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interne

eksterne

Princip Kalibracione (Lokalne) Simetrije

Pre svega: 
Matematički objekat, , koji predstavlja česticu 
zavisi (je funkcija) od raznih promenljivih: 

pozicije u prostor-vremenu, 
faze (kao kompleksna funkcija), 
dodatnih stepeni slobode 

spin 
isospin 
boja 
… 

Kalibracioni prinicip (lokalne simetrije): 
interne koordinate mogu da slobodno zavise od eksternih.

Ψ( ⃗r, t)

Parcijalni i kalibraciono-kovarijantni izvod

3

…koji su sve neke 
 “koordinate,” u 
širem smislu 
te reči.

⏟

baza

“vlakno”

“vlaknasti svežnjevi/snopovi/…”

⏟

zavisno od toga kako 
se “vlakna” “ponašaju” 
- continualno 
- 1/2…-put diffencijabilno 
- glatno 
- kompleksno-analitički 
- ………



kalibraciono polje

koneksijska 1-forma

Princip Kalibracione (Lokalne) Simetrije

Izvodi računaju stepen/meru promene 

Stoga, ako  takodje zavisi od -zavisne faze, 

onda stepen/mera promene  potiče od 
varijacije  eksplicitno, i od 
varijacije  implicitno, kroz varijaciju faze. 

Ako se “kalibracija” odnosi na “odmeravanje”/“fiksiranje” te faze, 
…onda “kalibraciono-kovarijantan” izvod 

…mora da sadrži dva dela:  , 

gde je  kalibracioni potencijal, tj. “koneksija”. 

Matematičari:  
daje definiciju (diferencijalno usmerenog izvoda) koja je nezavisna od izbora 
(eksternih = prostor-vremenskih) koordinata.

Ψ( ⃗r, t) ( ⃗r, t)
Ψ( ⃗r, t)

Ψ( ⃗r, t)
Ψ( ⃗r, t)

𝒟μ := ∂μ + Aμ( ⃗r, t)

Aμ( ⃗r, t)

dxμ𝒟μ := dxμ∂μ + dxμAμ( ⃗r, t)

Opšta transformaciona “pravila”

4



nehomogeni član

Princip Kalibracione (Lokalne) Simetrije

Unitarna kalibraciona transformacija (lokalne simetrije) je oblika 
,    ( ) 

  je niz (realnih) kalibracionih parametara, 
  je niz (ermitskih) generatora kalibracionih transformacija. 

Onda, 
  &  ; 

  za svaki operator koji deluje na  ; 

…pa stoga i:     (pošto je    linearan operator). 

Stoga, sa     (gde je   ) 
  implicira da 

 

Uφ := exp{ iφ⋅𝖰 } Uφ
† = Uφ

−1

φ
𝖰

Ψ( ⃗r, t) → Uφ Ψ( ⃗r, t) Ψ( ⃗r, t)† → (Uφ Ψ( ⃗r, t))† = Ψ( ⃗r, t)† U†
φ = Ψ( ⃗r, t)† U−1

φ

𝒪( ⃗r, t) → Uφ 𝒪( ⃗r, t) Uφ
−1 Ψ( ⃗r, t)

𝒟( ⃗r, t) → Uφ 𝒟( ⃗r, t) Uφ
−1 𝒟

𝒟μ = 1 ∂μ + 𝒜μ 𝒜μ :=Aμ𝖰
[∂μ + 𝒜μ( ⃗r, t)] → Uφ [∂μ + 𝒜μ( ⃗r, t)] Uφ

−1

𝒜μ( ⃗r, t) → Uφ 𝒜μ( ⃗r, t) Uφ
−1 + Uφ (∂μUφ

−1)

𝒜μ( ⃗r, t) = Uφ 𝒜μ( ⃗r, t) Uφ
−1 − iUφ (∂μφ)⋅𝖰 Uφ

−1

Opšta transformaciona “pravila”
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elektrodinamika: 
⃗A → ⃗A + ( ⃗∇λ)



SU(3)c Transformacije

Setimo se: 
 , 
 , 
 . 

