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7.2.3 Coupling of Gravity and Matter

Finally, the operations so far defined may be combined and produce a relevant result for our
present purposes:

Conclusion 7.3 In the general case, Hamilton’s action is

S[fi(x)] :=
Z p

�g d4x L
�
fi(x), (Dµfi(x)), · · · ; x

�
, (7.50)

g := det[g(x)], d4x := 1
4! #µnrsdxµdxndxrdxs, (7.51)

where L is the “Lagrangian density” (in the sense of “Lagrangian per unit 4-volume”).
In turn, both

p�g d4x and L are scalars, i.e., invariants with respect to general coor-
dinate transformations [+ definition 7.6, p. 341].

Comment 7.5 Lagrangian densities L
�
fi(x), (∂µfi(x)), · · · ; x

�
constructed within the

special-relativistic field theory may continue to be used, with but “covariantizing” the
derivatives, ∂µ 7! Dµ := ∂µ + IGµ, where IGµ is the formal Levi-Civita connection
4-vector, which when acting on tensors may be represented by the Christoffel sym-
bol (7.26).

In the general case, the covariant derivative is Dµ = ∂µ + IGµ + Âk
igk
h̄ c A(k)

µ ·Q(k),
where Q

(k)
ak are generators of the kth factor in the Yang-Mills group of gauge symme-

tries with the coupling parameter gk, and A(k) ak
µ are the corresponding gauge 4-vector

potentials.

In the general case, let LM be the Lorentz-invariant Lagrangian density for any type
of matter—here, “matter” denotes everything except the metric tensor gµn, the Levi-Civita
connection 4-vector potential IGµ, and the Riemann tensor Rµnr

s and quantities constructed
from these. The corresponding model that is invariant with respect to general coordinate
transformations has the Hamilton action

Z p
�g d4x

h c3

16p GN
R �LM

i
, (7.52)

where all the derivatives in the Lagrangian density LM are “covariantized” as discussed in
comment 7.5, p. 349. Varying this action by the components of the inverse metric tensor
yields

dR
dgµn +

Rp�g
d(
p�g)
dgµn = �16p GN

c3
1p�g

d(
p�g LM)

dgµn , (7.53)

that is [407, 49, 298, 440, 52, 75],

Rµn � 1
2 gµnR =

8p GN

c4 Tµn, (7.54)

where the rank-2 and type-(0, 2) tensor

Tµn := � 2cp�g
d(
p�g LM)

dgµn (7.55)
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Variranjem OKT-kovarijantizovanog dejstva po gμν daje

gde je

Prisustvo materije (supstancije) zakrivljuje prostor-vreme.
: gustina energijeT00

: gustina impulsaT0i =Ti0
: stres smicanjaTik =Tki, i≠k

 (bez sume): normalni stres, 
“pritisak” ako su sva tri jednaka
Tii

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ #klµnDlFµn = 0

Gµn := Rµn � 1
2 gµnR = 0.

S[fi(x)] =
Z

d4x L (fi, (∂µfi), · · · ; x; Ca)

!
Z p

|g|d4x
h c3

16pGN
R �L (fi, (Dµfi), · · · ; x; Ca)

i

Tµn := gµrTrsgns DµTµn = 0

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ #klµnDlFµn = 0

Gµn := Rµn � 1
2 gµnR = 0.

S[fi(x)] =
Z

d4x L (fi, (∂µfi), · · · ; x; Ca)

!
Z p

|g|d4x
h c3

16pGN
R �L (fi, (Dµfi), · · · ; x; Ca)

i

Tµn := gµrTrsgns DµTµn = 0

Noether-ina Teorema

S[ϕ(x)]= ∫ d4x[ c3

16πGN
R − ℒ(ϕ, ($μϕ), …; x; Ca)]
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I obratno, varijacije dejstva po %i(x) daje jednačine kretanja za 
polja %i(x), spregnuta sa gμν.
Na primer,

Ovo se može razumeti na dva dualna načina:
Objekti se kreću po geodezijskim (ekstremnim) trajektorijama, sledeći 
zakrivljenost samog prostor-vremena. (Geometrija)
Objekti se kreću pod uticajem gravitacione sile. (Fizika)

Potonje pretpostavlja postojanje praznog prostor-vremena u kome 
je gravitaciono polje rasprostranjeno a objekti se kreću.

