̇6 + iε2F8 + iε3φ̇4 − iε4φ̇5 + iε5φ̇3 , (18)

δQ(ε) F7 = +ε1ψ̇2 + ε2ψ̇1 − ε3ψ̇4 + ε4ψ̇3 + ε5ψ̇5 , (19)

δQ(ε) F8 = −ε1ψ̇7 + ε2ψ̇8 − ε3ψ̇5 + ε4ψ̇6 − ε5ψ̇4 , (20)

where we have labeled the supersymmetry parameters, εI , redundantly: by
their numeric superscript and also by the corresponding color; the latter matches
the colors of the corresponding edges (1)–(2) to facilitate comparison. The en-
gineering dimensions of the component fields:

[φI ]I=1,··· ,6 =
(
[ψI ]I=1,··· ,8 −

1
2

)
=

(
[F7]− 1

)
=

(
[F8]− 1

)
, (21)

and the nodes in the Adinkras (1)–(2) are stacked at heights that reflect this.
Similarly, we read off the supersymmetry transformation rules from the

Adinkra (2):

δQ(ε) φ1 = −ε1ψ8 + ε2ψ1 − ε3ψ7 + ε4ψ2 − ε5ψ3 , (22)
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δQ(ε) φ2 = ε1ψ7 + ε2ψ2 − ε3ψ8 − ε4ψ1 − ε5ψ5 , (23)

δQ(ε) φ3 = +ε1ψ6 + ε2ψ3 + ε3ψ4 − ε4ψ5 + ε5ψ1 , (24)

δQ(ε) φ4 = −ε1ψ3 + ε2ψ6 − ε3ψ5 − ε4ψ4 + ε5ψ8 , (25)

δQ(ε) φ5 = −ε1ψ2 + ε2ψ7 + ε3ψ1 − ε4ψ8 − ε5ψ4 , (26)

δQ(ε) φ6 = +ε1ψ1 + ε2ψ8 + ε3ψ2 + ε4ψ7 − ε5ψ6 , (27)

δQ(ε) ψ1 = iε1φ̇6 + iε2φ̇1 + iε3φ̇5 − iε4φ̇2 + iε5φ̇3 , (28)

δQ(ε) ψ2 = −iε1φ̇5 + iε2φ̇2 + iε3φ̇6 + iε4φ̇1 + iε5F7 , (29)

δQ(ε) ψ3 = −iε1φ̇4 + iε2φ̇3 − iε3F8 + iε4F7 − iε5φ̇1 , (30)

δQ(ε) ψ4 = −iε1F7 + iε2F8 + iε3φ̇3 − iε4φ̇4 − iε5φ̇5 , (31)

δQ(ε) ψ5 = +iε1F8 + iε2F7 − iε3φ̇4 − iε4φ̇3 − iε5φ̇2 , (32)

δQ(ε) ψ6 = +iε1φ̇3 + iε2φ̇4 + iε3F7 + iε4F8 − iε5φ̇6 , (33)

δQ(ε) ψ7 = +iε1φ̇2 + iε2φ̇5 − iε3φ̇1 − iε4φ̇6 + iε5F8 , (34)

δQ(ε) ψ8 = −iε1φ̇1 + iε2φ̇6 − iε3φ̇2 − iε4φ̇5 + iε5φ̇4 , (35)

δQ(ε) F7 = −ε1ψ̇4 + ε2ψ̇5 + ε3ψ̇6 + ε4ψ̇3 + ε5ψ̇2 , (36)

δQ(ε) F8 = +ε1ψ̇5 + ε2ψ̇4 − ε3ψ̇3 + ε4ψ̇6 + ε5ψ̇7 , (37)

The differences between the Adinkras (1) and (2) are easier to spot than those
between the system (5)–(20) and the system (22)–(37). Notice, however, that
the transformation of ψ1, ψ8 in (28) and (35) are total derivatives, unlike any
of (11)–(18).

Note added (April 16, 2007): After posting of this article on the arXiv.org
(Nov. 6, 2006), the Authors of Refs. [12] disagreed with our assessment of
their publication; to clarify, we have now added footnote 2. Independently,
two of the Authors of Refs. [12] produced Ref. [13]. Herein, they “refine”
what Refs. [12] claimed to have been a “complete classification”, by listing su-
permultiplets of different “connectivity”—a term used herein first, to convey
the more precise notion of topology [5]. This “refinement” turns out to corrob-
orate the inequivalence of (1) and (2) and so our claim that the classification
of Ref. [12] was incomplete.