Pa, ili kvarkovi nisu ni bozoni ni fermioni 
 

već parafermioni (O.W. Greenberg, 1964) 
 

…ili…

Δ++ = [uuu]
Δ− = [ddd]
Ω− = [sss]

Boja kao 3-dimenzioni naboj
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⏟

Spin-³/₂ barioni
S-stanja; bez orbitalnog ugaonog momenta
Prostorno simetrična talasna funkcija

60 Chapter 0. Fundamental Physics: Elementary Particles and Processes

energies, and less deflected—and a small number deflects at a large angle (even to 180�).
However, the details of the scattering indicate that the proton is very well represented as
a composite system comprised of three particles, in agreement with the quark model. In
distinction from Rutherford’s experiment, while atoms can be ionized and so fully liberate
the nucleus, quarks cannot be extracted free from the hadrons. Repeated failures to do
so created an undercurrent of mistrust in the quark model, whereby most experimentalists
rather used Feynman’s term, partons, for the scattering centers within the hadrons.

On the other hand, already in 1964, Oscar W. Greenberg noticed that the quark model
seems to violate Pauli’s exclusion principle: certain spin-3/2 states such as D� = (d d d),
D++ = (u u u) and the celebrated W� = (s s s) should be forbidden owing to Pauli’s ex-
clusion principle. In all three of these cases, experiments indicate that the three otherwise
identical quarks are in the S-state, with parallel spins, and so in the very same quantum
state—contradicting Pauli’s exclusion principle. Greenberg thus proposed [164] that quarks
satisfy para-fermionic (anti-)commutation rules: Formally, while bosonic creation and anni-
hilation operators commute and the analogous fermionic operators anticommute:

⇥
bi , b †

j
⇤
= dij,

⇥
bi , b j

⇤
= 0 = [b †

i , b †
j ], bosons, (0.43a)

�
fi , f †

j
 
= dij,

�
fi , f j

 
= 0 = [f †

i , f †
j ], fermions, (0.43b)

para-fermion creation and annihilation operators satisfy the hybrid relations:

�
f̃i,a , f̃ †

j,a
 
= dij,

�
f̃i,a , f̃ j,a

 
= 0 =

�
f̃ †
i,a , f̃ †

j,a
 

, (0.43c)
⇥

f̃i,a , f̃ †
j,b
⇤
= dij,

⇥
f̃i,a , f̃ j,b

⇤
= 0 =

⇥
f̃ †
i,a , f̃ †

j,a
⇤
, a 6= b,

)
para-fermions,

(0.43d)

where a, b = 1, 2, 3. In January 1965, Boris V. Struminsky proposed in a paper presented at
Dubna (Moscow region, Russia) an “additional” quantum number to resolve this problem,
and continued working on this with his mentor, Nikolay Bogolyubov, and collaborator Albert
Tavchelidze. Tavchelidze presented in May 1965 this idea at ICTP, in Trieste (Italy), without
his collaborators knowing about it. Six months later, Moo-Young Han and Yoichiro Nambu
have, independently, proposed a model where a new degree of freedom, a, b in (0.43c)–
(0.43d)is a new kind of “charge” and has its own interaction with eight new “photons”, ga

b

where ga
a = 0. This is what is called color today, and which differentiates the quarks in

the hadrons D�, D++, W� so Pauli’s exclusion principle would not forbid their existence. In
their model, quarks had integer electric charges, but color-dependent [+ digression 3.13,
p. 212]. The final version of the formalism of color as a charge for strong interaction and
which is independent from the electric charge completed William Bardeen, Harald Fritzsch
and Murray Gell-Mann, in 1974.

On the third hand, already in 1964, Sheldon L. Glashow nad James D. Bjorken pro-
posed the existence of a fourth quark, dubbed charm, and with it an extension of the clas-
sification SU(3) group into SU(4). In 1970, Glashow, John Iliopoulos and Lutiano Maiani
provided a theoretical proof that the fourth quark must exist based on the absence of weak
decays that would change strangeness:

K+ ! p+ + n + n

K+ ! p0 + µ+ + µ� =
(us) Z0

�! (ud) + n + n

(us) W+
��! (uu)µ+ + µ�

< 10�5. (0.44)
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The impossibility of extracting free quarks does not imply that they were impossible to
verify experimentally: one merely needs an adequate probe to “see” the composite structure
of a hadron without freeing its building blocks, just as Rutherford bombarded gold atoms
with a-particles and “saw” the atomic nuclei without (even partially) ionizing the atoms. In
the late 1960’s were such deep inelastic collisions performed at SLAC (Stanford Linear Accel-
erator Center), bombarding protons with electrons, and later in the 1970’s at CERN (origi-
nally Conseil Europeen pour la Recherche Nucleaire, now Organisation Europeenne pour. . . ),
bombarding protons with neutrinos, and then also with protons. Much as in Rutherford’s
experiment, here too the probes pass through the protons—in a growing number at growing
energies, and less deflected—and a small number deflects at a large angle (even to 180�).
However, the details of the scattering indicate that the proton is very well represented as
a composite system comprised of three particles, in agreement with the quark model. In
distinction from Rutherford’s experiment, while atoms can be ionized and so fully liberate
the nucleus, quarks cannot be extracted free from the hadrons. Repeated failures to do
so created an undercurrent of mistrust in the quark model, whereby most experimentalists
rather used Feynman’s term, partons, for the scattering centers within the hadrons.

On the other hand, already in 1964, Oscar W. Greenberg noticed that the quark model
seems to violate Pauli’s exclusion principle: certain spin-3/2 states such as D� = (d d d),
D++ = (u u u) and the celebrated W� = (s s s) should be forbidden owing to Pauli’s ex-
clusion principle. In all three of these cases, experiments indicate that the three otherwise
identical quarks are in the S-state, with parallel spins, and so in the very same quantum
state—contradicting Pauli’s exclusion principle. Greenberg thus proposed [164] that quarks
satisfy para-fermionic (anti-)commutation rules: Formally, while bosonic creation and anni-
hilation operators commute and the analogous fermionic operators anticommute:

⇥
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†
j
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j ], bosons, (0.43a)
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�
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, fermions, (0.43b)

para-fermion creation and annihilation operators satisfy the hybrid relations:
�
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�
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)
para-fermions,

(0.43d)

where a, b = 1, 2, 3. In January 1965, Boris V. Struminsky proposed in a paper presented at
Dubna (Moscow region, Russia) an “additional” quantum number to resolve this problem,
and continued working on this with his mentor, Nikolay Bogolyubov, and collaborator Albert
Tavchelidze. Tavchelidze presented in May 1965 this idea at ICTP, in Trieste (Italy), without
his collaborators knowing about it. Six months later, Moo-Young Han and Yoichiro Nambu
have, independently, proposed a model where a new degree of freedom, a, b in (0.43c)–
(0.43d)is a new kind of “charge” and has its own interaction with eight new “photons”, ga

b

where ga
a = 0. This is what is called color today, and which differentiates the quarks in

the hadrons D�, D++, W� so Pauli’s exclusion principle would not forbid their existence. In
their model, quarks had integer electric charges, but color-dependent [+ digression 3.13,
p. 220]. The final version of the formalism of color as a charge for strong interaction and
which is independent from the electric charge completed William Bardeen, Harald Fritzsch
and Murray Gell-Mann, in 1974.
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bozoni,

parafermioni,

fermoni,



SU(3)c Transformacije

… ili: Kvarkovi jesu fermioni, 
…ali imaju dodatni stepen slobode. 

Januar 1965: Boris V. Struminsky, Dubna (Moskva, Russia) 
…tada sa N. Bogolyubov-im + Albert Tavchelidze-om 
Maj 1965, A. Tavchelidze: ICTP, Trieste (Italy) 
Decembar 1965, Moo-Young Han + Yoichiro Nambu 

celobrojno naelektrisani, obojeni kvarkovi + 8 (boja-antiboja) gluoni 

Konačna verzija (sa razlomački naelektrisanim kvarkovima): 
1974, William Bardeen, Harald Fritzsch & Murray Gell-Mann 
Kvark: , gde: 

 označava “ukus” 
 = crveno, žuto, plavo označava “boju” 

 osnačava komponentu Dirac-ovog spinora 

P.S.: Greenberg naknadno dokazuje ekvivalentnost…

Ψ αA
n ( ⃗r, t)

n = u, d, s, c, b, t
α
A = 1, 2, 3, 4

Boja kao 3-dimenzioni naboj

7

mezon barion



Bez pisanja Dirac-ovih komponenti, 
 

…gde   naznačava “ukus.” 
Pisanjem boja u matričnom formatu, 

faza talasne funkcije kvarka postaje 3×3 matrica, 
kao i operator unitarne transformacije faze,  
 

gde su   3×3 matrice 
ermitske, da bi  bile unitarne, 

bez traga, da bi  bile unimodularne.