=
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h c3
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Tµn := gµrTrsgns DµTµn = 0

LM = m
r

gµn
∂xµ

∂t
∂xn

∂t
⇒
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Indeed, if we take16 LM = m
q

gµn
∂xµ

∂t
∂xn

∂t , which is the Lagrangian density [+ defini-
tion L0 in digression 1.7, p. 99, and definition (7.15)] for a particle that moves in spacetime
with the metric tensor gµn, then varying (7.52) by xµ yields

d2xr

dt2 + Gr
µn

dxµ

dt
dxn

dt
= 0, (7.57)

that are the differential equations that determine the so-called geodesic (extremal) lines. In
flat spacetime, gµn = �hµn and the Christoffel symbol vanishes, so (7.57) gives ..xµ = 0,
i.e., xµ = xµ

0 + vµ
0t: straight lines in spacetime. Rearranging the second term we obtain the

analogue of the second Newton’s law:

m
d2xr

dt2 = Fr
grav := �m Gr

µn
dxµ

dt
dxn

dt
, (7.58)

where the right-hand side provides the gravitational force that curves the trajectory of the
particle the acceleration of which appears on the left-hand side.

The possibility of reinterpretation of an essentially geometric information [spacetime
curvature in (7.57)] as an essentially physical information [definition of the force and in-
teraction in (7.58)] points at the fundamental equivalence of these tow ways of thinking
and explaining natural phenomena. Of course, this is merely one of the simplest examples,
but it should be clear that now even in the most general context, the coupled system of
the Einstein equations and the general-relativistically covariant Euler-Lagrange equations of
motion may be reinterpreted:

1. either in a purely geometric sense, where objects move along geodesic (extremal)
trajectories defined by the curvature of the spacetime itself,

2. or in a purely “physicsy” sense, where objects move under the influence of forces with
which these objects affect one on another.

It behooves us to keep in mind that this latter way of interpreting natural phenomena im-
plicitly presupposes the existence of an “empty” spacetime in which these objects move.
Therefore, the first, geometric way of interpretation is more economical, and represents
the basis of “geometrizing” physics: the notion of force may be replaced by the notion of
curvature in spacetime.

Digression 7.5: Relation (7.34) gives a formal correspondence between Yang-Mills gauge theo-
ries and the general theory of relativity:

[Aµ]a
a  ! Gr

µn, and so also [Fµn]a
a  ! Rµn r

s. (7.59a)

This formal correspondence is also qualitatively correct, and foremost in its geometric sense,
where the tensors Fµn and Rµn r

s represent the curvature of the effective spacetime for the
purposes of field propagation and particle motion.

16 Here, t denotes an arbitrary parameter of the dimension of time, and which varies along the worldline of the
given particle.
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Lako prepišemo kao:

svako ne-metričko/ne-Christoffel-ovo polje
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Po konstrukciji,

Dok su (  ) i (  ) ireducibilne reprezentacije  

(tj. rotacija × kalibracione grupe),
&0i &ij SO(3)R×GYM

(  ) i (  ) nisu ireducibilne reprezentacije ni    (rotacija) 
a tek ne    (čitave Lorentz-ove grupe).

ℝ0i ℝij SO(3)R
SO(1,3)

Mada su (  ) i (  ) konceptualno analogni, ova 
analogija je tehnički ograničena.

)μ ↔ IΓμ &μν ↔ℝμν

E&M:  ;  nAYM:  ;  gravitacija:  ⃗E & ⃗B ⃗Ea, ⃗Ba & (Φa, c ⃗Aa) gμν(x), Rμνρ
σ

=
∂xr

∂ys

∂yk

∂xµ

∂yl

∂xn Gs
kl(y) +

∂xr

∂ys

∂

∂xµ

∂ys

∂xn .

(∂µgnr) =
�
∂µ(~xn·~xr)

�
= Gs

µn~xs·~xr +~xn·Gs
µr~xs = gsrGs

µn + gsnGs
µr ()

Gr
µn = 1

2 grs⇥(∂µgns) + (∂ngµs)� (∂sgµn)
⇤

Dµ gnr = 0 = Dµ gnr.

Rµnr
s :=

⇥
Dµ , Dn

⇤
r

s =
⇥�

ds
l∂n + Gs

nl

�
Gl

µr

⇤
�

⇥�
ds

l∂µ + Gs
µl

�
Gl

nr

⇤
, ()

= ∂nGs
µr � ∂µGs

nr + Gs
nlGl

µr � Gs
µlGl

nr. ()

Tr[Fµn] = 0 Fµn = �Fnµ #klµnDlFµn = 0

Gµn := Rµn � 1
2 gµnR = 0.