Ref. [13] in turn purports to have found counter-examples to Theorem 4.1
and Corollary 4.2 from Ref. [5] and presents explicitly one such distinct pair,
in Eqs. (4.13) and (4.14), “while admitting the same number of sources and
the same number of targets” [italics ours]. As explained in the penultimate
paragraph of section 2 herein, Theorem 4.1 and Corollary 4.2 from Ref. [5]

Compare

vs.

Compare ?
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Supersymmetry
then implies:

 ‹ nonlocal !!!

Back to Supermultiplets

Revisit the N = 4 decomposition:

21

…gettin’ there

More generally, we could take the quotients described in Section
thetopologies
4.6, as long as these quotients

respect the engineering dimensions. That is, if Γ1Γ2Γ3Γ4 takes every node to a node of the same

engineering dimension, the quotient procedure using 1
2(1 ± Γ1Γ2Γ3Γ4) describes a decomposition

into sub-supermultiplets. More generally, we can look at any four ΓI matrices. By the Hanging

Gardens Theorem of [6], it suffices to see if some product of ΓI sends sources to sources of the same

height, or sinks to sinks of the same height.

Example 6.2 The hypercube I4 is an N = 4 topology, and there is an indecomposable supermultipletExCli4d
(though not irreducible) in N = 4.

ϕ0

λ1 λ2 λ3 λ4

ϕ12 ϕ13 ϕ14 ϕ23 ϕ24 ϕ34

λ123 λ124 λ134 λ234

ϕ1234

(6.11) eB14641

The lowest node here, ϕ0, is the only degree of freedom with its engineering dimension (which we here
declare to be −1

2). Since time derivatives increase engineering dimension by one, no number of time deriva-
tives can cause another field to have engineering dimension −1

2 . Any decomposition of this supermultiplet
would have to have one of its factors with some degree of freedom with engineering dimension equal to
−1

2 , and the only possibility is a scalar multiple of ϕ0. Once this is obtained, the fact that the Adinkra
is connected requires that the other fields in this supermultiplet must be in this factor, and thus, the
decomposition is trivial. Hence, this supermultiplet is indecomposable.

In fact, the component fields in example
ExCli4d
6.2 may be obtained from those in example

decomposen4
6.1 as

follows:

ϕ0 := φ0 , λI := ψI , ϕIJ := (∂τφIJ) , λIJK := (∂τψIJK) , ϕ1234 := (∂2
τφ1234) . (6.12) eIds

It is therefore possible to ‘translate’ the decomposition (
eN4B44+-
6.10) to a ‘decomposition’ of (

eB14641
6.11), but the

identifications (
eIds
6.12) show that the two lowest terms in φ1234’s Taylor expansion in τ are irrevocably

lost, as well as the one lowest term in each of the four ψIJK ’s Taylor expansions.
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We then have the following transformation rules:

QIφ0 = ψI , (6.1)

QIψJ = −i δIJ ∂τφ0 − i ∂τφ[IJ ] , (6.2)

QIφJK = δI[JψK] + ψ[IJK] , (6.3)

QIψJKL = −i δI[J ∂τφKL] − i ∂τφ[IJKL] , (6.4)

QIφJKLM = δI[JψKLM ] . (6.5)

The Adinkra for this is given here:

ψ1 ψ2 ψ3 ψ4

φ0 φ12 φ13 φ14

ψ123 ψ124 ψ134 ψ234

φ23 φ24 φ34 φ1234

(6.6) eN4B88

Now we consider φ± = φ0 ± φ1234. Applying the various QI produces elements such as ψ±I = ψI ±
εIJKLψJKL and φ±IJ = φIJ ∓ εIJKLφKL. Using these fields, the supermultiplet is again adinkraic, but the
Adinkra is now disconnected. We then have

QIφ± = ψ±I , (6.7)

QIψ±J = −i δIJ ∂τφ± − i ∂τφ±[IJ ] , (6.8)

QIφ±JK = δI[JψK] . (6.9)