n = u, d, s, c, b, t

Uφ

𝖰a
Uφ

Uφ

Matrične faze i lokalna simetrija

8

Dijagonalna transformacija, sa , 
deluje podjednako na sve boje, 

kao elektromagnetizam…

𝖰0 =1

230 Chapter 4. Non-Abelian Gauge Symmetries and Interactions

the works of C-N. Yang and R.L. Mills, and independently, R. Shaw’s dissertation mentored
by A. Salam. However, both (today) well-known applications, the SU(2)w theory of weak
nuclear interactions and the SU(3)c theory of strong nuclear interactions, required several
decades of development, and novel ideas, till the general acceptance and contemporary
formulation of these theories, as well as their embedding in the “Standard Model”.

The next few sections consider the SU(3)c gauge theory as a theoretical system for
describing strong nuclear interactions. Chapter 5 will focus on the SU(2)w gauge theory
of weak nuclear interactions, the SU(2)w ⇥ U(1)Q theory of electro-weak interactions and
finally the “Standard Model”, based on the SU(3)c ⇥ SU(2)w ⇥ U(1)Q gauge theory. Gener-
ally, all gauge theories based on a group of symmetries that act by local changes of some
generalized phases [+ e.g., relation (4.2)] are called “Yang-Mills” gauge theories.

4.1.1 The SU(3)c Gauge Symmetry and Gluons

Section 0.3.13 [+ discussion on p. 61] showed that quarks have an additional 3-dimensional
degree of freedom called “color”. That is, the wave-function of any quark is a superposition

Yn(x) = êaYa
n(x) = êrYr

n(x) + êyYy
n(x) + êbYb

n(x) =

"
Yr

n(x)
Yy

n(x)
Yb

n(x)

#
, n = u, d, s, c, b, t. (4.1)

This matrix representation of the quark wave-functions makes it evident that a local change
of the phase (3.13b) of quark wave-functions, in general, becomes

Yn(x) ! eigcjjjj(x)/h̄ Yn(x), jjjj(x) := ja(x)Qa, (4.2)

where Qa, j = 1, · · ·, 8 are eight 3⇥ 3 matrices that generate the SU(3)c group [+ ap-
pendix A.4]. This SU(3)c symmetry is exact, and must not be confused with the approxi-
mate SU(3) f symmetry discussed in section 2.4; the group structure of SU(3)c is identical
with that of SU(3) f but the application is quite different. One usually uses the Gell-Mann
matrices (A.72) although, of course, any other basis of Hermitian 3⇥ 3 traceless matrices
serves just as well.

By the way, the ninth linearly independent matrix generator is proportional to the unit
3⇥ 3 matrix and simply produces an overall, diagonal, phase-change

Yn(x) ! eigc j0(x)/h̄ 1Q Yi(x) = eiqn(gc/ge)j0(x)/h̄ Yn(x), (4.3)

that looks like the transformation (3.13b), where Yn(x) is the eigenfunction of the operator
Q, of which the eigenvalue equals the electric charge1 of the quark qn represented by2 Yn(x).
This provides essentially the same representation of the gauge transformation of the electro-
dynamics and chromodynamics interaction. It is clear that 1 commutes with all Qa, whereby

1 The evident difference between (3.13b) and (4.3) is the interaction intensity and the factor (gc/ge) in the ex-
ponent. Other than that, one implicitly considers the phase-change (4.2) to be limited to quarks, whereby (4.3)
would correspond to an interaction that is limited to the hadrons and excludes leptons. Although perfectly
consistent, such an interaction does not exist in Nature.