S[fi(x)] =
Z

d4x L (fi, (∂µfi), · · · ; x; Ca)

!
Z p

|g|d4x
h c3

16pGN
R�L (fi, (Dµfi), · · · ; x; Ca)

i

Tµn := gµrTrsgns DµTµn = 0

LM = m
r

gµn
∂xµ

∂t
∂xn

∂t
[Aµ]ab  ! Gr

µn,

[Fµn]ab  ! Rµn r
s

[ [
~E = (F0i), ~B = (Fij) R0i r

s, Rij r
s

=
∂xr

∂ys

∂yk
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r
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�
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&  u QM(Φ, ⃗A)
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S druge strane…
Einstein-ove jednačine

jaaako slično Gauss-Ampère jednačinama:

Tako,

Kao što svaka 4-struja naelektrisanja proizvodi EM polje
i svako EM polje zadaje 4-struju koje ga održava,
tako su tenzor energije-impulsa i zakrivljenost prostor-vremena 
vezani
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obe su Noether-ine struje oba su “najosnovnija” polja
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Da sumiramo:

Kalibracija faza 
EM & YM

Kalibracija Opšte Koord.  Transf.

konceptualno inžinjerski

— gμν —

potencijal )μ ℾμ gμν

polje &μν  ℝμν ℾμ

izvor /μ ∝ 0μ& μν 0μ ℝμνρ
σ = ? “0(μℾν)” ∝ Tμν

7.2. How is Gravity Different from Yang-Mills Interactions 349

7.2.3 Coupling of Gravity and Matter

Finally, the operations so far defined may be combined and produce a relevant result for our
present purposes:

Conclusion 7.3 In the general case, Hamilton’s action is

S[fi(x)] :=
Z p

�g d4x L
�
fi(x), (Dµfi(x)), · · · ; x

�
, (7.50)

g := det[g(x)], d4x := 1
4! #µnrsdxµdxndxrdxs, (7.51)

where L is the “Lagrangian density” (in the sense of “Lagrangian per unit 4-volume”).
In turn, both

p�g d4x and L are scalars, i.e., invariants with respect to general coor-
dinate transformations [+ definition 7.6, p. 341].

Comment 7.5 Lagrangian densities L
�
fi(x), (∂µfi(x)), · · · ; x

�
constructed within the

special-relativistic field theory may continue to be used, with but “covariantizing” the
derivatives, ∂µ 7! Dµ := ∂µ + IGµ, where IGµ is the formal Levi-Civita connection
4-vector, which when acting on tensors may be represented by the Christoffel sym-
bol (7.26).

In the general case, the covariant derivative is Dµ = ∂µ + IGµ + Âk
igk
h̄ c A(k)

µ ·Q(k),
where Q

(k)
ak are generators of the kth factor in the Yang-Mills group of gauge symme-

tries with the coupling parameter gk, and A(k) ak
µ are the corresponding gauge 4-vector

potentials.

In the general case, let LM be the Lorentz-invariant Lagrangian density for any type
of matter—here, “matter” denotes everything except the metric tensor gµn, the Levi-Civita
connection 4-vector potential IGµ, and the Riemann tensor Rµnr

s and quantities constructed
from these. The corresponding model that is invariant with respect to general coordinate
transformations has the Hamilton action

Z p
�g d4x

h c3

16p GN
R �LM

i
, (7.52)

where all the derivatives in the Lagrangian density LM are “covariantized” as discussed in
comment 7.5, p. 349. Varying this action by the components of the inverse metric tensor
yields

dR
dgµn +

Rp�g
d(
p�g)
dgµn = �16p GN

c3
1p�g

d(
p�g LM)

dgµn , (7.53)

that is [407, 49, 298, 440, 52, 75],

Rµn � 1
2 gµnR =

8p GN

c4 Tµn, (7.54)

where the rank-2 and type-(0, 2) tensor

Tµn := � 2cp�g
d(
p�g LM)

dgµn (7.55)
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A ima indirektnih problema…

Masivne, nalektrisane i rotirajuće crne rupe
Specijalna rešenja i singulariteti

23

Za , Tomimatsu-Sato rešenje = Kerr-ovomδ=1
Za , Tomimatsu-Sato rešenja imaju gole singulariteteδ≠1
Ova rešenja su tek mali broj iz velike klase znanih, egzaktih rešenja 
Einstein-ovih jednačina bez materijalne potpore
…koja najčešće imaju razne prostor-vremenske singularitete
…i masu, i naelektrisanje i ugaoni momenat.
Pa, da li se elektron može opisati kao naelektrisana crna rupa?
Sa podacima qe = 1.602 176×10–19 C i me = 9.109 382×10–31 kg,

Ovaj model nije pogrešan, već je besmislen: ne može da ima nikakve 
merljive posledice.
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