In the last equation it is understood that φIJ = ∓εIJKLφKL. In this way, the above Adinkra splits into
two like this:

ψ+1 ψ+2 ψ+3 ψ+4

φ+0 φ+12 φ+13 φ+23

ψ! 1 ψ! 2 ψ! 3 ψ! 4

φ! 0 φ! 12 φ! 13 φ! 23

(6.10) eN4B44+-

As we see, it is possible for a connected Adinkra to correspond to a decomposable supermultiplet: all
that is needed is to choose a change of basis in which this decomposition is clearer. In this case, once we
pick one basis element, the fact that we want an adinkraic supermultiplet requires that we pick our other
bases from applying the QI successively to this first basis element. For a generic choice, these 24 = 16
elements will be distinct and linearly independent, but if we choose our first basis element as φ0 + φ1234,
then Γ1Γ2Γ3Γ4 applied to this results in itself, and so among the 16 elements, some are repeated. In fact,
we get only 8 elements. We thus have spanned a sub-supermultiplet, and by taking φ0 − φ1234 we get the
complementary sub-supermultiplet.
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φ± = φ0 ± φ1234
QIφ± = ψ±I ,

QIψ±J = −i δIJ ∂τφ± − i ∂τφ±[IJ ] ,

QIφ±JK = δI[JψK] .

We then have the following transformation rules:

QIφ0 = ψI , (6.1)

QIψJ = −i δIJ ∂τφ0 − i ∂τφ[IJ ] , (6.2)

QIφJK = δI[JψK] + ψ[IJK] , (6.3)

QIψJKL = −i δI[J ∂τφKL] − i ∂τφ[IJKL] , (6.4)

QIφJKLM = δI[JψKLM ] . (6.5)

The Adinkra for this is given here:

ψ1 ψ2 ψ3 ψ4

φ0 φ12 φ13 φ14

ψ123 ψ124 ψ134 ψ234

φ23 φ24 φ34 φ1234

(6.6) eN4B88

Now we consider φ± = φ0 ± φ1234. Applying the various QI produces elements such as ψ±I = ψI ±
εIJKLψJKL and φ±IJ = φIJ ∓ εIJKLφKL. Using these fields, the supermultiplet is again adinkraic, but the
Adinkra is now disconnected. We then have

QIφ± = ψ±I , (6.7)

QIψ±J = −i δIJ ∂τφ± − i ∂τφ±[IJ ] , (6.8)

QIφ±JK = δI[JψK] . (6.9)

In the last equation it is understood that φIJ = ∓εIJKLφKL. In this way, the above Adinkra splits into
two like this:

ψ+1 ψ+2 ψ+3 ψ+4

φ+0 φ+12 φ+13 φ+23

ψ! 1 ψ! 2 ψ! 3 ψ! 4

φ! 0 φ! 12 φ! 13 φ! 23

(6.10) eN4B44+-

As we see, it is possible for a connected Adinkra to correspond to a decomposable supermultiplet: all
that is needed is to choose a change of basis in which this decomposition is clearer. In this case, once we
pick one basis element, the fact that we want an adinkraic supermultiplet requires that we pick our other
bases from applying the QI successively to this first basis element. For a generic choice, these 24 = 16
elements will be distinct and linearly independent, but if we choose our first basis element as φ0 + φ1234,
then Γ1Γ2Γ3Γ4 applied to this results in itself, and so among the 16 elements, some are repeated. In fact,
we get only 8 elements. We thus have spanned a sub-supermultiplet, and by taking φ0 − φ1234 we get the
complementary sub-supermultiplet.

34

ϕ± = ϕ0 ±
∫

dτ

∫
dτ ϕ1234
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Back to Supermultiplets

Given this googol or so of worldline supermultiplets,

… can make even more (by constraining & gauging)! 

Need to oxidize worldline " spacetime (2,- 4,- É - d)

…for straightforward application in field theory.

This picks out Spin(1,dÐ1)-covariant supermultiplets.

Worldline supersymmetry also occurs:

1.within underlying models (worldsheet for superstrings),

2.within the Hilbert space of quantum states,

3. in phenomenological models (nuclear physics, …).
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…gettin’ there

…to be continued.
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Thank You!
Tristan Hübsch

http://homepage.mac.com/thubsch/
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