2 Unfortunately, the letter q is standardly used for charge, for the transfer 4-momentum, and for the general
symbol-synonym for “quark”. Herein, the 4-vector is denoted by q, and the electric charge of the quark qn is
denoted by qn—the eigenvalue of the operator Q of the eigenfunctions that are identified with the quark qn.
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n(x) =

"
Yr

n(x)
Yy

n(x)
Yb

n(x)

#
, n = u, d, s, c, b, t. (4.1)

This matrix representation of the quark wave-functions makes it evident that a local change
of the phase (3.13b) of quark wave-functions, in general, becomes

Yn(x) ! eigcjjjj(x)/h̄ Yn(x), jjjj(x) := ja(x)Qa, (4.2)

where Qa, j = 1, · · ·, 8 are eight 3⇥ 3 matrices that generate the SU(3)c group [+ ap-
pendix A.4]. This SU(3)c symmetry is exact, and must not be confused with the approxi-
mate SU(3) f symmetry discussed in section 2.4; the group structure of SU(3)c is identical
with that of SU(3) f but the application is quite different. One usually uses the Gell-Mann
matrices (A.72) although, of course, any other basis of Hermitian 3⇥ 3 traceless matrices
serves just as well.

By the way, the ninth linearly independent matrix generator is proportional to the unit
3⇥ 3 matrix and simply produces an overall, diagonal, phase-change

Yn(x) ! eigc j0(x)/h̄ 1Q Yi(x) = eiqn(gc/ge)j0(x)/h̄ Yn(x), (4.3)

that looks like the transformation (3.13b), where Yn(x) is the eigenfunction of the operator
Q, of which the eigenvalue equals the electric charge1 of the quark qn represented by2 Yn(x).
This provides essentially the same representation of the gauge transformation of the electro-
dynamics and chromodynamics interaction. It is clear that 1 commutes with all Qa, whereby

1 The evident difference between (3.13b) and (4.3) is the interaction intensity and the factor (gc/ge) in the ex-
ponent. Other than that, one implicitly considers the phase-change (4.2) to be limited to quarks, whereby (4.3)
would correspond to an interaction that is limited to the hadrons and excludes leptons. Although perfectly
consistent, such an interaction does not exist in Nature.

2 Unfortunately, the letter q is standardly used for charge, for the transfer 4-momentum, and for the general
symbol-synonym for “quark”. Herein, the 4-vector is denoted by q, and the electric charge of the quark qn is
denoted by qn—the eigenvalue of the operator Q of the eigenfunctions that are identified with the quark qn.
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,     Ψn(x) → ei(φ/ℏ)⋅(gc𝖰) Ψn(x) φ⋅𝖰 :=φa 𝖰a

…samo što  gc ≠ ge

SU(3)c Transformacije
Uφ := exp{ iφ⋅𝖰 }



Reprezentacija generatora transformacije 
(Ji ) zavisi od toga na šta deluju

Kalibracione (lokalno simetrijske) transformacije 
 
 
 

Multi-komponentnost: 

…koji se obično ne pišu eksplicitno. 
U opštem slučaju: 

gde forma operatora  zavisi od objekta na koji deluje 
  je  matrica ako je  -komponentna matrica-kolona

𝖰a
𝖰a 3×3 Ψ 3

9

Dirac-ove matrice

SU(3)c Transformacije
Matrične faze i lokalna simetrija

[iℏ /𝒟−mc]Ψn(x) = 0 → [iℏ /𝒟′￼−mc]Ψ′￼n(x) = 0

/𝒟 :=γμ𝒟μ, 𝒟μ → 𝒟′￼μ :=Uφ𝒟μU−1
φ

Uφ = ei(φa/ℏ)(gc𝖰a)

/𝒟Ψn = γμ𝒟μΨn

( /𝒟μΨn)α = γμ𝒟μ
α
β Ψβ

n ( /𝒟μΨn)αA = [γμ]A
B 𝒟μ

α
β ΨβB

n

“boja” komponenta Dirac-ovog 
spinora

/𝒟 = γμ[1 ∂μ +
igc

ℏc Aa
μ 𝖰a]



Iz “opšteg” formalizma sledi da je: 
 

pa  . 

   su “generatori”:   ,    =“strukturna const.”  
  su 3×3 matrice koje deluju na (kvark) 3-vektor boje. 

Ali, kako  deluje na osam 4-vektorskih potencijala  ?

A′￼μ
a 𝖰a = [Aa

μ−c(∂μφa)] Uφ 𝖰a Uφ
−1

𝖰a [𝖰a, 𝖰b] = i fab
c 𝖰c fab

c

𝖰a

𝖰a Aa
μ

Matrična reprezentacija SU(3)
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SU(3)c Transformacije

𝒜′￼μ = Uφ 𝒜μ Uφ
−1 + Uφ (∂μUφ

−1) =
igc

ℏc [Aa
μ−c(∂μφa)]Uφ 𝖰a Uφ

−1

/𝒟 = γμ[1 ∂μ +
igc

ℏc Aa
μ 𝖰a]

𝒜μ

Uφ = ei(φa/ℏ)(gc𝖰a)

A′￼μ
a𝖰a = [Aa

μ−c(∂μφa)](1+
igc

ℏ φb𝖰b+…)𝖰a(1−
igc

ℏ φb𝖰b+…)
= Aa

μ𝖰a +
igc

ℏ Aa
μ φb 𝖰b𝖰a −

igc

ℏ Aa
μ φc 𝖰a𝖰c−c(∂μφa)𝖰a + …

δAa
μ𝖰a = −c(∂μφa)𝖰a −

igc

ℏ Ab
μ([𝖰b, 𝖰c] = (ifbc

a)𝖰a)φc

δAa
μ = −c[δa

c ∂μ +
gc

ℏc Ab
μ( [Q̃b]c

a :=( fbc
a))]φc = −c(𝒟μφ)a



nelinearno

SU(3)c-invarijantni Lagranžijan

Abelovsko/neabelovske razlike:    implicira 
   za elektrodinamiku 

ali    

Takodje, za elektrodinamiku je 
 ,  tako da su   i    su kalibraciono invarijantni! 

  

Ali, u neabelovskom (matričnom) slučaju: 
  

  

…čak ni samo za infinitezimalne 
kalibracione transformacije  

𝒟′￼μ = Uφ 𝒟μ U−1
φ

A′￼μ = Aμ − (∂μφ)
A′￼μ

a = Aa
μ − c(𝒟μφ)a = Aa

μ − c(∂μφa) −
gc

ℏ fbc
a Ab

μ φc

F′￼μν = Fμν ⃗E ⃗B
F′￼μν = [∂μA′￼ν−∂νA′￼μ] = [(∂μAν−∂μ(∂νφ))−(∂νAμ−∂ν(∂μφ))] = [∂μAν−∂νAμ]

[∂μA′￼ν
a − ∂νA′￼μ

a] ≠ [∂μAa
ν − ∂νAa

μ]
[∂μA′￼ν

a − ∂νA′￼μ
a] ≠ Uφ [∂μAa

ν − ∂νAa
μ] U−1

φ

Uφ ≈1 +
igc

ℏ φa𝖰a

Tenzor zakrivljenosti i Bianchi-ev identitet
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😱
sve

 zb
og 

[𝖰 a, 𝖰
b]

= i f ab
c 𝖰 c

elektrodinamika: 

 

jer  

𝒟φ=[∂+A𝖰]φ
= ∂φ
Aμ →Aμ+∂μφ



U elektrodinamici: 
   

Ovo mora da bude komutator, da rezultat u uglastoj zagradi 
ne bi bio diferencijalni operator, već “obična” funkcija. 
A komutator upravo računa razliku u… pa, 

U opštem:   
Stoga računamo: 

   

     

pa je     i    

[𝒟μ, 𝒟ν] f(x) = [∂μ+ iq
ℏc Aμ, ∂ν+ iq

ℏc Aν] f(x) = iq
ℏc [(∂μAν−∂νAμ)=Fμν] f(x)

[𝒟, 𝒟] = (torzija)⋅𝒟 + (zakrivljenost)

𝔽μν := ℏc
igc

[𝒟μ, 𝒟ν]= ℏc
igc

[∂μ+
igc

ℏc Ab
μ𝖰b, ∂ν+

igc

ℏc Ac
ν𝖰c]

=(∂μAa
ν −∂νAa

μ)𝖰a + ℏc
igc

( igc

ℏc )2Ab
μ Ac

ν([𝖰b, 𝖰c]= ifbc
a𝖰a)

𝔽μν :=F a
μν 𝖰a F a

μν :=(∂μAν−∂νAμ) −
gc

ℏc fbc
a Ab

μ Ac
ν
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SU(3)c-invarijantni Lagranžijan
Tenzor zakrivljenosti i Bianchi-ev identitet

…u komutaciji.



Po definiciji, imamo da je 
   

	 	 	 	 	 	 	    

	 	 	 	 	 	 	    

Nezavisno, 
   

gde važi    

pa onda   

Za sve  grupe:   
Važi za sve poluproste Lie-jeve grupe (= bez abelovskih faktora).

𝔽μν → 𝔽′￼μν := ℏc
igc

[𝒟′￼μ, 𝒟′￼ν] = ℏc
igc

[Uφ 𝒟μ U−1
φ , Uφ 𝒟ν U−1

φ ]

= ℏc
igc

Uφ [𝒟μ, 𝒟′￼ν] U−1
φ

= Uφ 𝔽μν U−1
φ

𝒟μ 𝔽νρ f(x) = [𝒟μ , 𝔽νρ] f(x) = ℏc
igc

[𝒟μ , [𝒟ν, 𝒟ρ]] f(x)

[A, [B, C]] + [B, [C, A]] + [C, [A, B]] = 0
εμνρσ𝒟μ 𝔽νρ f(x) = ℏc

igc
εμνρσ[𝒟μ , [𝒟ν, 𝒟ρ]] f(x) = 0

SU(n) Tr[𝔽μν] = F a
μν Tr[𝖰a] = 0
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SU(3)c-invarijantni Lagranžijan
Tenzor zakrivljenosti i Bianchi-ev identitet

Nije invarijantno 

nego kovarijantno!



Pošto se matrična zakrivljenost transformiše transformacijom 
sličnosti,    

…na šta je funkcija traga invarijantna,  , 
   

	 	 	 	 	 	 	     

	 	 	 	 	 	 	     

pa biramo: 
  

   

gde trag ostaje još samo po komponentama Dirac-ovih spinora i 
matrice,   

𝔽′￼μν = Uφ 𝔽μν U−1
φ

Tr[UXU−1] = Tr[X]
Tr[𝔽μν 𝔽 μν] → Tr[𝔽′￼μν 𝔽′￼

μν] = Tr[Uφ𝔽μνU−1
φ Uφ𝔽 μνU−1

φ ]
= Tr[𝔽μν 𝔽 μνU−1

φ Uφ]
= Tr[𝔽μν 𝔽 μν]

ℒQCD = ∑n Tr[Ψn[iℏc /𝒟−mnc2]Ψn] − 1
4g 2

c
Tr[𝔽μν𝔽 μν]

= ∑n Tr[Ψαn[iγμ(ℏcδα
β ∂μ + igcAa

μ
1
2 [λa]α

β)−mnc2δα
β ]Ψβ

n] − 1
4g 2

c
Fa

μν Fμν
a

Tr[Ψαn…γμ…Ψβ
n] = ΨαnA…[γμ]A

B…ΨβB
n

Jednačine kretanja
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SU(3)c-invarijantni Lagranžijan



Varijacija po  daje: 
  

	      — kvarkovska struja boje 

U elektrodinamici je 
    — struja naelektrisanja 

Pa je      pošto je    

Isto ne sledi za   za ne-abelovske sile 

Umesto toga:   , 
pa je    

pošto je  

Aa
μ

𝒟μ Fa μν = gc ∑n ΨnαA [γν]A
B

1
2 [λa]α

β ΨβB
n

Ja μ
(q) = gc ∑n ΨnαA [γν]A

B
1
2 [λa]α

β ΨβB
n

(𝒟μ Fμν = ∂μFμν) = geΨA [γν]A
B ΨB =: Jν

e

∂ν Jν
e =

4πϵ0c
4π ∂μ∂ν Fμν ≡ 0 Fμν ≡ − Fνμ

𝒟μ Fa μν ≠ ∂μ Fa μν

𝒟μ Fa μν = Ja ν
(q)

𝒟ν Ja ν
(q) = 𝒟ν𝒟μ Fa μν = − 1

2 [𝒟μ, 𝒟ν] Fa μν = − 1
2 fbc

a Fb
μν Fc μν ≡ 0

fbc
a = −fcb

a
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SU(3)c-invarijantni Lagranžijan
Jednačine kretanja ℒQCD = ∑n Tr[Ψn[iℏc /𝒟−mnc2]Ψn] − 1

4g 2
c

Tr[𝔽μν𝔽 μν]



stacionarna struja boje 

Ja ν
(c)

:= Ja ν
(q)

+
gc

ℏc
fbc

a Ab
μ Fc μν

Neabelovski kovarijantni izvod nije jednačina kontinuiteta: 
 

daje   

…pošto dodatni član na desnoj strani ne iščezava u opštem. 

Medjutim,    

pa   

daje   

…pa i kvarkovi i gluoni doprinose očuvanom naboju boje: 
  

gde je trag i po bojama kvarkova i po Dirac-ovim komponentama

0 = 𝒟μ Ja μ
(q) = ∂μ Ja μ

(q) −
gc

ℏc
fbc

a Ab
μ Jc μ

(q)

d
dt

∫
V
d3 ⃗r ∂μ Ja 0

(q) = − ∮
∂V

d2 ⃗r ∂μ ⃗J a
(q) −

gc

ℏc fbc
a ∫

V
d3 ⃗r (Ab

μ Jc μ
(q) )

Ja ν
(q) = 𝒟μ Fa μν = ∂μ Fa μν −

gc

ℏc fbc
a Ab

μ Fc μν

∂μ Fa μν =Ja ν
(c) := Ja ν

(q) +
gc

ℏc fbc
a Ab

μ Fc μν

∂ν Ja ν
(c) = ∂ν ∂μ Fa μν ≡ 0

Qa
(c) := ∫ d3 ⃗r Ja 0

(c) := gc ∫ d3 ⃗r (∑n Tr[Ψn γ0λa Ψn]+ 1
ℏc fbc

a Ab
μ Fc μ0)

Očuvanje boje i jednačina kontinuiteta
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Ovo menja analogon Gauss-Ampère-ovih zakona. 

Pogledajmo  slučaj jednačine : 
    

…i definišemo:  ,   ,    

Onda je   Gauss-ov zakon za boju 

Valja primetiti: 
Nemoguće je napisati neabelovske analogone Maxwell-ovih jednačina 
bez korišćenja kalibracionih potencijala 
I kvarkovi i gluoni služe kao “izvori” za polje sile boje 
Analogon Maxwell-ovih jednačina su nelinearne po poljima

ν=0 𝒟μ Fa μν = Ja ν
(q)

∂μ Fa μ0 −
gc

ℏc fbc
a Ab

μ Fc μ0 = Ja 0
(q)

⃗Ea := ̂ei Fa i0 ⃗Aa :=− ̂ei Aa
i ρa

(q) :=Ja 0
(q)

⃗∇⋅ ⃗Ea = ρa
(q) −

gc

ℏc fbc
a ⃗Ab⋅ ⃗Ec
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SU(3)c-invarijantni Lagranžijan
Očuvanje boje i jednačina kontinuiteta



Da sumiramo: 
Maxwell-ove jednačine 

kvarkovska struja: 

Kompletna struja: 

Jednačina kontinuiteta: 

Očuvani naboj boje:
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SU(3)c-invarijantni Lagranžijan
Očuvanje boje i jednačina kontinuiteta

   i   𝒟μ 𝔽 μν = 𝕁ν
(q) εμνρσ (𝒟μ 𝔽νρ) = 0

𝕁ν
(q) :=gc ∑n ΨnαA [γμ]A

B
1
2 [λa]α

β Ψ βB
n 𝖰a

∂μ 𝔽 μν =𝕁 ν
(c)𝕁 ν

(c) := 𝕁 ν
(q)+

igc

ℏc [𝔸μ , 𝔽 μν]

∂ν 𝕁 ν
(c) =0

d
dt

∫
V
d3 ⃗r 𝕁 0

(c) =−∮
∂V

d2 ⃗r ⋅ ⃗J (c)
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